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PREFACE 


Selections from this fine collection of problems 
have been quoted ever since its first appearance in 1954. 
It is time to make it more widely available to the 
western world. 

The section on linear equations will be interesting 
because of its systematic coverage, and because it uses 
the vector-space of the n-tuples of coefficients to 
expound the principal results. Calculation of determinants 
has been lifted from the sterile to the fruitful by means 
of imaginative problems, many of them solved by use of | 
mathematical induction. At the same time, there are 
plenty of simple problems, but written by a master who 
can make the material interesting. 

The seePion on Sturm sequences includes applications 
to the classical polynomials--the polynomials of Legendre, 
of Hermite, of Laguerre; and to the truncated exponential 
series. A feature of the book is that every problem, 
or at the most every group of two or three problems, is 
independent, and sections of the book can be sampled or 
omitted at the user's discretion. 

I have added a few problems to the section on matrices; 


I learned them at the 1964 Gatlinburg conference. I hope 


the mathematical public will find these and other 


additions attractive. 


This book is recommended as an adjunct text, as a 
problem book, and for self study. It is a pleasure to 
acknowledge the splendid cooperation of the publisher, 
and the consummate skill of Shirley DeMeo, the 


typist-compositor. 


Joel Brenner 


Menlo Park, California | January, 1965 
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CHAPTER I - PROBLEMS 


COMPLEX NUMBERS 
1. RECKONING WITH COMPLEX NUMBERS 


If x and y are real numbers, and if the relation 
(1 + 2i) x + (3 - 51) y = 1 - 3i, 


is satisfied, find the values of x and y. 


If x, y, Zz, t are real numbers, solve the following 


system of equations: 


G+aj«+1+2)y9+0+3)2+04+ 4)¢=1-+ 5, 
(33—)x+(4—2)y+C+)24+ 4 =2—i. 


If n is a whole number, find the value of i’. 


Check the following identity 

xé+t4—(*« —1—)(x—1+)(«+1+)(*4+1—). 
Perform the following computations: 

a) (1 +-21)%; b) (2+ 07+ (2— A)"; c) (1+ 21% —(1 — 2i). 


Under what conditions is the product of two complex 


numbers pure imaginary? 


7 


10 


*11 


12 


COMPLEX NUMBERS [CHAP, I 


Calculate the following quantities: 


lfitge , a+ bi, (+ 2-1 — a | 
Yimige! Dame 9 BHP eFOE’ 

(hese. (+i) 
Oot? 9 Caar 


If n is a rational integer, compute the value of 
(1 + i)” 
(1 - ai)"* 


the fraction 


Solve the following three systems of equations: 


a) (8—)«+(44+ 2) y=—2+ 6, (4+ 21) x-(2+ 34) y= 5-4-4; 
b) 2+4*x+(2—iy=—6, (8421) x+(3— 21) y=8; 

c) x-+ yi—2z=10, x—y+ 2iz=— 20, ix-+ d3iy—( +1) z= 30. 
Compute the eeciowine: 


a) (—+ ve). b) (— 4 ey 


If w stands for = iV3 , compute the 


following: 


a) (a + bw + co?) (a+ bw? + cw); 

b) (a+b) (a + bw) (a + bw*); 

Cc) (a+ bw + cw) + (a + bw? + cw); 
d) (aw? +- bw) (bw? +- aw). 


Find a complex number which is conjugate to 


a) its square, b) its cube. 


oa ees — 


RECKONING 3 


*13 Prove the following theorem. Suppose the numbers 
X1,Xp,°++,X, are combined in any rational way 
(that is, using addition, subtraction, multiplica- 
tion, or division) and the result of this combina- 
tion is wu. Then the result of carrying out the 
same rational operations on the conjugate complex 
numbers eee will be the number u; that 
is a complex conjugate of u. 

14 If x + yi = (s + ti)’, then show that 

x2 + y2 = (s? + t2)", 


15 Compute the values of the following quantities: 


a) V2i; b) V—8i; c) V3—4i; a) V —15-+ 8i; 
e) V—-3 — 4, ) V—11 60; gy V —8-+ 6i: 
h) V —8—6i; i) V8—6i; )) V846 k) V2—3:: 


1) V4Fi+VI—i, m.ViI—iV3; 2) Vo: 
5 ee 
0) V2—iV 12. 


16 Given that V a+bdi= +(a+8i , what are the 
values of V—a—bdi 2? 


17' Solve the following equations: 


a) x? —(2+/)x+(—1+7)—0; 
b) x? — (3 — 2i) x + (5 — 51) — 0; 


c) (2+ x2? —(5 —i) x +(2 — 21) —0. 
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*18 Factor each of the following into factors with 
real coefficients and solve: 
a) xf + 6x3 + 9x2-+100=0; b) «4+-2x? — 24x +-72—0. 
19 Solve the equations: 
a) x4 —3x?+-4=—0; b) x4—30x?+ 289 —0, 


20 If p®/4 -q <0, find a formula for solving the 


4 
bi-quadratic equation x + px= +q = 0. 


2. COMPLEX NUMBERS IN POLAR FORM 


21 In the Argand diagram, locate the following 


complex numbers: 
1—l, —V2, 4 —i, iV2, —1+i, 2—31. 


22 Find the polar form for the following complex 


numbers: 
a) l; b) —1; c) & d) —é& ec) 1+2 fF) —1+ 8 g) —1-4 
h)l1—éz )1+iV3; pp —1+1V3; & —1—iV3; 
1) 1—iV3; m) 2%; n) —3; 0) V3—é p) 2+V3-+i. 


23 Use tables to calculate approximately the arguments 
of the following numbers and thus write them in 


polar form: 


a) 3 +i; b) 4-4; c) -2+ i; a) -1- Bi. 


24 


25 


26 


*27 


*28 


29 


30 


POLAR FORM rs) 


Find the geometric locus of those points that 
satisfy the following conditions: 
a) the modulus of the points is 1; 


b) the points all have argument 1/6. 


Find the geometric locus in the z-plane of those 


points that satisfy the following conditions: 


a) |z|<2; b) |z—i/<1,; ©) Jz—1—i/< 1. 


Solve the following equations: 
a) |x] —x—= 142 d) [x|-+*—=2+4. 


Establish the following identity, valid for any 


two complex numbers x, jy: 
jx ey? + [x — yl]? = 2 (|x? + ly!) 


Find a geometric interpretation of the above 


identity. 


Let z be any complex number except -l, z # -l. 


Show that there is a real number t, such that z 
can be written in the form Z= —e 

Find conditions under which the modulus of the sum 
of two complex numbers is equal to the difference 


of the moduli of the individual terms. 


Find conditions under which the modulus of the sum 
of two complex numbers is equal to the sum of the 


moduli of the individual terms. 
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*31 Let u=.,/ zz' , where z and z' are two complex 


numbers. Establish the following identity: 


2 2! / 
jz| + 12] = [25% — al + |= = +a, 
32 If jel<5 , then show that the following 


relationship is satisfied: 
Bee Si as 3 
[Cl +) 2° -+-iz| <q. 
33 Establish the following: 


(+iV 3) +A (Cose+ ising) = 
=2V 2 [cos (q+ 9)+ésin (75 +¢)]. 


: cosy +i sing 
34 Simplify the fraction con ean 


(1—iV 3) (cos 9 +isin ¢) 


35 Compute the following: 2 (1 — i) (cos » — i sin 9) 


36 Compute the following quantities: 


aya; by (EBS, g (9 YO, 
(-1+iV 3" | ~—1-—iV 3)" 
ies =) eae mer 


37 If n is a rational integer, show that the following 


relations hold: 


n 
a) (1 +a" = 22 (cos TT +isin-t); 


iia = 2" (cos 4 —isin 4"); 


ee 


¥*38 


39 


*40 


*41 


42 


43 


44 


45 


46 


POLAR FORM 


Let pasos == 4 isin 


Calculate (jt w) 


Compute the value of wi + wi, where n 


rational integer and W, 


Compute (1 + cos @ + i sin @) 
Given that are, , Show that 
A : 
2" + — = 2cos md, 
Establish the relation (jEREEY = jee 


l—itga/ ~ 1—itgna’ 


Extract the following roots: 


} a - 6 
a) Vi b) V2—ai, a) ure d) Vi: e) V— 27. 


Compute the Spproximate numerical value of the 


following roots using trigonometric tables: 
3 : er on 
a) V2+i; b) V3—4 Cc) V2-+-31. 


Compute the following: 
| == f VW EE os 7 = 
) S+i’ T+iV3" 


If it is known that 8 is one of the values of 


np-— Rens 
Va , find all values of Ya 


isa 


, and ®, are defined by 


8 COMPLEX NUMBERS [CHAP, I 
47 Express the following in terms of cos x, Sin xX: 

a) cos 5x; b) cos 8x; c) sin 6x; d) sin 7x. 
48 Express tan 6¢@ in terms of tan pm. 


49 Establish formulas that express cos nx, sin nx, in 


terms of cos x, sin x. 


20 Express the following as trigonometric polynomials 
(a trigonometric polynomial is a sum of monomial 
terms, each term being a constant multiple of the 


sine or cosine of an integral multiple of x): 


4 5 6 
a) sin®x; b) sin’x; c) cos x; d) cos x 


*51 Establish the following identities: 
m—1 
a) 22m cosm x — 2 DY Cocos 2(m—k) x +C7™; 
R=0 
- | 
b) 22m cos’m+1 x — > C2®* os (2m — 2k 4-1) x 
k=0 
m—1 2 
c) 22m sin? x —= 2 DY (—1)"**C2™ cos 2(m —k) x +C," 
. k=0 


i mtkeeti 
d) 22m sin?m+1 y — S$) (—1) G. sin (2m — 2k -+ 1) x. 
k=0 


*52 Establish the following: 2cosmx —=(2cos x)" — + (2cos x)"-? 


4. ™(m—3) (9 cos xym-4 — 


1-2 
(1) mn PT PD ED cos x)" +, 
*53 Express the fraction ieee ‘in terms of cos x. 


nn emtmn mog ~eicenghg=h shtat  e SE 
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*54 Collapse the following sums: 
a) 1-C, +C2 -Cg + 


-) 
b) C; -Co +CE-Ch + 
*55 Establish the following identities: 


a 14+Q@+Cst+...= 


b) (+C5+Co+ . gr—-l + 92 hat), 


(2 _9F cos se 


TOD 
1 
a» 
() C+6G+Got ...=5 
d) Cs+G+GQi4 ...==5 


— *56 Compute the following sum: 
1 1 1 An 
G-3atoG—W7Gt 


a7 Let n_ be the largest integral multiple of 3 that 


does not exceed m. Establish the following relation 
(x a)” + (% + aw)” + (x + aw?) 
m m—3 3 = 
= 3x4"-+3C 3 "at... +3C, 77a" 


where 
Qn 


w = cost i sin, 


98 Establish the following three relations: 


a 


ay A ee a 
b) G+Ca+c8+ ... 
c) ouctact. 


(2” +-2cos ): 
(2" + 2cos @—==)*); 
(2" + 2cos@—9*), 


10 


o9 


60 


61 


62 


63 


64 
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Compute the following sums: 
a) 1+acosy+a’cos2¢e4 . oes 
b) sing asin gt Aang +20) + . fp a* sin (p+ kh); 
C) 5 -+eos x-+-cos 2x4 .. . + cosnx. 


Establish the following: 


n+1 nx 

sin ne x sin os 

sinx +-sin2x—-- ... -- sin nx = ————~ 
sin > 
2 


Compute the following limit: 


lim (i+5 cosx+Fcos2x4 . is + 57 cosnx). 


nu-> co 


If n is a positive integer, and © is the angle 


) 
that satisfies the relation sin 3 = on? show that 
the following relation is valid: 


6 aS 
cos. + cos + ... + cos n= 6=—nsin no. 


Establish each of the following: 


a) cos olen tes lee ee ak 
b ln Sl, 
) cos = 4 cos ae = HiFeor u =— 73 


llx 1 
c) cosz> 3 ei ege eo” 3 BE eag= 13 ~ + cOos—— a ® Aegge” 3 = + COS =>- 33° 


Calculate the following sums: 


a) cosa —cos(a-+-h)+-cos(a-++ 2h)— ... 
. + (—1)"-' cos [a + (n — 1) A]; 

b) sin a—sin (a+ h)+sin (a+ 2h)— ... 
. + (—1)-1 sin [a + (n — 1) AI. 


695 


66 


67 


*68 
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If x has absolute value less than 1, show that the 


following series 


a) cosa-+- x cos(a—+ 6)-+ x? cos(a-+- 28) ... 


2. +x" cos(a+n6)+ ..., 


b) sina—+ x sin (a+ 8)-+ x? sin (2+ 28)-+ ... 


wee +x" sin(a+t+np)+ ... 


respectively converge to the following values: 


cos a — x cos (a — 8) sin a — x sin (a — B) 
1—2xcosB+x? ’ 1—2xcosB+x? ° 


Calculate the following sums: 


a) cosx+Cicos2x+ ... +Cicos(n+ 1) x; 
b) sinx +Ctsin 2x-+ ... +7 sin(n+ 1) x. 


Calculate the following sums: 


a) cos x — Cy. cos 2x + Ci cos 3x — we. H(—1)’ Cheos(n +1) x; 
b) sin GC, sin 2x +C.z sin 3x— ... +(—1)" Ch sin(n + 1) x. 


Let the vectors defining the points 1, i on the 
Argand diagram be denoted respectively by OR, 
and ob respectively. The perpendicular from 0 
meets A,B in A,. The perpendicular from A, 
meets OA, in Ag, the perpendicular from A, 
meets A,A, in A, and so on. In general, 

A Aw41 is perpendicular to A -2A,-1° Calculate 


— —_—> —> 
the limit of the sum OA,-+A,4,-+ A,43-++ ... 
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*69 Compute the following sum 
sin? x + sin? 3x0 4 ... + sin? (2n — 1) x. 
70 Establish the following identities: 


a) cos?x -+cos?2x-+ ... costae 5 4 SSH Tesin ne ; 
sin x 


b) sin? cs _ sci _m_ cos(n+1)x sinnx 
) sine x ++ sin? 2x + —+- sin? nx ae 


*71 Compute the sums: 


a) cos? x +cos?2x + ... + cos*nx; 
b) sin? x + sing Q2x-+ ... + sin? nx. 


*72 Compute the sums: 


a) cosx-+2cos2x + 3cos3x-+ ... +-ncosnx; 
b) sinx +2 sin 2x-+3 sin3x-+- ... + nsinnx. 


73 Let @= a+ bi. Compute the limit 


n 
lim (1+-<) 
n-> oo n 
74 Definition: e= lim (i+). 
n> co n 
Establish the following: 
a) e™4— 1; b) ev? = — 1; 
a\F a 
c) et t8 9%. ody (e*) =e 


where k is an integer. 


eee ee eee wie aE 


75 


*76 


*77 
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EQUATIONS OF THE THIRD AND FOURTH DEGREE 


Use Cardan's formula to solve the following equations: 


a) x8 —_6x+9=0; b) x°-+- 12x + 63—0; 

c) x§-+ 9x?+ 18x + 28—0; d) x? + 6x?+. 30x + 25 —0; 
e) x8—6x+4=—0; f) «+ 6x*-+2—0; 

g) x8+18%+15—0:; h) x? — 3x?— 3x+11—0; 

i) x8-+ 3x2 6x +4—0; j) x°-+ 9x — 26—0; 

k) x8-+ 24x — 56 —0; l) x8-+ 45x -- 98 —0; 

m) «8+ 3x? —3x—1—0; n) x? — 6x?-+-57x* — 196—0; 
0) x3-+ 3x —2i=0: p) x3 —6ix+4(1—)=0; 


q) x8 — 3abx + a3 +b? —0; 
t) x3 — 8abf gx + f*ga + fg*b =0; 
s) x8—4x—1=—0; t) x8— 4x +2—0. 


Use Cardan's formula to establish the following 


relation, where xX,, X5, X, are the roots of the 


3 + px + q = 0. 


equation x 
(%, — Xp)? (x1 — %3)? (x, — X3)? = — 4p? — 27¢?, 


(The expression -4p* - 27q" is called the 


3 


discriminant of the equation x + px +q = 0.) 


Solve the following equation: 


(x3 — 3qx + p? — 3pq)? — 4(px +9)? =0. 


14 COMPLEX NUMBERS [CHAP. I 
*78 Find a formula for solving the equation 
x — Sax + 5a*x —2b=—0. 


79 Solve each of the following. 


a) x4 — 2x8 + 2x24 4% —8—=0; b) «4+ 2x3 — 2x?-+- 6x—15=—0; 
c) x*— x3 — x? ++ 2% —2=—0; d) xt — 4x8-+- 3x2?-+2x% —1=0; 
e) xt— 3x8 +. x?-+4x—6=—0;  f) x4 — 6x3+-6x?+ 27x—56=—0; 
g) x*— 2x8 + 4x2?—2x+3=0; h) x*— x8 —3x2?+- 5x —10=—0; 
i) xt 2x84 8x2 12x4+7=0; j) xt +6x3+6x2 8 =0; 

k) x4— 6x8 + 10x? —2x—3=0; I) x4 — 2x8 + 4x? + 2x —5=0; 
m) x#— x8— 3x?+ x+1=0; n) x4— x8 — 4x? 4x-+ 1=—0; 
0) x*— 2x8 + x?-+2x—1=—0; _ p) x*—4x8—20x? —8x+4=—0; 
q) x*— 2x8 +-3x2— 2x —2=0; 1) x#— x84 2x—1=—0; 

s) 4x4— 4x3 + 3x?— 2x +10; t) 4x4*—4x5—6x?-+-2x-+1=—0. 


80 Ferrari's algorithm for solving the fourth degree 


4 3 


equation x + ax® + bx” + cx + d= 0 consists 


in writing the left member in the form 


21 4 3) “(+ —b) x? ah Ls 
(P+ 5%x+ 5) a +h b) x? +(5-—c x+(7—4)| 
and noting that if )\ is properly chosen the 
square bracket will be a perfect square and thus 


the expression can be factored. A necessary 


condition that this occur is 
an 2 a? 2 
(+—-) —4(4+—»)(7—4)=0, 


Thus }\ must be the solution of a "resolvent’ 


_— —————— 
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equation of the third degree. Once } is deter- 
mined the left member of the original equation can 
be factored. 

Show that conversely the value of }) can be 
expressed in terms of the roots of the original 


fourth degree equation. 


4. ROOTS OF UNITY 


Find the roots of unity of the following orders: 
a) 2; b) 3; c) 4; +d) 6; 3) 8; £) 12; g) 24. 


Find primitive roots of unity of the following 


orders: 
a) 2; b) 3; c) 4; da) 6; e) 8; £f) 12; g) 24. 


To what exponent do the following quantities belong: 


a) z, = coset + i sin 4" for k = 27, 99, 137; 
b) zp = cos AE 4 i sin St for k = 10, 35, 60? 


Find those 28-th units of unity that belong to 


exponent 7. 


Find the exponent to which the various roots of 
unity belong, the degrees of the roots being 


a) 16; b) 20; c) 24. 


16 
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Find the cyclotomic polynomial X,(x) for the 


following values of n: 

a) 1; b) 2; c) 3; +d) 4; +e) 5; £) 6; 
g) 7; bh) 8; i) 9; gj) 10; &k) 11; 1) 12; 
m) 15; n) 105. 


Let e¢ be a primitive 2n-th root of 1. Calculate 


the following sums: 
l+e+ 6 + +++ + ett 
Calculate the sum of all n-th roots of unity. 


Calculate the sum of the k-th powers of all n-th 


roots of unity. 


Calculate the sum of the m quantities (x + a)” 


where a runs through the m-th roots of unity. 


Let e be an n-th root of unity. Calculate 


1+2e+3e7-++ ... +e"! 
Let ¢ be an n-th root of unity. Calculate 
1+ 4e¢+- 92+ ... 4+ -n%e"—1 


Calculate the following sums: 


a) cos 4+ 2cos*= 4 . .. + (n— 1) cos 22 =D" ; 


b) sin = 4-2 sin 4... + —1)sin 22 =D 


Compute the sum of the primitive roots of unity of 


respective degrees: a) 15; b) 24; c) 30. 
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95 Calculate the 5-th roots of unity, that is the 
solutionsof the equation x? - 1 = O, in both 


algebraic and polar form. 


96 Use the result of problem 95 to compute sin ie 


fe) 
cos 18 ., 


*97 Set up an algebraic equation the roots of which are 
the length of the sides of a regular 14-gon with 


circumradius l. 


*98 Factor the polynomial x'- 1 into polynomials of 


first and second degree with real coefficients. 


*99 Use the results of problem 98 to establish the 


following formulas: 


n Qn (m—1)x Va 
a) sin 5 - sin oP sin om m1? 
T 2m : mu V2m+1 
Dy Ser onan oe oe 


—1 
*100 Establish the following [ (a+ be,) = a” + (—1)"-10", 
0 


k= 
where 
2kr _. 2knr 
&, = Ccos— + isin ae 


*101 Establish the following 
n—-l 
We — 2e, cos § +- 1) —= 2(1 —cos 28), 


Qkr isin Qkr 


where &, —= COs . 
n n 


18 


102 


*103 


104 


*105 


106 


*107 
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Establish the following 


n-| n—-1 

t ors | n 
, = ]]@’—-e— 0". 
k=0 k=1 


QRr. scsi AT 
where é, = cos—— + isin ——. 


Find all complex numbers that satisfy the relation 


= n71 — . ; 
x = xX , where x is the complex conjugate of x. 


Show that the roots of the equation 
Mz - ay” + uCz - b)”" = 0, where }, u, a, b are 
complex, lie on a circle which can in special cases 


reduce to a line segment (n is a rational integer). 


Solve each of the following: 


a) (x + 1)” —(x — 1)” =0; b) (x +)" —(x — i)” =0; 
ce) nas” = Ga a, Se SO. 


Show that if A is a complex number of modulus 1, 


all the roots of the equation 


(Ey =. 


1— ix 


are real and distinct. 


Solve the equation 


cose +C; cos(p- a) x + CZ cos (¢ + 2a) xe+. ... 
wo. £Chcos(e+ na) x" =0. 


Si hatin 


ROOTS OF UNITY 19 


Prove the following theorems: 


108 


109 


110 


111 


112 


*113 


114 


115 


The product of an a-th root of unity by a b-th 


root of unity is an ab-th root of unity. 


Let a, b be relatively prime integers. Then 
x*—1 , x’ —1 have only the single trivial common 


root. 


Let a, b be relatively prime integers. Then all 
the ab-th roots of unity can be obtained as products 


of a-th roots of unity and b-th roots of unity. 


Let a, b be relatively prime. Then the product of 
a primitive a-th root of unity by a primitive b-th 
root of unity is a primitive ab-th root of unity, 


and conversely. 


Let (n) be the number of primitive n-th roots 
of unity. Show that if a, b are relatively prime 


the relation ab) = a) Ab) holds. 


Let n=p™p™...p,#, where Pj, Po, --+» Px 
are distinct prime numbers (canonical decomposition 


of n). Show that 
rovmn(t B12) (1B) 


Show that the number of primitive n-th roots of 


unity, n >2, is even. 


If p is a prime number, calculate the polynomial 


X Cx) , the cyclotomic polynomial. 
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*116 If p is a prime number, calculate the cyclotomic 


(x). 


polynomial Xin 


*117 If n is an odd number, n >1, show that 
X, Ox) = xX (- x).2 


118 If d is a product of prime numbers each of which 
divides n, then every primitive nd-th root of l 
is a d-th root of a primitive n-th root of 1, and 


conversely. 


*119 Let the canonical decomposition of n_ be 
n=pspe... pk, where Py, Py --++ Pp are 
distinct prime numbers. Then we have 


X (x)= Xn (x"), where 


‘ao 3 yw 
Nn =P\Po---+ Pr; nt pl? 


*120 Let un) be the sum of the primitive n-th roots 
of 1. Show that (mn) is O whenever n is divisible 
by the square of a prime number; u(n) is 1 if n 
is the product of an even number of distinct prime 
numbers; y(n) = -1 if n is the product of an odd 


number of distinct prime numbers. 


121 Let d_=erun through all divisors of n, n 41. 
Show that 3 ud) = 0. 


*122 Establish the relation 


X,, (x) = I (x4 — 1)" (z) 


where d runs through the divisors of n. 


*123 Calculate X@1). 


Eee wicca 


*124 


*125 


*126 
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Calculate X_(-1). 


Find the value of the sum of products of all 


possible pairs of primitive n-th roots of l. 


Find |S | where S=1+etette®+ .., peln-1) 


and where e iS a primitive n-th root of l. 


CHAPTER II - PROBLEMS 


COMPUTATION OF DETERMINANTS 
1. SECOND AND THIRD ORDER DETERMINANTS 


Calculate the determinants of the following matrices: 


127 
2 7 és 2 ] sina cosa 
a) 1 4]’ ) —1 2] 9 —cosa sing |’ 
a c+-di atBi y+ di sina cos @ 
d) ; ) ma) Se ; 
c—di_ b ty —ti a—Bi sin8 cos B 
| re sin a hy Law ) i+V2 ae 
} > | — — |. 
sin8 cos 1 tga 2t+V3 1—V2)? 
j 1 as : atb eed oe eet 
Plig6 1 |? ate etdl? 0 |a—s ate 
x—1 1 o Ww 
_ xe x? text }’ ” —1 w]’ 
where 
= cos + isin; 
’ j e 7 
0 , 
where = 
v1) < Tw 
e=cos3 -isin=. 
128 
1 1 1 0 1 1 a aa 
a) | —1 0 1}; bd} 1 0 1]; Qg]—a ax: 
—1l —1 0 1 1 0 —a —a x 
111 1g it? 
d}1 2 3]; ea] —i 1 Oo |; 
1 3 6 1—-i O 1 | 


A liners imeech eens. Hyped ech ed 


129 


130 
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nT 5 ich Ee T eos wt 
l cos = +i sin = cos | -Fi sin 7 
Tt a: DT ee 2 |: 
f) cos = — isin | cos 3 i sin = ; 
™ _ ot Qn .. ot 
cos 7 — isin > cos =, — isin = l 
1 1 1 ; 
g)}1 © , where © = cos + tsin 2, 
1 w% @ 
1 1! o 
h)} 1 1 @? 
w2 wo 1 


, where © = cos +4 isin 2, 


2. PERMUTATIONS 


Write out the transpositions whose product changes 
the permutation 1, 2, 4, 3, 5 into the 


permutation 2, 5, 3, 4, l. 


How many inversions from natural order 1, 2, 3, 4, 


9, 6, 7, 8, 9 are there in the following sequences: 


a) 1, 3, 4, 7, 8, 2, 6, 9, 5; 
b) 2, 1, 7, 9, 8, 6, 3, 5, 4; 
c) 9, 8, 7, 6,5, 4, 3, 2,1 


d 


bf a” . 


24 
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*132 


*133 


134 


135 


a) 3, 
b) 1, 


136 
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The permutations below are rearrangements of the 


natural order 1, 2, 3, 4, 5, 6, 7, 8, 9. Determine 


i and k so that 

a) the permutation 1, 2, 7, 4, i, 5, 6, k, 9 
is an even permutation; 

b) the permutation 1, i, 2, 5, k, 4, 8, 9, 7 


is an odd permutation. 


How many inversions from the natural order 


1, 2,°++,n are there in the permutation 
n, n - 1l,---,2, l. 
Suppose the permutation @,, Q,-°-°,@, has l 


inversions. How many inversions are there in the 


permutation @,; Q@,-19°**» Qe» a? 


How many permutations from the natural order 


1, 2,---, 2n are there in the permutations 
a) 1, 3, 5, 7,**+, 2n - 1, 2, 4, 6, +++, 2n; 
b) 2, 4, 6, 8,+*+, 2n, 1, 3,,5,---, 2n - 1. 


How many inversions from the natural order 


1, 2, 3,°++, 3n are there in the permutations 

6, Q,eere, 3n, 1, 4, ts ee ey 3n - 2, 2, D,eee, 3n - 1; 
4, 7,+°+-, 3n - 2, 2, 5,°*-, 3n - 1, 3, 6,+++, 3n? 

If we think of 1, 2,°++, n as the original order and 
suppose that the order a,, ao,°°*,a, has I inver- 


sions, show that by changing the roles of these two 
permutations the number of inversions in going from 


the second order as the natural order to the first 


as an inverted order is the same. 


neat, 


* ee, aang ce . 
eh ee 


137 


138 


139 


140 


141 


DEFINITION OF DETERMINANTS 25 


Find whether the permutation t, h, r, m, i, a, g, 0, l, 
is an even or odd permutation, assuming that the 
natural order of the letters is that in the word: 

a) logarithm; 

b) algorithm. 


3. DEFINITION OF DETERMINANTS 


If a determinant is defined as the sum of n‘ terms, 
in the usual way, what sign must prefix each of the 
following terms in the expansion of the determinant 


of the 6-th order matrix La, , 1: 

A) Ay331A4pQ562140¢53 b) Ap 430 1451 A eg405? 
Which of the following products actually appears in 
the expansion of the determinant of the 5-th order 
matrix [a,, |: 

A) 4134 944o344)455; D) Ay10130 34055049? 


In the expansion of the determinant of the 5-th 


order matrix [a, , ] Ay 039044. osAng appears with 


a plus sign. Find i and k. 


Write down all the terms that appear prefixed by 
minus sign, in the expansion of the determinant of 


the 4-th order matrix la, ,] and which contain the 


factor Aas: 


26 COMPUTATION OF DETERMINANTS [CHAP. II 


142 Which terms of the form 14093030 ,040,A5a, appear 
in the expansion of the determinant of the 5-th 
order matrix [a,, J? The sum of these terms naturally 
has the common factor a,,a,,. What is a convenient 


way of writing the other factor? 


143 One of the terms in the expansion of the determinant 
of the n-th order matrix [ay] is the product of the 
elements in the principal diagonal. What sign is 
prefixed to this term in the expansion of the | 


determinant? 


144 One of the terms in the expansion of the determinant 
of the n-th order matrix la, ] is the product of the 
elements in the secondary diagonal. What sign is 
prefixed to this term in the expansion of the 


determinant? 


145 Use only the definition of the determinant of the 
matrix to show that the determinant of the following 


matrix is 0: 


146 Use the definition of the determinant of the matrix 


to calculate the coefficients of x* and x? in the 
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expansion of the determinant: 


2x 


f(x) = det 


HO & & 
| 


147 Evaluate the following determinants: 


oa 000...0 1 
a) det/0 0 3... 0]: b) det : oa 
My oe etd 100. 0 0 
0 0 O n 
l aga a 
0 2 are: WL 
c) det/0 O 3... @ 
0 0 0 n 


Note: In all succeeding exercises assume that the 


order of the matrix is n unless otherwise given. 
148 Define F(x) = x(x - 1) (& - 2) (x -n +1). 


Calculate the values: 


F(0) F(A) F(2)... F(n) 
a) det | FC) F(2) F (3) 5 F(in+1) 


F(n) F(n-+1) F(n+2)... F(2n) 
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F (a) F’ (a) F” (a) .. FM (a) 
b) det F’(a) =F" (a) F”’ (a) 2. Ft) (ag) 


F(") lay. PF (n4+1) ay F (n42) (2) - - F2n) (a) 


4. FUNDAMENTAL PROPERTIES OF DETERMINANTS 


* 149 Let an n-th order matrix be such that the ik 


element a is the complex conjugate of ki element 


ik 

ar Show that the determinant of the matrix is 
real. 

*150 Let the matrix [a,, ] have odd order, and suppose 
the sum of the symmetrically situated elements 


is O: 


Show that the determinant of the matrix is O (th 
determinant of a skew-symmetric matrix of odd 


order is O). 


151 Suppose the determinant of the matrix 


Qi Q19 eoee Qin 
Go, 990 + ++ Aon 
Ql an2 ye 6 Qan 


is A. Find the value of the determinant of the 


matrix 


152 


*153 


*154 
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Qo, Aga Qon 
Q3;  Az9 Q3, 
Qn] ano : Qan 
Qi, &y9 Qn 


How is the value of the determinant of a matrix 


changed if the columns are written in inverse 
order? 


Calculate the value of the sum of determinants 


Qiq, Q1o, +++ Ale 
n 
Q2 a eee ld 
) det is 2a, 2a, 
Qna, Qna, eee Qna 


the sum being extended over all possible permutations 


Xs 52° °° 1 Oy, 7 


Let a,, a5,°"", a1 be different numbers. Solve 


the following equations: 


1 x Mee Se eed 
2 2 
1 a, ay vee QF i 
a) det 9 ae 
2 n—-1 
la Ge ven 087 
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so 
ho 
| 
xs 
a 
| 
= 


b) det 
1 l (n—1)— x 
a, a, as n 
c) det |a, A, Qy>+a,;—x ... a, 
Qy ay ay vee Any ta, — X 


*155 Noting that each of the numbers 204, 527, and 255 
is divisible by 17, show that the determinant of 


the matrix 


ho Ol bh 
Cri bw © 
an 


is divisible by 17. 


*156 Calculate the determinant of the matrix 


@ @++le @+2% (@+3y 
B +1" (+2? (+3) 
YP +l? +2? (+3y 
2 (+17? (+2 (@+3) 


Se ee 


157 


158 


159 


160 
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Establish the following relation between the two 


de terminants shown 


b+c cta a+tbd a 6b ¢ 
det | 6,+c, ¢c,+a, a,+6,|=2 det ja, , ¢ 
by-+ lg Cy+ a, a,-+-d, A, 0, Cy 


Evaluate the determinant of the following matrix 


by writing it as a sum of determinants 


en +bp an+tbg 

cm-+dp cn-+-dq 

In the case of each matrix, calculate the sum of 
all the algebraic co-factors of the individual 


elements in the expansion of the corresponding 


determinant: 
a, 0. CO: ane 0 0 O .0 a, 
0. 2OF Oe Qn Orcas 0 O 


Expand the determinant of the following matrix by 


co-factors of the elements of the third row and 


carry out the computations 


ee 
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161 Expand the determinant of the following matrix by 
co-factors of the elements of the last column and 


carry out the computations 


— met ee KD 
— -_- WP —_— 
— Ns 
He WM te &. 


162 Expand the determinant of the following matrix by 
| co~factors of the elements of the first column and 


carry out the calculations 


a © S&S R 
=— = Om 
—_ CO —_— — 
Ome ee 


Oo. EVALUATION OF DETERMINANTS 


Calculate the values of determinants of the following 


matrices: 


*163 [13547 13647 164 246 427 327 
28423 28523 |° 1014 543 448 


—342 721 621 
1465 73 1 1 #1 166; 1 1 l 1 1467/1 2 3 4 
1 3 1 #1 1 2 3 4 23 4 1 
1 1 3 #1 1 3 6 10 3.4 1 2 
1 1 1 383 1 4 10 20 4 1 2 8 
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177 


ae 
8 38 8 
| ++ 
YS oef 
See 
g 3% 
oe Oe 
p++ 
Sets 
nA gg 
$35 
SES 
P+ + 
Sos 
a2 
8% 
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*180 *181 
1 a, QA, o 1 x, Xp Kc, Ny 
1 a,+9d, a, Fs 1 xX Xp Ru ve 
Qa, a, +b, ; 1 x, x Xn-1 Xn 
I a, a,  ... a,+b, LX, X%y wee % x 
1 xj; XX Bic OS 
*182 *183 

1 2 3 n— | L 2. 2 2 

1 3 3 n—l on 2 2 2 2 

1 2 5 n—l1 on 2 2 3 2 

1 2 3... 2n—3 A 2 2, 2a 


12 3... n—I1 2n—1 


*184 b, 0 OO... 0 0 
i—b, b& O.. O 0 
eof eas. Bess, (0 0 
0 0 0O...1-5,., »&, 
0 0° 0 yy 251 i—o, 


*185 = at2h ... at+(n— lh 
0 gene 0 
a is 0 
a om — : 
*186 
a—(ath)... (—1)*%[a+(a—2)h]) (—1)*1[a+(n— 1) h] 
a a ian 0 0 
0 aon, 0 0 


: ' = Se eee ee 


Il 
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mNOE Vl Ce ie, Oe a ee 


fr * Ca CR Coe Ct 


fie Ce ree |G 
ic ££. © 0 
i ci 0 0 0 
ay Q, Qs Q3 «ss Arig QA,_1 GQ, 
*188 a —!1 0...0 0 
a, x -—l. 0 0 
Qs, 0 Hecate: O 0 
Qn] 0 Oe x —l 
a, 0 Oca O «x 
*189 nn—l n—2 3 24 
. —1\ x 0 0 0 
0 —!l x 0 0 0 
0 0 0 —| x 
0 0 0 0 —l 


*190 Let f(x) be defined as the determinant of the 


§ 
} following matrix 
: 


mh peek 
Ww ND © 
we) © 
oe & 
Co Oo & 
Ss ee & 
wo nn 


f(x) = det : 


Calculate the value f(x + 1) - f(x). 


36 
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[CHAP, II 


Calculate the determinants of the following matrices: 


#19] x 
Qa, 
a, 
a, 
Q, 
193 
x a 
—a 
—a —a 
—a —a 
*195 
) 0 a; 
) @) 
1 l l 
#197 
0 1 1 
1 0 x 
1 x 90 
1x x. 
1 x x 
*199 


@, Gy... 1, |! #192 x a a 
X GG ... @,_, | a Qa a 
a, xX _ a, _, I a a 
Qa, Ay Xx l a Me fee NG 
Qa, a, ... a, l 
*194 
a a —a, a, QO. 0 0 
a aa QO —a, a 0 0 
aa 0 0 —a, 0 0 
—a x 0 0 0 .s.4 =a, @, 
l l 1 1 
*196 
0 0 hk —l 0 O «wonf0 
. 0 0 hx h —] . 0 
.0 0 hx? hx h —1 ...0]-> 
Se PS DX AREA) NEO Pee ht 
l+a, 
#198 
1 0 l ! eine I 
x l 0 ajta,... a,+a, 
x], |1 aa, 0 a, +4, 
O x 1 a,ta, a,ta,... 0 
x OQ 
2 3... a—l n 
I 1 Il—n 


EVALUATION OF DETERMINANTS 


*200 
ne ee 
nh 
i;—_t 9 
n 
,;—2t ,_1 
n 
*201 
1 a a@ 4a a” 
x, 1 a @ go 
Xo, Xo 1 a anne 
Xny Xno Xng Xa ee | 
*203 =| a b, 0 
a,-1 0 0 
a, 0 0 
#204 
a a 0 0 


1 2a-+b6 (a+ 5/ 0 
0 1 
0 0 0 0 
0 0 0 0 


2a-+3b (a+2b) ... 
hs abe Ghose ee Ne ie 


(This matrix has order n + 1.) 


ee ;—t 
p—t oes 
es 2 
n 
¥202 
1 2 3 
2 1 2 
3 2 l 
4 3 2 
nn—ln—2 
0 0 
0 0 
b; 0 
0 — b,-9 
0 0 
0 
0 
0 


1 
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4 n 
3 n— | 
2 n—2 
1 ...n—d 
ns | 
0 
0 
0 
5, 
= 04 


0 


2a+(2n-+-1)0 
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#905 *206 
x y 0...0 0 L+ xy, 1+ xy. .-. 1+ xy, 
Ox y... 0 0 L+- Xo, L+ xXoyg ... 14 xy, 
00 0...« y l-+x,y, Il+x,y. ... 1++,y, 
0) O62 oO 

a, — b, a. — by a —b, 

a,—)d, a, — Oy a,— 5, 
*208 lta,t+*x, a, +X... a,+x,, 

Q+ x, Ltatxry... a+ x, 


a,+ xX, a,x... |+a,+%, 


209 Ge Go 20: 44.4. ste) a 
a t+e(p-) _ qs q#tp(p-l)+1_g ,,, gitr-l—a 


210 Let £,¢x), f2¢x),°+++,£,¢x) be polynomials in x 
of degree not exceeding n - 2; let the numbers 
@a,, Ag,°++,a, be arbitrary. Show that the deter= 


minant of the following matrix is O. 


Ff, (a) Ff, (Q) tae Ff, (@,) 
fo (@,) fo (Gq) «-- fa (An) 


f(a) Fa(as) --» Fn Gq) 
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Calculate the determinants of the following matrices: 


*211 #212 
1234...an—I1n a+, Qy Gy... Qn-1 Gan 
—1x00... 0 0O — x) XG. Oe 28.0 0 0 
.- e© ee © ee je# j.e& je «e« O — X» Xs 0 0 
0000... x 0 be Gh a oe oh ee ee OM, 
0000... —1 x 0 O00 icing: 1X 
*213 #914 
ay Q, a... Q,-1 a, O 1 1... 1 
mare | x) ) eee Q 0 1 a, Oo ... 0 
0 —% xX... O oO |: 1'0 a, 0 
0 0 O ... —y»y, Mel. 1 0 0 ... a, 
215. nia) (n—\l1)!a, (n—2)la, ... G, 
—n x 0 ee, 
0 —(n—1) x age 0 
0 0 0 oe 
216 1 0 0 0 1 
Ll a 0 QO O 
1 1 a O 0 
1 0 1 a O 
1 0 0 1 a, 


Generalize problem 216 to the case of an arbitrary 
n-th order matrix with the same pattern; namely 1 
is in the first column, 1 in the upper right-hand 


corner, and 1 in the first diagonal. 
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Calculate the determinants of the following matrices: 


217 
at 6B a8 0 . 0 0 
1 atB a8 §# ... 0 0 
0 l atB... 0 0 
0 0 0 . 1 a+e86 
*219 
2 cos 8 l 0... 0 0 
l 2cos# 1 0 0 
0 0 0... 1 2cos@ 
*221 x 0... 0 #222 
1 x | . 0 
Oo Te! Boag 0 
OF 20° Oh gaa Xt 
#223 1 +a, 1 | 
l | -+-a, I 
l l 1-+a, 
l 1 | 
224 
1 ] . 1 a,+1 
i l a, +1 1 
] a,-;+! 1 1 
a,+1 I 1 1 


218 
2100... 0 
12 1 0... 0 
0 1 2 41 . 0 
0 0 0 0... 2 
220 
cos f 1 0 0 ] 
1 2cos8 l 0 
0 l 2 cos 9 0 
) 0 0 2cos § 
XiV,y X13 X13 XiVn 
XiNq XQWo Xo¥3 XoVn 
XiV3 Xo¥3 X3Y3 X3y 1 
Xin XoVn X3Nn Xny 
l 
1 
1 
La; 
#925 
a, x x Xx 
x a, XxX x 
x xX 4, Xx 
Xx xX Xx a, 


(CHAP, II 


EVALUATION OF DETERMINANTS 4l 


# 

226 | x, a) a, G24 a: 227 | x, ab, 43), ... a,b, 
A, XQ, ... a,_, a, Q,b, X_ Axdg ... a,b, | 
A, a, X, a,-1 a, a,b, Ayb, Xz «.. A,b3)° 
Qa, Ay Ay ... X,_1 a, QD, Ad, 30, +++ Xp 
if ee as n-1 *n 

#228 x,—m Xs Xe tee as 

xy Xo — m X3 5 fe 


229 Solve the following equation for x: 


Qa, Ao eee an—1 Ay ay 
det ay a, Ay» — %y,_-1% ay 2) 
yenGyX, (ay any an 


Calculate the determinants of the following matrices: 


*230 *231 
aQd... 00080 1 —b — b— 5b... —b 
0ad... 000 1 na — 2b —3b ... —(n—1)0 


00a...500 1 (n—l)a a —3b 
006...a090 : 
060... 0a0 2a a a wes a 
b00...00a] 


(Order 2n) 
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*236 


#238 


#233 


a,a, (x—G,)?... 


(x—a,)? a,a, 


— hD Ww 


eye eS ta nes eens be 
- SE Ae Methane a ee 


al RA th te ectengen ps noe = 


Pr iieag i ey 


EVALUATION OF DETERMINANTS 


*239 Show 
n n—!1 n—2 
Ly Qo x Ago eee 
QiyX ay 0 
det | Qyx? Ag X Qo 


n n—1 n—2 


Calculate the determinants of the following matrices: 


#240 
ae l 
3 He eis, He 

3 4 +1 


#949 [1 10 0 0 
1C2C3 0... 0 
1cic8c3... 0 
ie OB Oe Oo aeiran Outer 

#244 

cr C nee a Ces 


+n+1 tute t2n+ 
Gs Cn ACen 


ce c a 


VK+2R+1 ct 


n Qo Qo) Ao eee 


Qi a, O 


*241 
| l I 
m n+l m+n 
o a ae ei : 
1 = 1]. 
COG C, 


tn-1 m+n nten- 
G Cee 


Be Ob 


*243 C. ara 


Qn 
kyil** 


C= +1 ctl 
+1 eee k+tn : 


ae +n cutn 
+1 eee k+n 


#945 
10 0 oO 1 
icto... 0 


1 C2 CG... 


tC CO 


43 


Qoq Aq, Ag ... 
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*246 1 O 0 0 ] 
1 It 0 0 x 
] 2! 0 baa 
1 3-2 3! x3 
| lon a, n(n—1)(n— 2)... x" 
*247 
a at 6 at 26 a+ 36 re a+ (n—1)6 
a. 2a+-8 3a + 38 4a+ 65 ee Cra +Co 
a 3a+8 G6a-+48 10a +105 ... C™a4crt*s 
a Cyaa+s ria +057" 5-0 ee” - EA, 402875 
*248 xX YY Por y y *249 [Ta aa...a 
Zz xX VYpuswyp y aaa... 090 
—— ee a0ob...6 6 
22. 2a OY 0 bb...6 6b 
Oo Be Be ee ee 
250 [a, x x... 251 C+} @a...a i} 
y a x Xx b ty a | 
= b C3 
Me ree ke ese is ince ne 
bb Db aa | 
1 1 1 O 
*252 ha@aa...a *253 Tl +2) DS sce 
ba Bp 8B... B 2 3 1 
6b B a BB... BI. 3 4 5 2 
eae BD asg Wd 
6B 6B 6B... a4 
#254 a ath a+2h... atn—I)h 
a--h a+2h a-+3h a 


heh | a a+h ee atwex yh 


ge 
ti pe ee a oat 


EVALUATION OF DETERMINANTS 


256 I me: a a *256 abed 
a a al bade 
be _ c da b 
x. of oe l dcoba 
257 [a b c¢c de fg h| *258 [x a, a, a, 
badefek g a, xX Ay 
cdabghe f a 
ae? ee ee a Q&, Gy Gy... x 
e haobed 
f : Ab Corder n + 1) 
ghe fe da ob 
hgefedeoba 
*259 cos?-!@, cos?—29, ... cosy, 1 
cos*"-!o, cost?) ... coS¢, | 
cost lig cos"-29, ... cosy, 1 
260 261 
| 1 ea | a" (a—l)"”  ... (a—n)" 
sing, sing, ... sing, a" (a—1)*-! ... (a@— nn)! 


ine ine ine 
sin 1 sin Po eee sin Cn e e e e e e e e e e 
Q a—l eee a—n 


sin’—1, sin’-!o ... sin?—!o, I 1 ss I 


262 (a,-+ x)” (atx) ... atx 1 
ae Srey sae es l 


Ce Gq bay ve On be I 
263 (2n — 1)” (Qn—2)” ... n™ = (2n)” 
(Qn —1)*-! (Qn —2)*-! 1... n®—-! (2n)r-! 


On—1 On 2 On 


] l 1 1 
% 2 n-1 
264 MW, @, a... a 
2 n—-1 
W a, Ay a; 


45 
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*265 
1 l ri Eo 
x,+1 xy 1 MY. 258 2 Bese 
Roe x3+ x, Ce ae x2 x, 


ala a a xn Lp xe TR ged p em? gtd. xan? 


266 


1 I | 1 
1+ sin 9, l-+sing, ... 1+ sing, 


sin ¢ + sin? fi sin o, —-+ sin? fe we. Sin tr + sin? tn 


n—2 BA i at eee n—1 
sin dean y, sin ear Oa. 2 0% sin Qn aisedin Pn 


267 1 1 ee | 
%, (x4) Qy (Xyy + Py (Kp) 
Pp (%1) = ea ses Fg (X_) 
Pn-1 (2) Fn—- 0%) - » On-1 (%)) 


where (x)= x*-+-a,,x*-'4 |... +a,,. 


268 
1 1 oats 1 
F, (cos 9;) Fi, (COS) «-- F, (cos 9,) 
F, ae wv F,(cosg) ... Fg (cose) |? 
| ee ioe os F ,—1 (COS $9) «+> F 1 (COS %,) 


where Fy (x) = Ay,x* + a,,x*-1 +. ae + App. 


Il 
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*269 rf a L “ex Fl 
a) 
(2) | 


*) = 7G—) Geer’. 


*270 If ay, a5,°°*,a are rational integers, show that 


n 


the quantity 17~* 2"-®...(n - 1) is a factor of 


of the determinant of the matrix 


2 n-] 
1 Q@, ay... af 


2 n—1 
1 a, a... 4 


2 n—-1 
1 a, @ ... a" 


Calculate the determinants of the following matrices: 


#271 [1 2 3 a a n *272 x} Xo ae Xn 
1 23 33 on Xy—1 x2,—1 °° x_g—1 


e e ° s es J e e @ e ° xX, Xo ° : , Xn 

= _ y 2 2 2 

n-1 n-l n-|l 

x) X5 e 6 e x, 
—] n—2,2 n-l an 
*273 ay ai by at by es) aby bi 
—] n—-2 om n-l n 
ay ay bo Q2 “bo +++ aobo b2 
n n—-] n—2,2 n—1 n 
Arar My Png1 AnziOngr ++» Onzibay1 Onaga 
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274 
sin"~' a, sin"~?a, cosa, ... sina, cos’~? a, cos"! a, 
sin” sin’-? a, cos a ... sina, cos"-2 a, cos"! a, 
sin"-'a, sin""2a, cosa, ... sina,cos"~7a, cos”~'a, 
*275 
ay el an Sa a eg. aig ake —-1 ay 
ae ae ae ast oa ae a as 
= 2 
anit os) + n41 ot ay sae att ats} On+1 
*276 1 COS ¥p COS 2g cos (n — 1) g 
1 cos 9, cos 2¢, cos(n — 1) 9, 
1 cosg,_, cos2p,_, ... cos(n— 1)9,_, 
*277 sin(n-+1)% sin nay ... sina, 
sin ede) ” 4 sina, ... sim a 
sin Gi a t) a, sinna, . sing, 
*278 1 l 1 
X,(*%,— 1) KS =41): 2 yee) 
2 
Aa) 8% —1) ee. a 0) 
*279 fF To A eee: *280 I I 
x x5 xn xy a} xy, 
De. Ke woe OG xt x5 x? 
5 at rs a 
xe xe Ble 


rl A phn 


EVALUATION OF DETERMINANTS 


281 l 1 | 282 [i+x«, 1+x«?...1+ x7 
xy Xo Xn Ix, 1+txg... b+ x8] 
x? xe saa be ie he rds Qa ny “At. A ee dD 
rons Ix, i-x<2...14- x8 
sa 2 a 
Se xo" xit) 
xt xo x 
283 [1 x x? x8 284 ;l x x? x x4 
er ee I 1 2x 3x? 4x3 5x! 
1 2x 3x? 4x3 1 4% 9x? 16x% 25x4 |. 
4x3 3x2 Qe 1 1 y yr ye — y' 
1 2y 3y2 4y3 Syt 
*285 1 x : ree Co 
1 2x 3.x? (n+ 1) x” 
1 2x 3°x? (n4-1)? x" | 
L 20 > Be 64 (eel) et 
1 sy y° y" 
*286 ©9287 
eae xn [ok Oe; ee 
l 2x OX? cis nxa-l 0 1 Gx... Cg 
1 2x 3x2... n2xn—l 001... a n—-3 
1 Qe—-ly Bk-1y2 | gk—-lyn—l a ieee 
yy? gael 00 0... Cx 
1 1 1 | y y? F yr! 
S aotutn teats 01 Gy... cry 
a Pe a ae ‘ 0 ) “ —— e avl 
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288 a) Write down the Laplace expansion of the 
determinant of a 4-th order matrix by minors of 


the first two rows. 


b) Expand the determinant of the matrix 


on Oo = 
wo Oo — Pw 
om CO WN 
Seen wo 


by some set of minors of order 2. 


c) The same for the determinant of the matrix 


21 0 0 
1 2 1 0 
0 1 2 1)’ 
00 1 2 


d) Use the same method for the matrix of problem 145. 


Calculate the determinants of the following matrices: 


1 1 10 0 0 a, 0 b 0 
2 3 40 0 0 0 c 0 d, 
3 6 100 0 0 b 0 a 0 |? 

e) ’ f) 

5 15 24 1 5 9 
9 24 38 1 25 81 


ne nn pn" Nie as Se 


Se he ew 
~ ee ese — 


ep ot ne a <a ne 


EVALUATION OF DETERMINANTS ol 


1 1 0 0 0 1 hh O we IO» <a 
X, xX, 09 0 DO x, x, a BB... B y, 
a, 6, 1 #1 Cy Kee Bite io 8S Ye 
g) ay Dy X, XX Xz Cy |? oe ge a 
er ce ee ae 


i) Expand the determinant of the matrix of problem 


230 by the method of Laplace. 
j) The same for the matrix of problem 171. 


k) Calculate the determinant of the following 


matrix: 


1 1 1 Q O 
1 2 3 0 O 
0 1 1 l l 
OO Ky Ky Ky ey 
QO x} x2 x2 Xe 


1) Let A, B, C, D, be the determinants of the 


respective third order matrices obtained by omitting 


the first, second, third, and fourth columns in 


the following array. 


52 COMPUTATION OF DETERMINANTS _ [CHAP. II 


Establish the following identity: 


det — AD — BC. 


*m) A certain fifteenth order matrix has the form 


~— 


Quad 


A 
A 
, A 


where A, A, are given by 


a xf Xk =—x =x 1 0 0 0 0O 

x 2a a 0 0 0 2 1 0 0 

i= x a 2a 0 , Ape fo 1 20 8 
—x 0 0 2a a 000 2 1 

—x 0 O a 2a 0 0 0 1 2 


Calculate the determinant of the original matrix. 


1 


etl tga nthe i tnt pel 
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6. MULTIPLICATION OF DETERMINANTS 
289 The following expressions are intended to represent 


products of determinants. Calculate the value of 


each expression by multiplying together a pair of 


matrices. 
4 3 it 
: rf sf |—s >| 
3 2 5| |—2 3 4 
b) il a Glebe 23 5 |; 
1 —1 2 2 | 
9 1 1 1 
—1 2 f 21S £1. dao 4 
°) a ea | OF iis 5: = 3 
2 


290 First multiply the matrices A, §, and in that way 
compute the product det A °- det 6. 


12 3 4 eb 

=O =3 =8| . \o & 0 2 
ea Oe 0 —13|’ “lo oOo 1 1 
23 5 15 0 oOo oO 1 


esq 229. ao  & 

oe ee ee ae 9 
Ves ee Sp ate P=) 8 
3 


A= 
Cc) ae 


—i —I1 1 


a eo & & 
a R 2 & 
oS 2 QR S 
gk Fe a A 
on 
| | 
a 
—y 
| 
— 
| | 
— —_ 


o4 COMPUTATION OF DETERMINANTS _[CHAP, II 


291 Square each of the following matrices and that way 
compute the value of the determinant of the 


original matrix: 


1 1 | | 1 —t! 1 —1 
l 1 —l1l —1 2 2 l 1 
oa: i i! Mo es 
1 —l —Il 1 3 —7T —1 9 
a b Cc ad 
—b a —d c 
c) —ec d a —b 
—d —e b a 
292 Define D by 
Zon a, Ay see UMn-1 
det Ag ay Qig +++ B@yn-y — pf. 


Qn-1,0 4-11 G%-102 °° Fn-1, 0-1 


Let 9; (*) = Gy +-4yjX + 6. 4 Oy —1, x? 


Find the value of 


P(X) Po(H2) = + Go (%n) 
det 1 (%)) Qi (Xo) wee Gy (X,) 
Pn-1 (x)) 0,1 (Xo) ; ft 2-1 (Xp) 


Show how this can be used to solve problems 265, 


267, 268. 


MULTIPLICATION OF DETERMINANTS ere) 


Calculate the determinants of the following matrices: 


#293 (by t+. ay)” (6, +4)” «.- (Op a)" 
a) (by) -+-a,)" (6,-+4,)" ... ©, + a,)" : 
(6) +4,” (0, -+-a,)" five (o,-+a,)” 
i fe aay Le abs Le at Br 
1 — a8, 1 — a,By oe od — 0B, 
| 1—agpf = 1— 4585 1 — a8), 
b) T—a8, I—af, ‘'' 1—aB, |° 
1—a6t 1—a)B 1— a6, 
1— anB, 1 — anB, ee Goon anBy 
*294 sin 2a, sin(a, +a.) ... sin(a,-+a,) 
sin (a, ++ a,) sin2a, ... sin(%—+a,) 
_Sin(a,-+-a,) sin(a,-+-%) ... sin 2a, 
#295 So S; So ie Seq l 
Syz—-1 Sy Sati Son—2 Sa 
Sp Sn41 Sn4+2 Son-1 x" 


where s,—=x*-++ xk ... + x7 


06 COMPUTATION OF DETERMINANTS [CHAP. II 


*296 


a b C d l m n p 
b --a —d —cC m —l p —n 
c d —a —b n —p —tl m 
d —c b —a p n—m —l 
1 —m —n —p —a b c d 
m l p —n —b —a d —cC 
n —p l m —c —ad —@ b 
n—m Lt —d c —b —a 
*297 cose = sing cos” sin 
cos29 sin29 2cos2p 2 sin 2y 
cos3¢ sin3e d3cos3p 3sind3¢ 
cos49 sin4dg 4cos4p 4sin4o 
*298 | 
cos np ncos ng sin np nsin ng 


cos(n+l)o (n+1)cos(n+1)¢o sin(n+1)9 (n+1)sin(n+1)¢ 
cos(n-+2)9 (n-+-2)cos(n+2)9 sin(n-+2)9 (n-+-2) sin(a-+2)¢ 
cos(n+-3)9 (n-+-3)cos(n+-3)9 sin(n-+3)9 (n-+3) sin(n-+-3)¢ | 


* 299 | 1 ] ae 1 
1 e¢ e2 ge? 1 
1 e& cf iw, gen? |, 
1 gn—l e2(2-1) |, g(a —1)? 


Qn . a Tt 
where e==cos—---isin7-. 


*300 
Qo a, Qo eee Qn-} 
Qan-1 Qo a, oe 6 Qn-2 
Qa, Qo az eee Qo 


(circulant matrix) 


A 
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301 Use the result of problem 300 to calculate the 


determinant of the particular circulant 


= NK & 
n << * FS 
< & FE N 
*~ S&S AN Kk 


302 Also use the results of problem 300 to solve 
problems 192, 205, 255. 


Calculate the determinants of the following matrices: 


n=-1 = n“1 
303 i Bee ce ae ee 
ns ©: a OO 
nul n-l nui . 
Cn-2 I l aks G4 C n-3 
CP CeCe | 4 
304 1 9a «=—3a* ... nat— 
na"-1 1 Qa... (n—l1)ja"*’ 
2a =8a2? = 4a3 1 
305 $S—Q@, S—Q,... S—4, 
$—a, s—a, sS—a,_} 


where S=4,+ a+ cee + a,- 


306 pio} Ci Cat" 3 a Cy epee 
Ce 8 GEC Cy 
pee Cle EP oe CR Cnr 


CeCe Car act 


58 COMPUTATION OF DETERMINANTS | CHAP. 


Dp n— p 
arenes aE TE EAI, 
307 —j{! —1...—l1 —Il 1 
1 —l —j| —!1 —1l 1 l 
1 l —! —1 —1 —I1 | 
pom | —1 1 1 1 —] 
*308 cos — dss ne —| 
, nt n 
—|1 cos — cos de 
fn n 
cos De —1 cos creed Ba 
n n 
- oa a i 
cos — COS — . su cos — 
n n hn 
309 cos6 cos26... cos n4 
cosn§ cosé ... cos(n — 1) 0 
cos26 cos3@ ... cos 6 
310 | 
sin a sin(a-+h) sin(a+2h) ... sinfa+ (n—1)h] 
sin [a + (n — 1) h] sina sin(a+h) ... sinfa+(n—2)h] 
SiGe SADA IMPs as 
*311 [et Des Be Siig n? 


n 12 2 1... (n—1) 


2 B 2 an 12 


Il 
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312 Establish the following relation 


det Q 4 A Ay A, Ay A |= 


Q 4 4, 4, A, Ay A 
= 2 2 3 
= (a, + 3a, + 3a,) (a3 — 4,4, — a), 4+ 2a; + 2a; 34,4)". 


313 Calculate the determinant of the following skew- 


circulant matrix: 


ay Qo as a, 
— a, ay Qo Qn} 
—~Q@yn_-1) a, a, a,—9 
— Qo —@3, — a ay, 


*314 Let A be a circulant matrix of order 2n.. Show 
that det A can be written as a product of 
det B : det C where B is a circulant of order 
n and C is a skew-circulant of order n. 


315 Calculate the determinant of the following matrix: 


a, Q, ay a, 
pa, ey 8 do 
a ° 
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7. MISCELLANEOUS PROBLEMS 


316 Show that the derivative of the determinant of the 
matrix 
Q,,(%) Ay (X) «-- Ay (x) 
M = oa > ba (X) «2. Qoy (X) 
ani (x) Ge (x) oe aan (x) 


is given by the formula 


| @i(*) aio (x)... a, (x) 
(det-M)' = A'(x) =det | a(x) Q(x) ... i lal 
Q(X) Ajyy(x) ... ee 
| Q(X) Ao (KX)... Ay, (X) 
er eet ee (x) ee a : bien (x) 
a’ (x) a’. (X) vee @ (xX) 


317 Let Avy be the algebraic co-factors of the 
elements a,, in the matrix begets Establish the 
relation 


QyTX AypxX ... Ay+x 


Q1, 19 Qin 
a x a X ... @ x a Dik ede 
est a+ a vO + | & 1 — Agg an | 
fears ete Se s4 ee Qn) Ang a 


n 
x > DA 
k=1 i=l 


a 
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318 Show how the result of problem 317 can be used to 
compute the results of problems 200, 223, 224, 225, 
226, 227, 228, 232, 233, 248, 249, and 250. 


319 Show that the sum of the algebraic co-factors of 
all the elements of the square matrix [a,,] has 


the value 


| 1 ae 1 
Q, — Qy Q99 — Aq ++ An — Ap 


Any — 4n-1,1 Ang — An-1,2 + °- Ann — fa-1,1 


Establish the following theorems: 


320 Let the matrix B- be obtained from the matrix A 
by adding one and the same constant to every element 
of A. Show that the sum of the co-factors of the 
elements of A is the same as the sum of the 


co-factors of the elements of B. 


321 Suppose all the elements of some row [column | of 
a matrix are unity. Show that the sum of the 
algebraic co-factors of the elements of the matrix 


is equal to the determinant of the matrix. 


322 In problem 250 find the sum of all the algebraic 


co-factors of the elements of the matrix. 


62 


*323 


324 


det 


COMPUTATION OF DETERMINANTS [CHAP. II 
Calculate the determinant of the matrix 

aay aes . (a, +6,)7! 

(+0) (a+b) +09" 

+5)" (0,--d)" . a,46)"! 


Let Pi: Q. represent the following two determinants 
a 1 0... O 0 a,10... 0 0 
—l a 1. 0 0 —l ail... 9 0 
7 © @© © e © «© « : det eo. * e© © e #@ @ 
CO. Oe ee Ol 0 0 0 a,» 1 

0 0 0 —1 a,-1 0 0 0 —l Gn—y 


Establish the relation 


anm} 


aie 
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Calculate the determinants of the following matrices: 


eae 0...0 0 326 [pq 0...0 0 
bca...90 0 2pq...-0 QO 
0 0 0 0 1 p...0 0 
000...¢ a 00 0... p q 
000... 8 00 0...1 p 


*327 Write as a polynomial in x the determinant of 


the following matrix 


i 4 sO 
Qo) Ag +X... Qn 
Qn Qn9 eee Qan x 


*328 Calculate the determinate of the matrix of order 
2n - 1 that has the following form. The first 
n - 1 elements of the principal diagonal are unity, 
the remaining elements of the principal diagonal 
are n. In the first n - 1 rows of the matrix 
there is a sequence of n 1's. In the remaining 
n rows of the matrix the elements to the left of 
the principal diagonal, reading from the principal 
diagonal leftward, are n-1,n- 2,*:*, 1. All 


other elements of the matrix are 0. For example, 


Il 
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64 


1 10 0 
I i 1 0 
1111 

3 40 0 O}. 
0123 40 0 


1 
1 
0 
2 
00012 3 4 


l 
0 
: 0 
l 
00123 4 0 


Calculate the determinant of the following matrix: 


(oo Eo) 


012 3 0 
012 8 


l I 
0 l 
123 0 0 


| 


*329 


om . 
eae @ 
oN | lo 
ae 
ak e 
= ° 
a 
— | 8 .° 
R 
| ° 
a a) 
| : 
———EE— 


Oo © 


330 


a) 


n—2 x 3 


in, Be . 
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331 Xx a 0 0... O 0 
n(a—1) x—1 2a Ose 70 
0 (n—1)(a—1) x—2 38a... 90 0 
; 0-0 0 ee 
| 332 yeP ght gn 
| pect Bre" 436. eal 


, n* (aly... (Qn—1)9"7! 


333 1 uae i 

| 2 3 = n 

: toaon 

| 2 3 4 n+l 

| 14 
nn+tn+2 °° 2wn—1}1 


334 Calculate the coefficient of the highest power of 


x in the determinant of the matrix 


(1 + x) (i x) ae (1 + x)%n 
(Lx) ee) tn 


(1p yn? (1 x)"aP2 2. (xan 


CHAPTER III - PROBLEMS 


SYSTEMS OF LINEAR EQUATIONS 


1. CRAMER'S RULE 


Solve each of the following systems of equations: 


335 2x,— x,— x,= 4, 
3X, + 4x, —2x,—= 11, 
3X, — 2X, + 4x, = 11. 
337 3x, +2x,+ x,=— 5, 
2X4, +3x%,+ X,= 1, 
2x, + x, +3x,= 11. 


339 340 

Xp Xf 2K,-+34,= 1, x, + 2%, + 3x, — 2x, = 6, 
3X,;— Xy»— X3—2x,=—4, 2x,— x,—2x,—3x,=8, 
2X, +3%,— xX,— %x%,=— 6, 3X, + 2x,— x3;+24,=— 4, 
x, +2x,+-3x%,— x,=— 4. 2X, —3xX,+2x,+ x,=— 8. 
341 342 

Xy + 2%) + 3x, + 4x4 = 5, Xy — 3X, + 4x, = — 5, 
2X, + xX, +2%,-+ 3%",—= 1, xy —2x,+ 3x,—— 4, 
8x, + 2x, + «3+ 2%,—1, 3X, + 2X5 — 5x, = 12, 
Ax, +3x,+2%,-+ «,=— 5. 4x, + 3x, — 5x, = 5, 
343 344 


2H); — Xo + 3x,-+ 2x,— 4, 
3X, + 3x, + 3x, + 2x, = 6, 
BX, — XX + 2K, = 6, 
3X,— Xy+t3x,— +«4=—6. 


3360 xX, + 4, +2x,=— I, 
2X, — X%_ + 2x, = — 4, 
4X, +X + 4x, = — 2. 
338 x, +2x,+4x,= 31, 
OX, + x, +2, = 29, 
3X, — X + X%,=—10. 


X+ x + %*,+ «,=—0, 
x, +2x,+ 3%x,-+ 4x,=—0, 
x, +3%x,+ 6x,+ 10x,—0, 
x, + 4x, + 10x,-+ 20x, =0. 


CRAMER'S RULE 


345 


3X, + 5X, +7x,+ x,=—0, 


7X,+ x,+3%,-+5x,= 16. 


346 
fet xy xt x5=0, 
X;— Xo + 2x,— 2x,t 3x5;=—0, 
X, + Xo + 4x,+ 44,-+ 9x, =0, 
X,—Xy+ 8x,— 8x,+-27x,—0, 
x, +x, + 16%,-+ 16x,+ 81x,=—0. 


347 348 

X, + 2x, + 3%,4+44,=0, x) + X)-+ %3-+ = 0, 

Xt Xy 2X3 3x4 = 0, Xo+ Xs+ xX *5;=0, 

X,+5xX 5+ %*,4+2x%,=0, ¥, 4+ 2x,-+ 34%, =e 

x, + 5x, + 5x3 + 2x,=—0. X_+ 2x,+ 3%, = — 2, 
| X,-+ 2x,1+3%x, = 2. 

349 x, +4x,+6x,+4x%,+ x«,—0, 


x, + x, ,+4x,+6%,+ 4x, =), 
Ax, + xX, + *,+4%,+6x,=—0, 
6x, +4%,+ x*,-+ x«4,+4*%,—0, 
4x, +-6x,+4x,+ x4-+ x,=0.— 
350 2x, Xp X3-+ Xyt X35 —2, 
xX, 4 2x%,+ x,+ %,+ *; =), 
Xp Xg 3X34 Xy+ X5=3, 
Xi yxy +4%4+ *4,=—2, 
Ky X_4+ Xy+ X44 0X5 =. 
351 x, + 2x, + 3x,-+ 4x,-+ 5x, = 13, 
Qx, + x, +2x,+ 3x,4 4x5 = 10, 
2x,+2x,+ x34 24,4 3x,—= 11, 
2x, +2x%, +2", X%4+2x%,= 6, 
2x, + 2xp+ 2x, +2%,+ x,= 3. 
352 Xx, 2x, —3x,+4x%,— x,=—l, 
QX,— X_+3x,— 4x,+ 2x; = 8, 
B8x,+ x,— X%,+2x,— x, =3, 
4x,+3x,+ 4x, 4+ 2x,+ 2x,=— 2, 
X;— Xp— X3+2x,—3x,— — 3. 
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353 Show that x, = X5 = K, = xX, = 1 is a solution of 


the system 


2X,— 3X + 4x,— 3x,=—0, 
3X,— %X,+11x,— 13x,=—0, 
4x,-+ 5x,— 7Tx,— 2x,=0, 
13x,—25x,+ x,-+ 11x,=0. 


Calculate the determinant of the matrix of coefficients 


of this system. 


354 Let a, b, c, d be real numbers, not all equal to 
zero. Show that the following system has just one 


solution 


ax+bytcztdt=—0, 
bx —ay-+dz—ct =0, 
 ¢x —dy—az+bt=—0, 
dx -+-cy — bz — at =0 


355 If #4 g find a solution of the following system 


of equations: 


AX; aXy+ ... + ax, ,+Px,—a,, 
aX, f-axot... + Cx 5.4 + ax, =4, 1; 


Pxy pare ... fax, fax, =a), 


356 


357 


358 


If the numbers 
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bi, be,°°+,b,, Bi» Bo***,6B, are 


2n different numbers, find a solution of the 


following system: 


If a,; 


x) Xo Xn 
5—h t5—f tt + 


b, — Bp 
=. es ee Xn 
bo — 8B, prop, eae a ee a I, 
pci eee eee? ee " a 1 
bn — Bi bn — Be a bn— Bn : 


Mo,°*',a, are all different, find a solution 


of the following system: 


If a,, de>" 


—1, 
— ft, 


x; + x, +...+%, 
XM Hyg fv e FH AMy 


2 - 1 -1 
xan te woah ww. ent =H, 


--,qa, are all different, find a solution 


of the following system: 


| -1 

x - Noy eee X Ot —— ys 
n-l 

XH XM + ooe + x 2 —= Uy, 


n-1l 


Hy xa, $6. FX SU 


ne 
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If ay, %,‘'',a, are all different, find a solution 


of the following system: 


x, + x, +... 44, —= tt, 
X10, 4 X 4% +... 44,8, Uy, 


ee = ~1 
Xx 1at * Le yong ees oe ae Os = Un, 


Solve the following system of equations: 


1+ *4,-+ +... +x, =0, 
1+ 2x,+ 22x,+ ... +2", —0, 


1+-nx,+ nx + ... +n"x, =0. 


2. THE RANK OF A MATRIX 


How many k-th order submatrices are there ina 


matrix of m rows and n columns? 


Construct matrices of rank a) 2; b) 3. 


Show that the following operations do not change 


the rank of a matrix: 


a) 
b) 


c) 
d) 


interchange of rows and columns; 


multiplication of all the elements of a row 
[column ] by a non-zero quantity; 


interchange of two rows [columns ]; 


addition to the elements of one row [column | 


the corresponding elements of another row 
[column ] multiplied by an arbitrary quantity. 
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364 If two matrices A,B have the same number of rows 
and columns, the matrix obtained by adding corres- 
ponding elements of A and B is called the sum 
of the two matrices: C =A +B. Show that the 
rank of the sum of two matrices cannot exceed the 


sum of the ranks of the individual matrices. 


365 How is the rank of the matrix altered if it is 
bordered by a) 1 additional column; b) 2 


additional columns? 


Calculate the rank of each of the following matrices: 


366 , 0 4 10 1 367 / 75 0 116 —39 7) 
4 8 18 7 171 —69 402 123 45 
10 18 40 17] 301 0 87 —417 —169 
1 7 17 8 114. —46 268 82 30 
368 2 11 2 369 ,14 12 6 8 2 
1 0 4 —1 6 104 21 9 17 
11 864 56 «65 | 7 6 3 4 14 
2 —1 5 —6 35 30 15 20 5 
370 (1 0 0 1 4) 2871 [20 3 a at 29 
010 2 5 Pf iY ©. 289 29 
001 3 6). a0) eh. Gi Seg 3 ls 
12 3 14 32 6 © = 8 7 225 
4 5 6 32 77 22 at: SP eed, =O 4 
972 (2111) 373 ( 1—1 2 3 £44) 374/72 13-1 
1311 2 1-1 2 O 3—12 0 
1141 —-1 2 1 1. 8f. 1 34 2 
1115 i (528 225. f0 4—31 D/ 
1234 3—7 8 9 13 
1111 
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72 


oo CoO mt ms 1D OO 
oOo kt ese OHO OS WL 
=~ OO ort Om) 
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oo on = me N 


SYSTEMS OF LINEAR FORMS 73 


3. SYSTEMS OF LINEAR FORMS 


381 a) Give an example of two independent linear forms; 


b) Give an example of three independent linear forms. 


382 Give a system of four linear forms in five indeterminates, 


such that two of the forms are independent and the 


remaining are linear combinations of these two. 


Find fundamental linear relations among the following 


systems of forms: 


383 
Yy == 2%, 4 2x, -4+7%3,— Xy, 
yy = 3X, — X94 2%34-4x,4, 
Vg Xj Xp 3X34 X%4. 
385 
Yy = 2%, + 3X_ — 4X, — Xy, 
Vg %,— 2X, X34 3X4, 
Y3 == OX, — 3X_— %X,-+ 8X, 
V4 = 8X, + 8x, — 9x, — 5xy. 
387 
Y= Xf 2%.4+ 3434+ Xy, 
Yo = 2x, +3%,+ x,4+- 2x4, 
y3 = 3X, Xp 2K, — 2X4, 
¥4 4X + 2X3 9X4. 


384 
Y, == 38x, + 2%, — 5x,+ 4X, 
Yo = 38X,— Xo + 3X3 — 3X4, 
M3 == 3X, + OX, — 13x, + 11 x4. 
386 
Y= 2K, + hg — X34 Hy, 
Yo Xf 2X, X3— Xy, 


Y3= Xi Kg + 23 -+ xX. 


388 
Y= 2x, Xy, 
yy = 3X, + 2x, 
y3= Xj + Xo, 
Yq = 2X, + 3X5. 


389 WH Xy Ky Ky gt Xs, 
Yo = %, f2xX_.+ 3x,-+ 4x,+- x, 
Y3=X,+3%_-+ 6x,-+ 10x, -++ xz, 
Yq == 4, + 4x, + 10%, + 20x, +- x5. 

390 391 


Y= X- 2X_- 3x3 — 4x4, 
Yy = 2%) — Xg- 2X3-+ OX, 
Y3 = 2X1 — X_4- Ox; — 4X4, 
V4 2%, 43%, —4x3-4- Hy. 


Y= 2x, + xX, — 3X3, 
Yq = 3X, + Xy — 9X3, 
Y3 == 4x, + 2x5 — X3, 
Ws * — 1x3. 
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y, = 2x, +3x,+5%,— 4x,+ Xz, 
Vg Xp —  Xqgt X3— 2x4+3x;. 


Y, = 24, — Xgt 3X,+ 4x,— Xs, 
Yo== X%y-2X_ — 3x3, X44 2Xs, 
yz == 5x, — 5x, + 12x, -+ 1lx,— 5x,, 
Ye X,— 38x,+ 86xX,-+ 3x,— 3x. 


Y= X, 4+ 2X.4 X3—2Ky+ Xz, 
Yq == 2X, —  Xy- Xg-4- 3X, 2Xz, 
Y3== X1— Xp 2X%3— Xy+3Xs, 
Yq 2K, 4+ X,—3xX,+ xX,— 2x;, 
YVy== Xy— Xy3X%3— X4-+7X5. 


Y, = 4x, 4+ 3X. — X34 Xy— Xs, 
y3== X,— 3X, +- X,— 2X;, 
Yg== X,+ 5x, + 2x, — 2x,+ 6x;. 


Y= X, 4+ 2x,— X3+.3%,— %,-+ 2%¢, 
Yo = 2X,— Xyg+3x3,— 4x,+ X%,— Xe, 
Y3 = 3X, Xyp— X34 2x44 X5-+- 3X4, 
Yq = 4K, — 7X, + 8x, — 15x,-+ 6x, — 5X, 
Ys = OX, + 5x, —6x,-+ 11x, + 9x6. 


[CHAP, III 


SYSTEMS OF LINEAR EQUATIONS 75 


397 In the following system, find what value }) must 
have so that the fourth form is a linear combination 


of the first three. 


Y= Xj +2x,-+- ¥,— 3x,-+ 2x, 
Yq == 2K, 4+ XQ Xyg- 4 — 3s, 
Vg %y + X%_-4+ 2x34 2x,— 2x;, 
Yq = 2X, + 3x, — 5X3 — 17 x4-+- Ax. 


4. SYSTEMS OF LINEAR EQUATIONS 


398 Solve the following system of equations: 


xX,;—2x%,+%x,+ x,=—1, 


Xx, — 2x, + %3,+ 5x, = 5. 


399 For what value of } does the following system of 


equations have a solution: 


2X) — Xp X3 + = 1, 
X,+2Kx,— X,+ 4x,—2, 


Solve the following systems of equations: 


X,+ X-+ *3=3, xX, x, + 5x,=— 7, 
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402 2x,— x,+ 3x,=3, 
3X, Xy— 5x,—0, 
4xX,— Xy+ x3 = 3, 
Xx, + 3x, — 13x, = — 6. 


404 
2X, + Xp— X3+ x,=1, 
3X, — 2x5 + 2x, —3x, = 2, 
BX, + Xy— X,+2x,—=—l, 
2X,— KXg+ X%3—3x,=— 4, 
406 | 
X1— 2H, + 3%, — 4x, = 4, 
Ky— X3+ x,=—3, 
X,+ 3X, —3x,= 1, 
—TXo+3x,+ x«,=— 3. 
408 
2X,+3%,— x,+5x,—0, 
BX, —  Xy + 2x, 7x,—), 
4x,+- x, —3x,-+6x,=—0, 
x, — 2x, + 4x, —7x,= 0. 


410 X,+ Xy 


Xy— Xy+2xK3— Xq 


403 x, + 3x,+-2x,=—0, 
2x,— x,+3x,—0, 
3x,— dx, +4x,—0, 

X, + 17x, + 4x, = 0. 


405 

2X,;— Xo} x,— x,=—1, 
3X — X34- X= -— 3, 
2X, + 2x, —2x,+ 5x, = — 6. 
407 


2X, 4- 3X, +4x,+ x, = 12, 
3X, +-4x%,-+ x,+2x,= 13, 
4X, + X%_+2x,+3x, = 14, 
409 
3xX,+ 4x,— 5x,+ 7x,—0, 
2xX,— 3x ,+ 3x,— 2x,=—0, 
4x, + 11x, —13x«,+ 16x,=0, 
Tx,;— 2X 9-4 3+ 3x,=—0. 


— 3x,— x,—Q, 


— (0), 


2X + 4X%_ — 2x3-++ 4x4 — 7x5 = 0. 


411 Hy XQ Xp XS = 7, 
3X, + 2x,+ x3, %,—3x;,— — 2, 

Xy + 2x, 2x, + Ox, = 23, 

5x, + 4x,+ 3%, + 3%,— x5 12. 


412 X,— 2x,+x,— x,+ x,=—0, 
2X, + X%y— X34 2x, —3x,—0, 
3X, — 2X,—X,-+ X,—2x,—0), 
2X1 — 9X + xX, — 2X4+ 2x, — 0. 


(CHAP. 
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413 H,—2x,+ x,+ x%,— x,—90, 
2x, X_— X3— Xq- X5=9, 


x, + 7x, —5x,—5x,-+ dx, —0, 
414 2x, X,— X3— Xyt X=], 
3X, + 3X, — 3x, —3x,+ 4x; = 2, 


4x, + 5x, — 5x, — 5x4 7x, = 3. 


415 2X,— 2X,+ xX3,— X%,+ x, =1, 
HX, 2X,— X,-+ X4— 2X, = I, 
4x,—10x,+5x,—5x,+ 7x,=—1, 
2x,— l4x,+ 7x, —7x4+ llx,—=— 1. 


416 3x, %)—--2x,+ x4,— x*5,—1, 
2x,— XX) +7x,— 3x4-+ 5x, = 2, 
X, + 3x9 — 2x, -+ 5x4 — 7x, = 3, 
3X, — 2x, + 7x, — 9x,-+ 8x, = 3. 


417 x, + 2x, — 3x,+2x,=—1, 
X,— Xyp—3x,+ %4—3x, = 2, 
2x, — 3%, +4x,— 5x,+ 2x,—7, 
9x, — 9x, + 6x, — 16x,-+ 2x, = 25. 


418 

x, +3x,-+ 5x, — 4x, = A, 
x, + 3%, + 2x; —2x,4 *,=— 1], 
H,—2X_p+ X3— Xy—X,—= 4, 
X,— 4Xy4- X34 Xy— 45 8, 


Hy 2xo+ x3— x4 +4,=——1, 


419 

X, + 2x, +3%,—x,=—1, 
3x, +2x%,+ %3-%=1, 
2x,+3x,+ x,+x,=—1, 
2x, + 2x, + 2x,—x,=1, 
OX, + 5x, + 2x, = 2. 


77 
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420 
x, — 2x, + 3%, —4x,+2%,—=— 2, 
xX, 2X%,)— Xs — x*,=— 3, 
X,— X%,+2x,— 3X, = 10, 
Xy— Xx, X,—2x,—— 5, 
2X, +3%,— %,+ x«,+4x«;,;=— l. 


421 If it is known that the system of equations 


aytobx=—c, 
cx t+az—b, 
bz+cy=a 


has a single solution, show that abc # O and find 


the solution itself. 


Solve the following systems of equations: 


422 bx + yt z=—1, 423 Ax+ yt z+ t=1, 
x—-+hy-+ zZ2=1, x—+hy+ 2+ t=), 
xt ytiz=R, xt ythet t=, 


xt yt zt+N=R., 
424 xtayta’z=—ai', 425 xt yt z=1l, 


x + by+ bz = B, ax+ by-+- cz=—d, 
x-+cytecez=—c', a’x +. b?y + c2z = d?, 
426 axt ytz=—4, 427 ax+ byt z=1, 
x+ by+z=3, x+abyt z=08, 
x+ 2bytz=—4. x-+ bytaz=—1. 
428 ax+t yo z=m, 429 xt ayt a@z=—1, 
xtay+ z=n, x+ ay- abz—a, 


x+ ytaz=p. bx + a®y + abz = a’b. 
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430 431 
(A+3) x + y+ 22k; hx hy 4- Q+1)z2=2, 
hx + Q—l y+ z—=2), he bhyt Q—-)z=), 
3Q+1) *+ hy--(A++3)2=3. Q4-1)x-+ yt Qi-+3)2= 1. 
432 3kx + (2k +1) y+(R4+ l2=—h, 
(2k —1)x+(2Qk—N yt(R—2)2=—k 1, 
(4k — 1) x-+ 3ky + 2kz=— 1. 
433 ax-+ by+ Oe ==1, 
ax +(2b—1)y+ 321, 
ax + by + (6+ 3)2= 26—1. 
454 4) 3mx +-(3m — 7) y+-(m —d)z=m—], 


(2m — 1) x-+ (4m — 1) y+ 2nz == m--I1, 
4mx +-(5m —7) y+ (Qm — 5) z= 0. 


b) Qm-+-1) x« — my+ (m+ 1)z=m—tl, 
(m — 2)x-+-(m— 1) y+ (m—2)z=—m, 
(Qm — 1) x+-(m— l)yt+(Qm—1)z=m. 

c) (SA+- 1) e+ Qhyy + (444+. 1)z—=1+-1, 
(4.—1)x+a—l)y4+(4—)D)z=—1, 
2(3A+ 1) x + 2hy +- (5A + 2) z= 2—2, 


435 a) (Qec+1)x— cy—(c+1)z=—2e, 
38cx — (2c — l)y—(e—l)lz—c+l, 
(c+ 2) x — y— 262252, 
b) 2Q+1)«*«+ jy + he —=i-+-4, 


(,— 1) x LAL) y+a—1)z=—2+2, 
(k—4) x LOL) y+ BA—4)z2— A—1. 
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c) dx-+(2d—1)y+ (d+2)z=1, 
(d—1)y+ @—3)z=1+4, 
dx + (3d — 2) y+(3d+ 1)z=2—d. 


d) (3a—1)x+ 2ay-+ (8a+1)z—1, 
2ax + Qay+ Ba+l)z—a, 
(a+ l)x+(a+ly+2@+1lz=0. 


436 Find the equation of the straight line containing 


the points M,(x,, y,), Mo(xz, yo). 


437 Find a determinantal equation that is necessary 
and sufficient for the collinearity of the three 


points M,(x,, y,); Mo(xs, yo); Mg(xs, Ys). 


438 Find a determinantal equation sufficient for the 
concurrence of the three lines 
a,x + byyt-c, =0; a,x byy+ co = 0; a3x + b3y 4 ¢3 = 0 
439 Find a determinantal equation sufficient for the 
concyclicity of the four points 
My (Xo, Yo); Mi (%y, Ws My (%9, Yo)3 Mz (X3, V9) 
(Several points are called concyclic if they all 


lie on the same circumference. ) 


440 
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Find the equation of the circle containing the 


three points M,(2, 1); M,(1, 2); M,(0O, 1). 


Find the cuuatiow ot the second degree curve 
containing the five points M,(0O, 0); Mj(1, 0); 
M,(-1, 0); M,@1, 1); Me(-1, 1). 

Find the equation of the third degree parabola that 
contains the four points M,(1, 0); M,(0, -1); 
M,(-1, -2); M,(2, 7). 


Find the equation of the n-th degree parabola 
y=ayx"ta,x0-1 Ses occ containing the 

n+ 1 points Mo(x,, Yo); My(x,, y1)3 Mo€xs, Yodjeess 

M(x, ¥,)- 

Find a determinantal equation sufficient for the 

coplanarity of the points M,(x,, y,, 21); 

Mo(X2, Yo, 22); Mglxg, Ys, 23); Mg(x,, Yq, 24). 

Find the equation of the sphere containing the 

four points M,(1, 0, 0); M,(@1, 1, 0); 

M,(1, 1, 1); M,(O, 1, 1). 


Under what conditions will the n_ points 


lie on a straight line? .- 


Under what conditions will the n lines 


a,x + byy + cy 


ax + buy +c, = O be concurrent? 
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448 What are the conditions in 3-dimensional space that 
the n points M,(x,, y,, 21); Mo(x,, Yo, Za)3e''3 
M(x,, y,, 2,) will lie in a plane; will lie on 


a line? 


449 Under what conditions will the n_ planes 
A,x +B,y +C,z2+0D, = 0 (i =1, 2,°*+, n) be 
concurrent at a point; under what conditions will 


they be concurrent in a line? 


450 Find X,, Xo9,°°*,X if the following system of 


n71 
n equalities is satisfied: 


AyX) + AX . » A), n-1Xq_, + a,, = 0, 
pick tata » Fa a a Aue a 


anki +t) Rbya Xq gig. 


451 Let 
1) —_ - 1) _~— . 16 oa 
xf yas A145 x ) Aros xi) a Gin 
(2) —_— P Q).2— = ; es 
xy Mors x§ Aon; xt = Oona (1) 
x) — a xi =a, a a 


be m solutions of some system of linear homogeneous 
equations. These solutions are called linearly 
dependent if there exist constants c,, Co,t**5C,, 


not all QO, such that the relations 


C104; C9 Mp; os » Cy Ani = 0 (2) 
(i ree 


itil etre Pest 


a ee 


s+ a ee a Le 


452 
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hold. If no such system of relations holds except 
the system with 


Cy = Co = eos = C = 0: 


the solutions are called linearly independent. The 
solutions themselves can be written as rows of a 
matrix. Thus the m_ solutions (1) can be written 


in the matrix 


A) AQ Qin 
Ap, Ao + Qon A 
On) Amn : Ginn 


Show that if the matrix A has rank wr, then the 
system (1) has r linearly independent solutions, 
and all other solutions appearing in the array (1) 


are linear combinations of these r_ solutions. 


Show that if the rank of a system of m linear 

homogeneous equations and n indeterminates is 

r, then the system has n- r_ linearly independent 

solutions and all other solutions of this system 

are linear combinations of these n- r_ solutions. 
Such a system of n- r_ solutions is called 


a fundamental system of solutions. 
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Decide whether 


1 —2 1 0 0 
1 —2 0 1 0 
0 0 1 —!1 0 
{ —2 3 —2 0 


is a fundamental system of solutions of the following 


system of linear equations: 


Xp Xy + X3-+ X4-+ x, = 0, 

3X 2X + X3-+ xK4— 3x, —0, 
Xo -+-2x3-+ 2x,+ 6x, =0, 

9X, + 4x, + 34,+3x,—x,=0. 


Find a fundamental system of solutions for the system 


of equations appearing in 453. 


Is 


a fundamental system of solutions of the system in 


problem 453? 


Show that if A is a matrix of rank r representing 
in its rows a fundamental system of solutions of a 
set of linear homogeneous equations, and B is 

an arbitrary non-singular r-th order matrix, then 

the matrix BA is alsoa fundamental system of 


solutions of the same system of homogeneous equations. 


457 
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(Converse to 456.) Show that if each of two 
matrices A, C of rank r represent in their rows 
a fundamental system of solutions, then there is 

a non-singular r-th order matrix B- such that the 


relation A = BC holds. 


Let 
Oi §=%e On 
Aq, AQ9 Ban 
Ae OF) On 


be a fundamental system of solutions of some system 


of homogeneous equations. Show that 


x —— 1% —- C851 —- eee + CO, 
Hq == CyAyq 4 Co Mqg 4 -- 46, Oyy, 


Ky = 4% qt CoGaq tb +++ TF o% en 


is the general solution of this system of equations. 
This means that every solutions of the system can 
be written in the form above, for appropriate 


choice of c,, Cy,°**,C,, and conversely. 


Find the general solution of the system in problem 


453. 


Decide whether (11 1 -7) is a fundamental system of 
solutionsof the system in problem 403 and also find 


the general solution. 
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Find the general solution of the systems in 


problems 408, 409, 410, 412, 413. 


Use the general solution of the system in problem 
453 (notice the answer from problem 459). Note 
that x, = -16, x, = 23, x, = x, = x, =O isa 
particular solution of the system of problem 41ll. 


Give the general solution of the latter system. 


Give the general solution of the systems in 


problems 406, 414, 415. 


464 
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CHAPTER IV - PROBLEMS 


MATRICES 


1. OPERATIONS WITH SQUARE MATRICES 


Form the products of the following matrices: 


o6)-C 7: »@ 2). 


c) 


Oo OG —= — NY &w 


1 1-1 { 22-3\ fl 
2—1 1); o (2 46).(=1 2 
1 o 1 3 6 9 ! 

b 

b 

1 


nN CEE 


88 MATRICES [CHAP. 


*466 If q is a real number calculate 


467 Assuming that AB are permutable, AB = BA, 
establish the following 


a) (A+ By = A? +-2AB-+ B?; 
b) A? — B?=(A- B)(A— B); 
ree ad ORS ee 


168 Calculate AB - BA in each of the cases: 


1 2 1 4 1 1 
ayA=(2 1 2], Bal —4 2 0}. 
1 2 3 1 2 1 
2 1 0 3 1 —2 
b) A= I 1 24, B= 3 = 2 4 
—1l 2 1 —3 5 —]1 


IV 


en ae ee eee, 
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For each of the matrices A, find another matrix 


commutative with A: 


wl) %*\ a_i t ne 
ees | LS ye Sea, 


No Oo OC. 


In the given cases find f(A): 


2 l 
a) f(x)=x?—x—1, A=] 3 1 2]. 
| 0 


b) f (x) = x2 —5x +43, a=(_3 i 8 


Let A be an arbitrary second order matrix 


a a Ob 
\e a 
Show that the following relation is satisfied when 


A is substituted for x: 


x? —(a+d) x + (ad — bc) =0. 
Let A be an arbitrary square matrix. Show that 
there is a polynomial f(x) such that the relation 
f(A) = O holds; furthermore that there is a 
privileged polynomial of this type which divides 


evenly every other such polynomial. 
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479 
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Show that there are no two matrices A, B- such 


that the relation AB - BA =E holds. 


Let A be a matrix such that A* = 0. Show that 


the following relation holds: 
(E -A)"“? =E +A +4 A2 4 --- + Ako? 


If the square of a second order matrix is the null 


matrix, what form must the second order matrix have?. 


If the cube of a second order matrix is the null 


matrix, what form must the second order matrix have? 


If the square of a second order matrix is the 
identity matrix, what form must the original matrix 


have? 


Let A be some second order matrix. Find all 
second order square matrices xX satisfying the 


relation XA = QO, 


Let A be a given second order matrix. Find all 
second order square matrices X satisfying the 


relation xX"? =A, 


Find the inverse of each of the following matrices: 


91 
Qn, 


& 
an > os 
= a ee 
ee ee 
oot mM ae 
Sie ee OS SON ; dls 
ayn 
n | | ae | z 
| w a A, 
oC AQ = N ot me N sar — O Ud 
2 [| “7 =o Bh ae 
< age g : &&& 
! ~ a ae =. = Coc yt me 
OD . ‘ 
> a | = : - 
ae : So 8 8 eS 8 
w) a — ° 
Zi = = — =< = a wd om mm ef : 
Tata, ua“ e 
= ™ Om N eo | | Pee: o Oo © m= & 
4 | = ans) om N , oO 5 3 o is 
: raeee a p88 Tie 3 
° ~ 
a mM AN = © | . seat 2h, hs A. oe hs o 
© | =— = Ole | | - e 
“=~ = — — =“ oO £o& i “A 
Oo —_- OO © i eee err ™ tie = om © Oo 
Net OO , OC e 
| | | | I I 
a8 < x a x < 
s ca = a i) = 


cone eeen > .- ay. ben — - “ _ 
EAR Nee tl yc I A IR t= Ae lene tat ly me —« eon oe “ a - te — e : Peer oes ee econo 
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1 —x 0 0 
0 i, eee 
m) A = ee ee » «© # © © © © © @ »8 : 
0 oO 0 1 —x 
Qo a, Qo a, 
1 
I+s- 1 1 
. tae 4 ! 
2 
A= 
! —e ! 
3 
1 i 1 (i. 
A 


o) If the inverse B=! is known show how to find 


the inverse of the bordered matrix 
B U 
Va/y’ 
481 Find the square matrix xX in each of the following 


matrix equations: 


93 
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l 
4 
l 


SS , e 
CoCo fo LN a —_ 
oo =e. s b> oes 
wee a | 
Ss SD NX 
earl, Son hee ee 
owen || 
a“ o™~ 

|| N © 

¥e | 

. om 10 

ee A cc EE, | | 
e ° Sa 

: 4 Se 
oS et. SO e 
——_ 

= — © - © w= CN 
a) oo) N oO 
yy ~ 
o S 


e) 


OR eee ee OR ee eg ee 


Nn = 
| 
a= GN © 
| 
N S 
| 
Oo © on) 


OS AEN, ne RO aE en Ned 
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Show that the relation A7~!B = BA~? follows from 
the relation AB = BA. 


1 2 
Suppose @ (x) = sees a=( ). 


1-x ’ 


Calculate co (A). 


Find all square second order matrices with real 


elements whose cubes are the identity matrix. 


Find all square second order matrices with real 
elements whose fourth powers are equal to the 


identity matrix. 


Let a, b be real. Show that the complex numbers 
under addition and multiplication are isomorphic 


to the set of matrices of the form 
a b 
—b a 
Show that the set of all second order matrices 


a+ bi c-+di where a, b, c, d have all 
—c+di a—bi | 


possible real values fill out a ring with no 
zero divisors. 


Show how to express the product 


(aj + 5} ci + di) (a3+- 63+ c3-+ a3) as the sum of 


four squares of bilinear expressions. 


ene ~ . ~ grag — 


EE rN <r > 


ow i ee ee ee 


i iia ae tg een TTT St aN en AFG fine nyiiines —~ali allege ening ae mann 
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Show that each of the following three operations on 


a matrix can be realized by multiplying the matrix 


on the left by non-singular matrix: 


a) interchange of two rows; 


b) addition to one row of a multiple of the 
respective elements of another row; 


c) multiplication of the elements of a row by 
a non-zero factor. 
Corresponding operations on the columns of the 
matrix can be realized by multiplication on the 


right by a non-singular matrix. 


Show that if A is an arbitrary matrix, A can be 
written in the form A = PRQ , where P and Q are 
non-singular matrices and the matrix R is diagonal 
with 1's in the first r diagonal positions, 


and O's elsewhere. 


Show that every matrix of real numbers can be 
written as the product ot matrices of the form 


E+ aqae,,, where a is a real number, E is the 


1k 
identity matrix and Cr, is a matrix unit; that 
is the matrix that has 1 in the ik position and 


O's elsewhere. 


Show that the rank of the product of two square 
matrices of order n is no less than Yr, + Yo - 0, 


where ry and Y5 are the ranks of the factors. 


af ya EY YET 
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Show that every square matrix of rank 1 has the form 


Mer Po ee Pa 
hoy Aobg «++ Anta 


Anh abs em havin 


Can all i's’ be O? 


Find all third order matrices whose squares are 


equal to the null matrix. 


Find all third order matrices whose squares are 


equal to the identity matrix. 


Let A,B be rectangular matrices with the same 
number of rows. The symbol (A, B) denotes the 
matrix obtained by appending the columns of the 
matrix B to the columns of the matrix A. 


Establish the relation rank (A, B) s rank A + rank B. 


Let A be a square n-th order matrix. Show that 


if A* = E, then rank (E + A) + rank (E - A) =n. 


If B is a diagonal matrix with entries +1 and 
-1, and A = PBP™?, then A’ obviously satisfies 
the relation A® = E. Establish the converse of 
this assertion, that is, that every matrix 
satisfying A“ = E can be written in the form 


PBP-!, where P is a non-singular matrix. 


Let A be a square matrix of integers. Under what 
conditions is the inverse A? also an integral 


matrix? 


eS lg aE Seema . 
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Let A be an arbitrary square non-singular integral 
matrix. Show that A can be written in the form 

A = PR, where P is an integral matrix of determinant 
+1 or -1; and R is an integral triagonal matrix; 
that is a matrix whose subdiagonal elements are 

all 0, whose diagonal elements are all positive. 
Moreover, every element above the main diagonal 

of R is non-negative and less than the diagonal 


element on the same row. 


Let k be an arbitrary integer. Partition the 
integral n-th order square matrices into equivalence 
classes, so that two elements belong to the same 
equivalence class if one can be obtained from the 
other by multiplication by a unimodular integral 
matrix (of determinant +1 or -1). How many 


equivalence classes are there? 


Let A be an integral matrix. Show that A can 
be written in the form A = PRQ, where P, Q are 
integral unimodular matrices, and R is an integral 


diagonal matrix. 


Show that every properly unimodular integral second 
order square matrix, that is every such matrix of 
determinant +1, can be written as a product of 
positive and negative powers of the fundamental 


generating matrices 


11) (1 0 
Ag wee a ee 
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004 Show that every second order integral unimodular 
matrix can be written as a product of positive 
and negative powers of the fundamental generating 


matrices 


205 Let A be an arbitrary third order integral matrix 
with positive determinant, A #4 E, A® =E. Show 
that A can be written in the form QC Q-!, where 
Q is an integral unimodular matrix, and C has one 


of the forms 


i oOo 0 i —1 0 
0 —1 oOo}, |o0 —1 0 
0 oO 1 0 oOo —t 


2. RECTANGULAR MATRICES. CERTAIN INEQUALITIES 


206 Multiply the two matrices in each part: 


2 
C) l , (i 2 3); d dd 2 3) , [| 4 
3 


ne gr ling agreement elgg ioe 


tn a ing pola eecmnnnneny” wig o ae 


AA Eg Ra aA re Gy me Onaga 


se =< 


oe 


7 die eee 


007 


008 


309 


910 


O11 


912 
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Multiply the matrix 
gg chs 2 
4 1 1 8 
by its transpose and find the determinant of the 


product. 


Multiply the matrix 


by its transpose and apply the theorem on the 
determinant of a product to obtain an algebraic 


identity connecting the determinants. 


Show how an m-th order minor of the product of two 


matrices is related to the minors of the factors. 


Let A’ be an arbitrary matrix of real numbers, 
A' be its transpose. Show that every principal 


minor of the matrix A'A is non-negative. 


Let A be a matrix of real numbers, and A' be 
its transpose. Show that the rank of A'A, as well 
as the rank of A, is less than k if every k-th 


order principal minor of the matrix A'A is zero. 


Let A be an arbitrary matrix, A' be its transpose. 
Show that the sum of all principal k-th order 
minors of the matrix A'A is the same as the 


corresponding sum of the matrix AA". 
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913 Choose rectangular matrices properly (see exercise 


508); multiply them, and establish the identity 


(i+ apt ... +47) (Bi +55+ .«-. 02) = 
— (a,b, + 9b, ... 4-4,0,7 = = (a,b, — a,b;). 


<R 


014 Let a,, b, be complex numbers; b, be the complex 


t 
conjugate of b,. Establish the following identity. 


Bla? ¥ 1o4?— 


nn 2 . 
>> a6,;— > |a,b, — a,b, |?. 
i=] i<k 


915 Use the identity of problem 513 to establish the 
Buniakovsky inequality 


b 


for arbitrary real a,» b,. 


916 Establish the corresponding inequality 


Rn 


atid, 


2 n n 
< Ala? Dl? 


b are arbitrary complex numbers. 


Qbtiinns 
2 - we ee 


rR te eg ee tS ra ne 


a_i 


~ tee ee ee 


ae 


OE Ae + ER ~~ lg A er es tas a — 
eS a ae 


LE ANC agi i ~ me 
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Let B,C be two real rectangular matrices; suppose 
that (B, C) =A is a square matrix. (This means 
that B is the matrix consisting of the first 
columns of A.) Show that (det A)= < (det BB')(det CC’). 
If A is not square the generalization of 517 


is as follows: 
det A'A < (det B'B) (det C'C). 


Let A be the rectangular real matrix 


Q1, 19 Qin 
A=| 721 O22 a9 
Qn am? Qin 


n n n 
Show that det AA' < 2a, ; 21%. fase >) 2,,. 


Let A be a rectangular matrix of complex numbers, 
A* be the conjugate transpose matrix. Show that 
the determinant of A*A is real, non-negative, and 
can be zero only if the rank of A is less than the 


number of columns it contains. 


(Generalization of 518.) Suppose A = (B, C). 
Establish the identity 


det(A*A) < det (B*B) + det(C*C). 
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922 Let each element of the n-th order square matrix 


A = [a,,] have modulus less than M: 
lay, | SM. 


Establish the identity 


|det A | < M" nt/? 


*523 The following identity is a little harder to 
establish; it applies only when the elements are 


real. 
n+1 
det A| <M" 2°-"(n + 1) * 


024 


& 525 Show that the result of problem 522 is exact in 


many cases: n=1, 2, 2*, 12,--- . Thus the 


result cannot be improved. 


526 Show that of all n-th order matrices with real 
entries between -l and +l inclusive, there is at 
least one matrix of maximal determinant. Also 


-1 
show that this maximum is divisible by Ose 


*527 Find the true upper bound for the absolute value 
of the determinant of a square matrix of real 
numbers of order 3 or 5, the elements of the 


matrix being between ~-1l and +1. 


*528 Let A = [a,,]. The obverse matrix has for ik-th 
element the minor of A obtained by deleting the 
i-th row in k-th column. Show that the obverse 


of the obverse matrix has for ik-th element 


a A"~* where A = det A. 


ik 


a. 


a ey ee 


I oar al ge te aga insets tintin — = 


*529 
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Show that the m-th order minors of the obverse 
matrix can be obtained from the corresponding 
minors of the original matrix by multiplication with 


the factor A 


Show that the obverse of the product of two matrices 
is equal to the product of the obverses in the 


same order. 


Let the combinations of m _ sets of the integers 
1, 2,°**, n be indexed in some manner, for instance 


in lexicographic order. 


Let A = (a,,) be an m-th order matrix. Let 
be an m-th order minor of A obtained by taking 
the rows of the q-th combination of rows and the 
columns of the §-th combination of columns. The 
matrix of all such minors are is called the 
m-th compound AC y? and has order ci. In particular 
Ac. Seas A. is the obverse of the matrix A. 


1 sae 


Establish the following identities: 
(AB) (4n) = Acn)B(n)» En) = E,A™*) (a) = Acad: 


Let A _ be a triangular matrix 


Qi, Aq see Ay 
0 a eee ae 

A — 22 2n ’ 
) 0 aan 


If the combinations of m subsets of the integers 
1, 2,°°*, n are suitably numbered, then the 


matrix Any is also triagonal. 
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533 Show that the determinant of the matrix Acny 
n 


is the Co: power of the determinant of A. 


534 Let the set of all pairs (i, k); i = 1,2,°°°, n; 
k = 1,2,+++, m be numbered in an arbitrary manner 
(for example, in lexicographic order). In 


particular let the number of the pair (i,, k,) 
be q, and let the number of the pair Cee k,) 
be a. By the Kronecker product of the matrices 
A, B of orders n, m respectively, we mean the nm-th 
order matrix C =A xB, with elements 
Caja, == 41,1 DR, k, 
Establish the following relations, where the 
symbols denote arbitrary matrices of suitable 


orders: 


a) (A, + Ay) K B= (A, X 8B) + (A, X B), 
b) AX (B, + B,) =(A X B,) + (AX A), 
c) (A’ X BY): (A" K BY) = (A’- A”) K (B’: B"). 


*535 Show that the value of the determinant of the 
product A xB is (det A)” (det B)”. 


936 Suppose the mn-th order matrices A, B are 


partitioned into n° boxes in the following way: 


Ay Ano eee A, By Bio Bn, 
aa] An Axa +++ Are} pp | Bx Bas B,, 
Ant Ane rey e Aan B,, Bio eas Bs 


= go 
= ee ee ee 


wee Saige elie Sa es ‘a pec ” ™ * . 
i a fT I Og eRe Am gba RE ng an oss ~eminn Pae 


SE i NA itll gape nme 


A me gg I et ae one a Soe 


*537 
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where Ayys Bay are all square matrices of order 
m. Let C=A: B_ be the product of A and B 

and suppose that C is partitioned conformally 

so that the boxes are denoted C,,. Establish the 


relation 
C.= Aj, By, + AjpBop+ --. + A;,B np. 


Thus, a proper way to multiply partitioned matrices 


is to treat the boxes formally as elements of a ring. 


Let C be a matrix of order mn, partitioned into 
n2 square boxes each of dimension m. Let the 
sub-matrices so obtained be denoted by As, and 
suppose that every two of these sub-matrices are 
commutative. One can form the "determinant" 

Dy + Ata,Ara, + Anz, = B 
by considering these sub-matrices as elements of 
a large matrix. This determinant is in fact a 
matrix of order m. Show that the determinant of 
the matrix C is equal to the determinant of the 


original matrix B. 


938 
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040 
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CHAPTER V - PROBLEMS 


POLYNOMIALS AND RATIONAL FUNCTIONS 
OF A SINGLE INDETERMINATE 


PROPERTIES OF POLYNOMIALS. TAYLOR'S FORMULA. 
MULTIPLE ROOTS 


Multiply the following products of polynomials: 


a) (2x4— x3 + x? +. x + 1)(x? — 3x -+ 1); 
b) (x8 +. x? — x — 1) (x? — 2x — 1). 


Find the quotient and remainder for the following 


problems: 


a) 2x4— 3x8-+-4x2?—5x +67 x? —3x-+1; 
b) «? — 3x2?— x— 1 3x2 —2x+1. 


Find conditions on the coefficients so that 
x? + px + q be exactly divisible by x® + mx - l. 


Find conditions on the coefficients so that the 


polynomial x* + px? + q be exactly divisible by 


x" + mx + 1, 


Simplify the following polynomial 


pa ee ree (yh ee 


(x—n-+1) 
1 1-2 n!| " 


——_ 


ggg ga i Se a 


PROPERTIES OF POLYNOMIALS 107 


043 In the following problems, find the quotient and 


remainder: 
a) x4— 2x4 4x? 6x-+ 8 7 x— 1; 
b) 2x5 — 5x8 — 8x +x +3; 
c) 4x3-+- x? ¢x+1-+/; 
d) x3 — x2?— x +x—1+2i. 


544 Use synthetic division to calculate f(x,): 


a) f (x) = x4 —- 3x3 + 6x? — 10x-+ 16, x, = 4; 
b) f(x) = x8 +(1 +2 x4 —(14+3) 247, 4 =—2—1. 


545 Use synthetic division to expand the polynomial 


f(x) in powers of x - x): 


a) f (x)= x4-+ 2x8 — 3x2? —4x-+-1, Xp =— 1; 
b) f(x)= x? X= 1; 
c) f(x) = x4 — 8x3 + 24x? — 50x + 90, cee, 


d) f (x)= «4+ 2ix8— (1+) x?—3x+7-+1, x= —i; 
e) f (x)= x4-+ (3 — 81) x8—(21 + 18%) x*—(83— 201) x +7 + 183, 
xy = — 14 2. 


946 Use synthetic division to expand each of the 
following into partial fractions: 


x8—x+1. x4 — 2x2? 13 
VG) =») “aa. 
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*547 Use synthetic division to write each of the 


following in powers of x: 
a) f(x + 3), where f(x) = x* - x2 +13; 
b) (x - 2)* + 4(x - 2)% + 6(x - 2)2 + 10(x - 2) + 20. 
048 For the given value x = xX, find the value of the 
polynomial f(x) and its derivative £'(x). 
a) f (x)= x° -— 4x8 + 6x?—8x-+ 10, x)= 2; 


b) f(x) = x4 — 3ix8 — 4x? 5ix— 1; x9 = 1-4 21. 


049 Find the multiplicity of each number as a root of 


the polynomial written beside it: 


a) 2 for the polynomial «5 — 5x4*-+-7x3— 2x?-++ 4x — 8; 


b) -2 for the polynomial x5-+ 7x4+ 16x? -+ 8x? — 16x — 16? 


950 For what values of the coefficient a will the 
polynomial x® ~- ax* - ax + 1 have -1l asa root 


of multiplicity at least two? 


551 Find a, b if the trinomial ax* + bx® + 1 is 


divisible by (x - 1)*. 


552 Find a, b if the trinomial axnt+! + bx" + 1 is 


divisible by (x - 1)®. 


*553 Show that 1 is a three-fold root of each of the 
following polynomials: 
a) x77 nxrtlit. nxr-l— 1; 


b) x22+1__ (Qn + 1) x*t1+.(2n+- 1) x"— 1; 


c) (n — 2m) x” — nx?~™ + nx” —(n— 2m) 
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004 Show that the following polynomial is divisible 
by (x - 1)© but not by (x - 1)8: 


ont not Gar) ant? Se ntl 


ee oP ROEDCAFD pray 


*555 Show that necessary and sufficient conditions that 


the polynomial 


f (¥) = agx" + a,x"-1+ 1... +a, 


should be divisible by (x - 1)**+ are: 


Ataf a+... + a,=0, 
Qa, + 2ao+ ... + na, =), 
a,+4a,+ ... +2%a,=0, 


a,+2"a,+ ... +n*a, =0. 


556 Let f(x) be a polynomial. Find the multiplicity 


of a asa root of: 


X—a 


TUF x) +S @I— SF (+ F (a), 
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O07 Find conditions under which the polynomial 


x? + ax? + b should have a double root different 


from O. 


558 Find conditions that the polynomial 
5 
x + 10a x° + 5b x + c should have a triple root 


different from O. 


559 Show that the trinomial x" + ax™ ™ + b cannot 
have a nonzero multiple root of multiplicity 3 


or higher. 


560 Find conditions under which the trinomial 


x" + ax"-" + b should have a nonzero double root. 


*561 Show that the k-nomial 
a,x” + ax? +t... qf a,x%e 


cannot have a nonzero multiple root of multiplicity 


exceeding k - l. 


*562 Show that every non-zero root of multiplicity k-l1 


of the polynomial 
ax” fax? +t ... +a," k 


must satisfy the following conditions 


a,x" (p)) = a,x"! (p=... = a,x? ko! (Ds), 


where 


9) = (¢ — p,)(¢ — Po) (E — Pz) .-- E— Pes 


and conversely. 
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*563 Show that a polynomial divisible by its own 


derivative must have the form a(x - oe ae 


064 Show that the polynomial 


Xx x2 n 
baa iggy te oe at 


nl 


cannot have multiple roots. 


965 Show that a necessary and sufficient condition 


that x should be a root of multiplicity k 


fe) 


for the rational function, f(«x)= aes : 


it being understood that the denominator w(x) 


does not reduce to zero for x = x is that the 


oO 3 
following set of relations be satisfied: 


F (Xo) = Ff (Xo) = 00. = SPY (Ky) =0, FM (x9) £0. 


566 Show that the rational function /(x)= mae 


can be written in the following form 


| ‘ (n) - 
f (x)= f (x) + LOD (x — ag) fo FEEL — 20)" + 
ie F (x) 


w (x) 


(x 7s xy, 


where f(x) is a suitable polynomial. Here it is 
assumed that w(x,) #0. (Taylor's theorem for 


rational functions.) 
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*567 Show that if x, is a root of multiplicity k of the 


O 
polynomial f,(x) f3¢x) - f£2¢x) f)(x), 

then Ko is a root of multiplicity k + 1 of the 
polynomial f,(x)f,(x9) - f£20x)f,(x)) 

provided the latter is not identically zero. The 


converse is also true. 


*568 Show that if f(x) has no multiple roots, then the 
2 1! 
polynomial [f£'(x) > - £¢x) f° (x) cannot have a 
root of multiplicity greater than n - 1, n being 


the degree of f(x). 


*569 Construct a particular polynomial f(x) of degree 
2 1 
n such that the polynomial [f'(x) ] - f(x) f£"(x) 


has a root x, of multiplicity of n - 1, where 


fe) 


X, is not a root of f(x). 


2. PROOF OF THE FUNDAMENTAL THEOREM OF ALGEBRA 
AND RELATED QUESTIONS 


570 Find a number 6 with a property that the 
polynomial x 4x° + 2x has absolute value less 


than 0.1 for all values of x such that |x | <> Os 


571 Let f(x) = x - 3x° + 4x +5. Find a number §& 
such that the relation |£ (x) ~ £(2) | < 0.01 
holds for all values x that satisfy the inequality 
|x = 2 | < 6. 
O72 Find a value of M_ so that the relation 
| x4 — 4x3 -+- 4x?-+ 2| > 100. 
is valid for all values of x greater than M in 


absolute value: |x | > M. 


ee a i ain ec ng ag tty 


aa a a ee cee se 
oon ban 


i ak Ge) ee Oe ee 6 et Se 6 ce ee tees 2 ee 


975 


976 


377 


078 


079 
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Find a variety, or closed set, of values of x 


such that the relation |f(x)| < |£(0)| holds: 
a) f(x) = x5 — 3ix8 +-4; b) f(x) = 0 — 3x2 +4, 


Find a large set of values of x such that the 
relation |£¢x) | < \£(1) | holds for the following 


polynomials f(x): 


a) f (x)= x4 — 4x3+ 2; 
b) f(x) = x4 — 4x8 -+ 6x? — 4x-+ 9; 
c) f (x) = x4 — 4x +- 5. 


Let £(z) be the polynomial 


f(z)=(1+)2+(3 — dé) 24 —(9 + 5d) 23 — 
—Td—ajpaj2+2(143)2+4—1. 


Supposing that the relation z - i = a(l - i), 


O<ac< x holds, show that |£¢z) | < /5 


Let f(z) be an arbitrary non-constant polynomial. 
Show that in every neighborhood of z, there is a 
number z, such that the relation § |f(z,)| > if ()l 


is satisfied. 
Prove D'Alembert's lemma for rational functions. 


Show that the maximum of the absolute value of a 
rational function of an independent variable is 
actually obtained when the variable varies over a 


rectangular region. 


It is clear that the fundamental theorem of algebra 


(on the existence of roots of a polynomial equation) 
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is untrue for rational functions. Indeed, the 
function 1/z is never zero. At what point does 
the proof of the fundamental theorem algebra fail 
when we attempt to apply the proof to rational 


functions? 


*580 Let f(x) be a polynomial or rational function. 


Show that if a is a k-th order root of 


f(z) - f(a), and f(a) 4 0, then every circumference 
|z = a | = 9 contains 2k points satisfying the 
relation |£(z) | = |£(a) | provided op is 


sufficiently small. 


*581 Let f(x) be a polynomial or rational function. 
Show that if a is a k-fold root of f(z) - f(a), 
then every sufficiently small circumference 
\z - a | = 9 contains 2k points for which 
Re(f(z)) 
Im(f£(z)) 


Re(f(€a)), and 2k points for which 
Im(f(a)). 


3. FACTORING INTO LINEAR FACTORS. 
FACTORING INTO FACTORS THAT ARE IRREDUCIBLE 
IN THE FIELD OF REAL NUMBERS. 
FORMULAS CONNECTING COEFFICIENTS AND ROOTS. 


582 Factor each of the following polynomials into 


linear factors. 


a) x8 —6x?-+ llx—6; b) x4-+-4; ©) «4-4 4x8 +4x?-+-1; 
d) x?— 10x?-++- 1. 


*583 


084 


985 


986 


587 
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Factor each of the following polynomials into 
linear factors: 
a) cos(# atc cos x); 


b) (+ cog 6 isin 8) FS aaa aa 
c) x (ne OT Mg ct LL (CH 


- Factor each of the following into irreducible 


factors with real coefficients: 


a) xt+-4; b) x6 +27; c) x*#+4x84+- 4x?2-+ 1; 
d) x27 2x" 4-2; e) xt—ax?+1, —2<a< 23. 
f) x47 x" 4-1, 


In each case find a polynomial of lowest possible 


degree having the roots indicated: 


a) 1 as a double root; 2, 3, 1+ i as simple roots; 
b) -l as a triple root; 3, 4 as simple roots; 


c) i as a double root; -l -i as a simple root. 
(It is not required that the coefficients be real.) 


Find that the polynomial of lowest possible degree 
having as roots all roots of unity, of all degrees 


up to and including n. 


Find a polynomial of lowest possible degree with 


real coefficients having the following roots: 


a) 1 as a double root; 2, 3, 1+ i as simple roots; 


b) 2 - 31 as a triple root; 


c) i as a double root; -1 -i as a simple root. 


116 


5988 
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For each pair of polynomials, find the greatest 


common divisor: 


a) (x — 18 (x -++ 2)? (x — 3)(x —4) 5 (© — 1? (¥ + 2)(% +5); 
b) (x — 1)? — 1 — 1) (xt 1) 5 

(x + 1) (4? + 1) (08 +1) (x4 + 2; 
c) (x8 — 1) (x? — 2x +1) 5 (x? — 15%. 


Find the greatest common divisor of the polynomials: 
x™—1 35 x°—1. 
Find the greatest common divisor of the polynomials: 


x” t-a™ ; x? +a", 


Find the greatest common divisor of the polynomial 


f(x) and its derivative in the following three cases: 


a) f (x)= (x — 18 (%-+ 1)? (« — 3); 
b) f(x) = (« — 1) (x? — 1) (*8 — 1) (xt — 1); 
c) f(x) et — XM — x" +. 


Let f(x) be a polynomial with no multiple roots. 


Let x, be a K-fold root of the equation 


fe) 
f (HS) =0 


v (x) 


Show that the equation 


te) = 


has x, as a k-l-fold root. [Assume that the 


relations v(x))#0, v’(x,.) #0 hold. | 
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593 If m, n, p are positive integers, show that 


x3m L y3ntl 1 ¢3p+2 is divisible by x* +x +1. 


994 When will x3m __ x3nt+1_{ y3p+2 be divisible by 


x° -x + 1? 


595 Under what conditions is 3m f y3n+l i y3pt2 


divisible by x. + x” + 1? 


5996 Under what conditions is xm4 "1 divisible 


by x“ + x + 1? 
097 Show that 
he htt a: he oe a a 
is divisible by x*-!-+ x?-?-+ ... +1. 


598 For what values of m will (x + 1)” -x -l1 


be divisible by x* + x + 1? 


599 For what values of m will (x + 1)" +x +1 


be divisible by x" + x + 1? 


600 For what values of m will (x +1)" -x -1 
be divisible by (x* + x + 1)°? 


601 For what values of m will (x +1)" + x" +1 
2 
be divisible by (x* + x + 1) ? 
602 Can the polynomials (x + 1)" + x +1 and 


m 3 
(x + 1)" =x - 1. be divisible by (x2 +x + 1)°? 


eee 
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603 Evaluate the polynomial 


x x (x— 1) nX(x—1)...(«—n+1) 
pal 1-2 asian Cnr 1-2...n ; 


when x takes on the sequence of values 1, 2,°°*°',n. 


(See problem 542.) 


604 Let XxX be the cyclotomic polynomial. For what 


values of m is X Cx") divisible by X,(x)? 
Demonstrate the following theorems: 


605 If f(x") is divisible by x - 1, then it is also 


divisible by x™- l. 


606 If f(x") is divisible by (x - a)* , then it is also 


My. Ja oO. 


divisible by (x" - a 


607 If F (x) = f, (%5) + xf (x) is divisible by 
x° +x + 1, then f,(x), f2(x) are divisible by 


x - 1. 


*608 Let £(x) be a polynomial with real coefficients 
such that the relation f(x) 20 holds for all real 
values of x. Show that f(x)=[9,(~) P+ [¢.(x)P, 
where (x) and @(x) are polynomials with real 


coefficients. 


609 Suppose the polynomial /f(x)=a)x"+a,x""!4+...+ a, 
has roots xX,,°°*,x,. What are the roots of the 


following polynomials: 


a) Agx" — a,x"-1-+-anx?-2— ... +(— 1)"a,; 


b) a,x"? -+-a,_ x7 !-+ ...+4,} 


aes ieee > 


re 
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612 


613 


614 


615 
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c) fa+L4 ) ,4 FO © xt, LOO on 
d) Ayx" + a,bx"- ‘esr 7t... a,b"? 


Find a relation among the coefficients of the cubic 
equation x° + px® + qx +r=0 , if one root is 


the sum of the other two. 


Check that one root of the equation 
36x° - 12x" - 5x + 1 = 0 is equal to the sum of 


the other two. Solve the equation. 


Find a relation among the coefficients of the fourth 


3S + px? + cx + d= 0 


degree equation x* + ax 
if the sum of two roots is equal to the sum of 


the other two. 


Show that an equation that fulfills the condition 
of problem 612 can be transformed into the form 
y* + qy*? + r = O by the substitution x = y + Q, 
if ad is properly chosen. 


What relation among the coefficients of the fourth 


3 + bx? + cx + d = 0 


degree equation x* 4 ax 
guarantees that the product of two roots will be 
equal to the product of the other two? 

Show that if an equation satisfies the conditions 
of 614, it can be solved by first dividing by x* 


and then making the substitution y = x + = Ga xO) 
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617 


618 
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620 


621 
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Solve the equations: 


a) xt'—4x9-+ Sx?— Qe—6 —0: 
b) x#+ 2x°4 2x?+ 10x + 25=0; 
c) xt-+2n8+ Bx2?+ Q2e—3 =0; 


d) x?-+ x3 —10x?— 2x-+4 =O, 


by using the tricks in problems 612-615. 


Find the value of }\ such that one of the roots 


3 


of the equation x~° - 7x + } = 0 is double another. 


Find a, b, c so that they are roots of the equation 
x° - ax” + bx - c = 0. 
Find a, b, c so that they are roots of the equation 


x? + ax? + bx +c = 0.7 


The sum of two roots of the equation 


Qx° - x2 - 7x +} = 0 
is 1. Find i. 


Let xX,, X5, X, be roots of the equation 
x? + px + q = 0. Find the relation among the 
1 1 


coefficients if the equation x, = — + — 
X4 Xo 


is valid. 


Find the sum of the squares of the roots of the 


polynomial 


x + a,xe-l ees + a,. 


*623 


624 


625 


*626 
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Knowing the values of a,, a, and knowing that 


the roots of the equation 


Xx" - a, x"-! + ayn? +... +a, =0, 


are in arithmetic progression, solve the equation. 


Are the roots of the following equations in 


arithmetic progressions? 


a) 8x3 — 12x?—2x-+3 = (0; 
b) 2x4-+ 8x3 + 7x? —2x—2=0 


A fourth degree parabola has equation 
y= xi+axst bx? +extd. 


Find a straight line that intercepts this curve in 
points M,, Ms, Mz, M, so that the three line segments 
cut off by the curve are equal: M,M, =M,M, = M.M,. 
Give conditions for the solvability of this problem. 
Find an equation of the fourth degree with roots: 

1 

a, —,—G, ——~e 
a a 


Find an equation of the sixth degree with roots: 
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Let f(x) be the polynomial 


f (x) = (4 — x1) (4 — Xp) 02. (4 — ) 


Find formulas for /f’(x,), f’(*) and show that 


Of’ (xi) __ 
OX; _ 


sf’ (x;). 


Let f(x) be the polynomial of problem 628. Suppose 
that f (x;) = f” (%,) =0 , but = f’(x,) #0 
Show that 


3 — =. 


i=2 


Suppose that the roots of the polynomial 


xttaxt-lt...ta, are in arithmetic 


progression. Find the value of f'(x,). 


4, EUCLIDEAN ALGORITHM 


Find the greatest common divisor of each pair of 


polynomials: 


xt x8 — 3x?—4e—1, x8 + 42—x —1; 

x° + x4 — x8 — 2K —1 , 8x4 t2x84+ x2?+-2x — 2; 

x§ — 7x41 8x3 —7x4+-7 , 3x5— 7x34 3x2 —7; 

x° — 2x4 x38 + 7x? — 12x +10 , 3x4— 6x3 + 5x2? -+ 2x2; 
x8 +. 2x4 — 4x3 3x24 8x%—5 , x6 + x2—x-+1; 

x9 +. 3x4 — 12x83 — 52x? — 52x —12 , 

x4 + 3.3 — 6.x? — 22x — 12; 


632 
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g) x°+t xt4— x8 — 8x?— 38x—1 , x*—2x3— x?— 2x41; 
h) x4—10x2-+1, x¢—4V2x3+622+4V2xe+1; 
i) xt +7x3119x2+23%110 , xt+-7x3-+ 18x2 + 22% + 12; 
jp *4—4x8 +1, x8 —3x?+-1; 
k) 2x6 — 5x5 — 14x4-+- 36x32 + 86x?-+ 12x—31 ; 

2x5 — 9x4 2x31 37x2-+ 10% — 14: 
1) 3x6 — x5 — 9x4 — 14x39 — 11x? —3x—1 , 


3x5 + 8x4 9x8 -+ 15x?-+ 10x +-9. 


Use the Euclidean algorithm to find polynomials 


M, (x), Mz(x) so as to satisfy the relation 


f(x) My (x) + fo (x) My (*) = 8 (x), where 
§(x) is the greatest common divisor of the 


polynomials f,(¢x), f(x): 


a) f, (x)= x4-+ 2x8 — x? —4x — 2, 
fo) ek Se ek 

b) f(x) = 84 8x8 x8 4 8x41, 
f(x) = xt 2x84 x +2; 

c) f(x) = x6 — 4x5 + 114 — 273 + 37x? — 35x + 35, 
Sy (x) = 0° — 3x4 + 7x8 — 20x? +- 10x — 25; 

d) f, (x) = 3x7 -+ 6x6 — 3x°+ 4x44 14x? — 6x? — 4x4, 
So (X) = 3x6 — 3x4 + 7x3 — 6x + 2; 

e) f, (x) = 3x° + 5x4 — 16x3 — 6x? — 5x — 6, 
I ()=H= 3x? — 48 = SH — 2; 

f) f(x) = 4x4 — 2x8 — 16x?-+ 5x-+-9, 
So (4) = 2x3 — x2? — 5x -+-4, 
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633 Use the Euclidean algorithm to find polynomials 


M,(x), M,(x) so as to satisfy the relation 


Fy (%) My (%) + fy (%) My (x) = 1 


a) fy (x)= 3x8 — 2x? x +2, fo(x) = x?—x-+1; 
b) fy (*) = x*— x8 — 4x? + 4x +1, fy (x)= x?— x —1; 
c) f, (4) = x° — 5x4 — 2x3 + 12x? — 2x + 12, 
Fg (x) = x3 — 5x? — 3x + 17; 
d) f, (%) == 2x4-+ 3x3 — 3x? — 5x +2, 
So (x) = 2x3 4- x? — x — 1; 
e) fy (%) = 3x4 — 5x8 + 4x? -— 2x + 1, 
fo (4) = 8x3 — 2x? +- x — 1; 
f) fy (4) = x° + 5x4 9x8 4 7x? + 5x + 3, 
So (X%) = x14 2x8 4+ 2x2? + x +1. 


634 Use the method of undetermined coefficients to find 


polynomials M,(x), M,(@x) such that the relation 
f(x) My (x) + fy (x) M,(x)=1 holds: 


a) f\(x)=xt— 4081, f(x) = x8 — 3241; 
b) fy (x) = 23, fy(x) = (1 — x); 
c) f(x) = x4, fy(x) =(1 — x). 


635 Find polynomials M,(x), M(x) of lowest possible 
degree satisfying the following relations: 


a) (x4 — 2x9 — 4x? + 6x + 1) My (x) + (43 — 5.x — 3) M, (x) = x4; 


b) (x4+- 2x3+. x + 1) M, (x) 
4- (x4 + x3 — 2x? + 2x — 1) My (x) = x3 — 2x. 
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636 Find a polynomial of lowest possible degree that 
gives remainder 

a) 2x when divided by (x - 1)*; 3x when divided 
by (x - 2)°. 


b) x2 + x + 1 when divided by x - 2x° + 10x - 7; 


2x2 - 3 when divided by x* - 2x® - 3x2 + 13x - 10. 


*637 Find polynomials M(x), N(x) satisfying the 
relation 
x” M (x) +-(1 — x)"N (x) = 1. 

638 Let §6&(x) be the greatest common divisor of the 
polynomials f,(x), f2(x). Suppose that the 
relation Ff, (*4) M(x) + f(x) N (x) = 8 (x) 
holds. What is the greatest common divisor of 


M(x), N(x)? 


639 Find the multiple factors of the following 


polynomials: 


a) «§ — 6x4*— 4x3 + 9x?+ 12x 4-4; 

b) «5 — 10x? — 20x? — 15x — 4; 

c) x6 — 15x4-+- 8x3 + 51x? — 72x + 27; 

d) «5 — 6x4-+ 16.3 — 24x? +- 20x — 8; 

e) x6 — 2x5 — x4 — 2x3 + 5x? 4-4x 4-4; 

f) x7 — 3x6 + 5x5 — 7x1+ 7x8 —5x?+ 3x — 1; 

g) x81 Qx7-+ 5x6 + 6x5 -+ 8x4-+ 6x3 +- 5x24 2x + 1. 


er 
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5. THE INTERPOLATION PROBLEM; RATIONAL FUNCTIONS 


640 Use Newton's method to find the polynomial of 


lowest possible degree that has values given by 


the tables: 
x (01234, b) 2 |—10123. 
a) f(9) 112346?’ f(x)| 65032’ 
: 9 ji 25 
x 4° 4 : x |123 46 
c) 35° find f@): YD) Sayrse6eT —4 10 


641 Use Lagrange's formula to find a polynomial with 


the following table of values: 

4 oe ie Ue ey ee 

3’ b) y{12 3 4° 

*642 Find a polynomial f(x) with the following table 


of values: 


Pic Ae SE cei eat a ae 
f(y} 12 3 ..n Ep = COs — +-i sin rae 


643. A polynomial f(x) has degree not exceeding n - l. 
The polynomial takes the values y,, Yo,°°:,Y, 
when x runs through the n-th roots of 1. Find 


the value of f(0). 


te ae te ~ nig ee ee ag 
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*645 
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Establish the following theorem. A necessary and 


sufficient condition that the relation 
£(xq) = AUF (m)+S lat... HSC 


should be valid for every polynomial f(x) of degree 
not exceeding n - 1 is that the points 


Ky» XQ,°°* XK, be equally spaced on a circumference 


of a circle with center Ko- 


Let gx) have roots x,, X,, *'', x, . If these 


are all distinct show that 
x} 
Maj =0 for O0<s<n—2. 


In the preceding problem calculate the sum 
nh] 
i 


n 
») Xx 
4 XxX; 
ae yp (xj) 
Show that Lagrange's interpolation formula can be 


obtained by using the solution of the following 


system of equations: 


Ss 
A, + 4,X,+ ... + 4,_ x7 =, 
Ay 4%) wes GA, _ XP = yy, 


-!]__ 
a, +4,x + 2 are oO: .4ee =y., 
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*648 Find the polynomial of lowest possible degree with 


the following table of values 


x|O 12.00 


——————$—$—$——. 


yj) 1 24... 2) 
*649 Find the polynomial of lowest possible degree with 


the following table of values 
X10 1 2.00 


yljl a@.,, a" 
*650 Find a polynomial of degree 2n that leaves 
remainder 1 when divided by x(x - 2)++--+-(x - 2n) 
and leaves remainder -l when divided by 


(x - 1)(x ~- 3)---[x - (2n - 1)]. 


*651 Find the polynomial of lowest possible degree with 


the following table of values 


By: 2, 3° akon 
,;2t i 1 
J 2 3°’ n 


*652 Find a polynomial of degree not exceeding (n - 1) 


for which the relation f(x) = is valid for 


x -~ a 


each of the values x,, X5,°°',x,, (x, #a, 


Ae De Det. Ts 

*653 Show that if a polynomial has degree k <n and 
has integral values for n + 1 consecutive integral 
values of the argument, then the polynomial takes 
integral values for all integral values of its 


argument. 


ieee ee oe 
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*654 Show that if a polynomial has degree n and takes 
integral values for x = 0, 1, 4, 9,:°+, n@, then 
the value of the polynomial will be an integer 


for every integral square value of its argument. 


*655 Resolve each of the following into partial 


fractions of the first kind: 


x : b) ee ee, eee ey 

4) G—D)@LD ELS)? (x= 1) (%—2) (*—3)(@—4)’ 
3+ x : x, | . ee 
Veja Year ©) ear Dae 
1 | n} 
eit Vopr? ) ye@=ne-y.. &-A? 


j) ¥@?—N)—4)...(?— 7)’ cos (n arc cos x) ~ 


*656 Resolve each of the following into partial fractions 


of the first or second kind with real coefficients: 


2 
a. 


1 x . 
x6 +. 27 ’ 


1 e 

oT) ) woe: 9 sya 
m xm : 

x T° m<2n-+1; 1) Saat pT m < 2n-+-1; 


e) ttt 


1 x2m : 7 I 
8) ay) ae MS) GREG)... GH) 
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*657 Resolve each of the following into partial fractions 
of the first kind: 

, ae 1 : Ox? + 6.x — 23 : l . 

a) (x? — 1)?’ b) (x2 — 1)?’ ) GD) at Dy? D) oy? 


1 . 1 1 é & (x) 
Mia? ) Gray 94% BD Cpe Diep 


where =f (x) = (x — *,)(* — Xq)... (x — X,) is a 
polynomial having no multiple roots, and g(x) is 


a polynomial of degree not exceeding 2n. 


658 Resolve each of the following into partial fractions 


of the first or second kind with real coefficients: 


a) Xx :  b) 2x — 1 : 
(x+1) (7+ 1)? ° x(x + 1)? (4? + «+ 1)?’ 


ic. 1 
Doon: © Garp: 


659 Set = g(x) = (x — x) (x —%)... (X —¥,). 
Show how to express each of the following in terms 


of kx), o'(x), o (x), ete: 


) ae 0 Uses oO Desa 


tea ee ee ae 
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*660 If x,, Xg,°°* are known to be roots of the 


polynomial ¢x) find the value of the following 


sums: 
de a, eae ae: 
2— x 2— Xo 2— x3” 4 ’ 
1 1 1 
Di) a ee 
) x2 —3x,-+2 Bs x5 — 3x, 42 a x% — 3x5 +2 
p(x) == x8 + x? —4x-+ 1; 
1 1 | l 31 o2 
c) ——_—_ + — —_—__ “— , oie rt —l. 
) x?— 2x, +1 + x2 — 2x, +1 T x3 — 2x3 + 1 eo) | a 


661 Find a first degree polynomial that takes values 
differing as little as possible (in the sense of 
least squares) from the values in the following 
table: | 

x|/0 1 2 3 4 

y|2.1 25 30 36 4,1 

662 Find a second degree polynomial that takes values 
differing as little as possible (in the sense of 


least squares) from the values in the following 


table: 


x|O0 1 2 3 4 
yl1l 14 2 2.7 36 . 
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6. RATIONAL ROOTS OF POLYNOMIALS 
REDUCIBILITY AND IRREDUCIBILITY IN THE FIELD 
OF RATIONAL NUMBERS 


663 Show that if p/q is a rational fraction in lowest 


terms, and is a root of polynomial 


f (x) = agx" ax"... +a, 


the coefficients of which are integers, then: 


1) q divides a; 

2) p divides ai 

3) p - mq divides f(m) if m is an integer. In 
particular p - q divides £(1); p + q divides 
£(-1). | 


664 Find the rational roots of the following polynomials: 


a) x8 —6x2-+ 15x —14;  b) x4— 2x8 — 8x? 13x — 24; 
c) «5 — 7x3 — 12x?-++ 6x + 36; 

d) 6x4-+ 19x3 — 7x? — 26x + 12; 

e) 24x4— 42x38 — 77x? + 56x + 60; 

f) x5 — 2x4 — 4x3-++- 4x? — 5x + 6; 

g) 24x5-+ 10x4 — x3 — 19x? — 5x -+ 6; 

h) 10x4— 13x3 + 15x? — 18x — 24; 

i) x44 2x3 — 13x? — 38x — 24; 
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*665 Show that if f(x) is a polynomial with integral 
coefficients, and if f£(0), £(1) are both odd, 


then £(x) has no integral roots. 


*666 Let X,, Xp be integers. Suppose that a polynomial 
with rational coefficients takes values +1, -l 
when the independent variable is x,, xg. Show 
that if the relation |X, - Xg| >2 holds, then the 
polynomial can have no rational root. If this rela- 
tion does not hold, then the only possible rational root 


1 
is (x, + x2). 


*667 Use Eisenstein's criterion to show that each of the 


following polynomials is irreducible: 


a) x4— 8x8 + 12x? — 6x + 2; 
b) x5 — 12x3-+- 36x —12; c) x4 — x3 +2n+-1, 


*668 Show that, if p is a prime, the polynomial 


xP —] 
X,(*) = x—l 


is irreducible. 


*669 The same as 668 for the polynomial 


ok | 
X jk (x)= pR-l_oy 
*670 Let f(x)=ayx"+4+a,x"!-+4 ... +4, be a polynomial 


with integral coefficients and no rational roots. 
Show that the polynomial is irreducible if there is 
a prime p such that a, is not divisible by p, 

a5, A2z,°**,a, are divisible by p, and a is not 


divisible by p2. 
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*671 Let £(x) be a polynomial with integral coefficients; 


let p be a prime such that a. is not divisible by 


6) 
Py A... A,o.°°% a, are divisible by p, and a, 
is not divisible by p®. Show that if f(x) has an 
irreducible divisor, it has one of degree n - k 


at least. 


672 Substitute various integers for x: factor the 
polynomial values; in that way factor the corres- 


ponding polynomial or show that it is irreducible; 


a) x'— 3x?+1; bd) x4-+- 5x3 — 3x? —Sx+-1; 
c) x4#+-3x3 — 2x2?—2Qx+-1; d) x*— x§— 3x?+2x-+-2, 


673 Show that a third degree polynomial is irreducible 


if it has no rational root. 


674 Show that the fourth degree polynomial 
x" + ax? + bx” + cx + d with integral coefficients 
is irreducible if it has no integral roots and is 


not divisible by a polynomial of the form 


2 cm — am? 

a d — m? <-F Mm, 
where m is a divisor of d. In applying this 
criterion one may ignore cases in which the 
coefficient of x is not integral. The special 


polynomials in problems 614-615 form an exception. 
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675 Show that the fifth degree polynomial 
x° + ax* + bx? + cx? + dx + e with integral 
coefficients is irreducible if it has no integral 


roots and has no factor of the form 


3— cm? — dn- be 
9 am’ — cm? aaa 
aan m3 — n?-+-ae—dm =I 


with real coefficients, where m is a divisor 


676 Use problems 674, 675 to factor each of the 


following insofar as it is possible: 


a) x4-— 3x3 + 2x? + 3% —9; b) x4—3x8-+ 2x2-+ 2x — 6; 
c) x4-+- 4x3 — 6x? — 23% — 12; 
d) x5-+ x4— 4x3 +. 9x? — 6x-+ 6. 


Note: An application of modular arithmetic to the problem 
of finding polynomial factors is given in the 
article:| Factorization of the General Polynomial, 
by D.B. Lloyd. American Math. Monthly 71, 

(October 1964), 863-870. 

See also: 

Tables of Irreducible Polynomials for the First 
Four Prime Moduli, by Randolph Church. Annals | 


of Math. 36 (1935), 198-209. 


677 Find necessary and-sufficient conditions for the 
reducibility of the polynomial x* + px® +q 


if its coefficients are rational. 
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678 Show that a necessary (but not sufficient) 
condition that a fourth degree polynomial without 
rational roots should be reducible is that 
Ferrari's cubic resolvent should have a rational 


root. 


679 Show that if a,, @ag,°*+,a, are distinct integers, 


then the polynomial 
f(x) = (x - a) (x - ag)-+- (x - al) - 1 
is irreducible. 


680 In problem 679 if the -1 is replaced by +l, the 
theorem remains true with the following two 
exceptions: 

(x — a)(x —a— 1) (x —a— 2) (x —a—3)4+1= 
= [(x — a— 1)(x —a— 2)— 1}* 
(x — a) (x —a—2)+1=(x—a— 1). 
*681 If an n-th degree polynomial with integral coeffi- 
cients takes the values +l, -1l for more than 2m 
integral values of the argument (n = 2m or 2m + 1), 


then it is irreducible. 
*682 Show that if the numbers a,, Aap,°**,a, are distinct 
prime numbers, the polynomial 


f (x) = («4 —a,)? (x —a,)? ... (x —a,P +1 
is irreducible. 


*683 Show that if a polynomial f(x) with integral 
coefficients assumes the value +l for more than 
three different integral values of x, it cannot 


assume the value of -1 for any integral value of x. 
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*684 Show that if n 212 and if an n-th degree poly- 
nomial with integral coefficients takes the values 
+1, -l for more than n/2 integral values of its 


argument, then the polynomial is irreducible. 


*685 Suppose a,, @5,*+*+,a, are distinct whole numbers, 


n 
n 27, and x) = (x - a,)(x - ag)--- - aid. 
Show that the polynomial ax” + bx + 1 is 

irreducible, a, b integral, then the polynomial 


alo (x) |? + b gx) + 1 is also irreducible. 


7. BOUNDS FOR THE ROOTS OF POLYNOMIALS 


686 Let Ax" +axrtt .., +a, be a polynomial 
with real or complex coefficients. Show that no 


root exceeds any of the following quantities in 


modulus: 
a) 1 + max | sey, k=1, 2,..., 0; 
0 
ap 
b) p-+ max|——— |; 
f agp® 
k=1, 2,***',n; and p is an arbitrary positive 
number; 
c) 2maxy |e P= 1-2 n; 
a ’ — 9 », © e 9 ? 


k—-] 
Qa, Ap 
Zo —+- max V | 7. 5 k=1, 2, we eeetee Tes 


d) 
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687 Show that no root of the polynomial 


a.x™ + ana” + +++ + a can exceed the unique 


O 
positive root of the polynomial 
bx” — b,x"-!— byx"-2 — ... — 5, in modulus, 


> b> [ao], ree 6,2 |2n|- 


provided that 9<d,<|a)|, 0, 21% 


688 Show that if a, #0, the roots of the polynomial 
f(x) = Aox” + a,x + “++ + a, cannot exceed any 


of the following quantities in modulus: 


, r 

a) ity max ae ; RET cay TN, 
LP er ap “4 

b) + max =a 


aye” 


k =r,-++*+,n; po is an arbitrary positive number; 
ar 


3 
/ | a, | ae A 
Cc) a —+- max y/ |2# 


> r= 7. ee ey Nn. 


689 Given any polynomial with real coefficients, 
construct an auxiliary polynomial according to the 
following rule. Alter the sign of every coefficient 
(except the coefficient of the highest power) that 
has the sign of the coefficient of the highest 
power. Show that no root of the original polynomial 
can exceed in modulus the unique non-negative 


root of the auxiliary polynomial. 


S te iti eel 
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Prove the following theorems: 


| 690 let the polynomial = ajx"-+-a,x"-14. .,, +a, 
have real coefficients, a, >0O. No real root of 


this polynomial exceeds: 
a) 1+ max] | » where r is the index of 
Qo 


the first negative coefficient, and the index k | 
in the max operation ranges over the indices of | 


the negative coefficients. 


b) p+ max| | » where r is the index of the 


first negative coefficient, the index k ranges 
over the indices of the negative coefficients, 


and pop is an arbitrary positive number. 


paps 
c) 2maxy/ lel , where the index k ranges 
0 


over the indices of the negative coefficients 


of the polynomial. 


Val k-r fs 
d) Vj 'el+ max V |% , where r is the index 


of the first negative coefficient, and k ranges 


over the indices of the negative coefficients. 


691 A polynomial with non-negative coefficients cannot 


have a positive root. 
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693 


694 


695 
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If the relations f(a)>0, f’(a)>0,.... f (@>0 


hold, every real root of the polynomial f(x) is 


less than or equal to 


a. 


Find upper bounds for the real roots of the 


following polynomials: 


a) x*— 4x3 +. 7x? — 8x + 


3; b) x8 + 7x33; 


c) x’ — 108x5 — 445x3 + 900x? + 801; 
d) x4+- 4x3 — 8x2 — 10x-+- 14. 


8. STURM'S THEOREM 


Construct the Sturm polynomials and isolate the 


roots of the following polynomials: 


a) x8—3x—1; b) x8-+ x?— 2x — 1; 
c) x8—7x+7; d) x8—x-+5; e) x8+3x—5, 


Construct the Sturm polynomials and isolate the 


roots of the following polynomials: 


a) x*— 12%? — 16x — 4; 
c) 2x4 — 8x8+ 8x2 — 1; 
e) x#++-4x8— 12x-+-9, 


b) x4— x —1; 
d) x4-++ x? — 1; 
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696 Construct the Sturm polynomials and isolate the 
roots of the following polynomials: 
a) x4— 2x3 — 4x2+ 5x-+5, bd) x*—2x8+4- x? —2x-+1; 


c) x*§— 2x8 — 3x2? +2n+-1; d) x4*—x8-+ x? — x —1; 
e) «*— 4x3 — 4x2 + 4x+1, 


697 Construct the Sturm sequence and isolate the roots 


of the following polynomials: 


a) xt§— 2x3 —7x?-+ 8x-+ 1; bd) x4*—4x?+ %+-1, 
c) x4 — x8 — x? —x +1; d) «4 — 4x9 + 8x? — 12x 8; 
e) xt — x8 — 2x-+-1. 


698 Construct the Sturm sequence and isolate the roots 


of the following polynomials 


a) x4 — 6x? — 4x-+ 2; b) 4x4*— 12x?-+ 8x —1; 
C) 3x4-+- 12x° + 9x? —1; d) x4 — x8 — 4x? +4441; 
e) 9x4 — 126x? — 252 — 140. 


699 Construct the Sturm sequence and isolate the roots 


of the following polynomials: 


a) 2x°— 10x3-+ 10x — 3; 
b) x8 —3x° — 3x4-+ 11x38 — 3x? — 3x +1; 
C) w+ x4§— 4x8 — 3x7 +3441; dd) x5 — 5x3 — 10x24-2, 
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700 


701 
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703 


704 


705 
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Construct the Sturm sequence, evaluate the Sturm 
functions for suitable positive values, and isolate 
the roots of the polynomials. 


a) x4t4x2?— 1; bd) xt— 28+ 3x2 —9x-+-1; 
c) 4§— 2x84 2x2?—6x+-1; d) + 5x1+ 10x?— 5x — 3. 


Use Sturm's theorem to determine the number of real 


3 


roots of the equation x + px + q = O, where 


Pp, q are real. 


Find the number of real roots of the equation 


x" + px + q = 0, where p,q are real. 


Find the number of real roots of the equation 


3 


x” - 5ax~ + 5a°x + 2b = 0, where a, b are real. 


Show that if a Sturm sequence contains polynomials 
of all degrees from O to n, then the number of 
changes of sign in the sequence of coefficients 

of the highest powers in the Sturm polynomials is 
equal to ihe aunbe: of pairs of conjugate complex 


roots of the original polynomials. 


Suppose that the polynomials f(x), f,(x), £,@x), 
oe, £ Cx) satisfy the following hypotheses: 


1) £¢x)f,(x) changes sign from + to - when x 
passes through a root of f(x); 
2) two adjacent members of the series of 


polynomials never vanish simultaneously; 


706 


*707 
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3) If f, (x9) = 0, then £,-,(%5) and £44, (x9) 
have opposite signs; 

4) The sequence of polynomials does not change 
sign in the interval (a,b). Show that the 
number of roots of the polynomial f(x) in the 
interval (a,b) is equal to the increase in the 
number of changes of sign in the values of the 


sequence of polynomials f,,--:,f, as x changes 


k 
from a to b. 
Let x, be a real root of the polynomial f'(x); 
let 
hi(iy= 


(2) 


A 


let f(x) be the negative of the remainder when 


£(x) is divided by f,(x); let f,(x) be the negative 


of the remainder when f,(x) is divided by f2(x); 
etc. Suppose that f(x) has no multiple root. 

Find the connection between the number of real 
roots of f(x) and the number of changes of sign of 
the sequence of polynomials between x = - ©, 


X= Xo, X=tO., 


For the Hermite polynomials 


xe in 
P,(x)=(—1)"e* dx" 


construct the Sturm sequence and find the number 


of real roots. 


a ee 
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*708 For the Laguerre polynomials, find the number of 


real roots: 


_ Alg—* yn 
Py (x)= (—1)"e*¥ 22 


Find the number of real roots of the following polynomials: 


*709 E,()=14+7+pg+ .. +4. 
1 
*710 P(x) =c_apttgmeng etle®) 
rae 
*711 P, (2) =“ ot yt! (sayz): 
pti & 
ne meinen (Gt) 


*713 Let f(x) be a third degree polynomial without 
multiple roots. Show that the polynomial 
F(x) = 2f(x) f(x) - [£'(x) ]® has exactly two 
real roots. Discuss the case when f(x) has a 


double or triple root. 


714 1=xShow that if all roots of the polynomial f(x) are 
real and distinct, every root of each of the 
polynomials in the Sturm sequence constructed by 


Euclid's algorithm will be real and simple. 
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9. MISCELLANEOUS METHODS FOR THE LOCATION 
OF ROOTS OF POLYNOMIALS 


Prove the following theorems: 


715 All roots of the Legendre polynomial 
d" (x2 — 1)" 
dx” 


are real and lie in the interval (-1l, +1). 


Pi(xy= 


716 If all roots of a polynomial f(x) with real 
coefficients are real, then all roots of the 
polynomial )\f(x) + f'(x) are real, where } is 


an arbitrary real number. 


*717 If all roots of the polynomial f(x) with real 
coefficients are real, and all roots of the 


polynomial g(x) = ayx® + a,xr7} 


+ eee a. with 
real coefficients are real, then all roots of the 
polynomial 

P(x) = dof (x) af! (x) +... fa, f(x) 


are also real. 


*718 If all roots of the polynomial 
f (x) = ayx" + a,x"-1+..,. +a, | with real 
coefficients are real, then all roots of the 
polynomial 
Qyx" + aymx"-'+-aym(m—1) x"-?-+-... + a,m(m—1)...(m—n +1) 


are real, where m is an arbitrary positive integer. 
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*719 If all roots of the polynomial 
f (x) = ayx" + a,x) ee with real 
coefficients are real, then all roots of the 
polynomial 


~2 
X” bee eb a 


= n-1 n 
G(x) = a) x” 4 Ci a,x + CB a, 7 


are real. 


720 Show that all roots of the following polynomial 


are real 


x"4(F) xt 4 (20D oe a es On 


*721 Find the number of real roots of the following 


polynomial 


nx® — xin) — xan? eS eee — |. 


722 Find the number of real roots of the polynomial 


Dai a sie oe se Rie a 


723 Assuming that a, b, c, A, B, C are real, find the 
number of real roots of the polynomial 
(x - a)(x - b)(x - c) - A@(x - a) - B?(x - b) - 
C*(x - c). 


724 Suppose that a,, a5,°°*°,a A,, Ag,°:+,A B 


n? n? 


are real. Show that the polynomial 


2 2 2 


A A 
(Om sag san es a “—-+- B 


can have no imaginary roots. 


Le A a NN 
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Establish the following theorems: 


725 


726 


*727 


*728 


* 729 


*730 


If a polynomial f(x) with real coefficients has 
roots that are real and distinct, then 


[£'(x) P- £¢x) £"(x) can have no real root. 


If all the roots and coefficients of the polynomials 
f(x), ox) are real, simple, and interlace (that 

is, there is a root of the second polynomial 

between every two roots of the first, and a root 

of the first polynomial between every two roots 

of the second), then all roots of the equation 

f(x) + ugtx) = 0 are real. Here }), yp are 


arbitrary real numbers. 


(Converse of 726) Suppose that, for every real 
A, wb, all roots of the polynomial 
F(x) = \f£(x) + ux) are real. Then the roots 


of the polynomials f(x), @(x) interlace. 


Let f(x) be a polynomial with real coefficients and 
no multiple root. If all the roots of f'(x) are 
real and distinct, then the number of real roots 

of polynomial [f'(x) © - £(x)f"'(x) is equal to 


the number of imaginary roots of the polynomial f(x). 


If £,(x), £,¢x) have real coefficients and real 
roots that interlace, then the roots of their 


derivatives interlace. 


If f(x) is a polynomial with real coefficients and 


real roots, then all roots of the polynomial 
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F (x)= 71f (x) +A+ x) f’ (x) are real if i 


is an arbitrary real number and jy satisfies one 


of the relations y>0 , 4 <n 

Let the coefficients of the polynomials 
P(X) = 4 + ax ++ vee a,x" 
g(x) = by + bx +... + b,x" 


be real. Let f(x) have real roots and let g(x) 
have real roots all of which lie outside the 


interval (0,n); then all the roots of the polynomial 
aye (0) + a,9 (1) « + agp (2) x? -+ «2. + a, (0) x” 


are real. 


Let yY>on—1 and let all coefficients be real. 

If the polynomial f(x) = ap + a,x +++++ a,x” 

has real roots, then all roots of the polynomial 

A ATX + a7 (Y— 1) x? +... fatTT—N...¢— a+ lx" 
are real. 

Suppose y>n—1,a>0 and all coefficients 
are real. If the roots of the polynomial 


f(x) = a, + a,x +**++ a,x" are real, then all 


O 
roots of the polynomial 


—1 —1 eee = n 
Og att ee eet FEE eee oe 


are real. 


*734 


| #735 
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Let 0<w<l . If all coefficients are real, 


and the polynomial f(x) = ag + a,x +++++ ax" 


0 
has real roots, then all roots of the polynomial 


Ay a,wx + a,wtx? + ... + a,w"x" 
are real. 


Let the coefficients of the polynomial 
Ay a,x + a,x?+ ... +a,x" be real and suppose 
its roots all have the same sign. Then all roots 


of the polynomial 


A, COS +a, cos(¢+6)x-+-a, cos(9+26) x?+ ...--a, cos (¢--n5) x, 


*736 


*737 


*738 


are real. Here , 9 are arbitrary real quantities. 


Let the numbers a,, a,,+++,8,, Dg, by,-++,b 


n? n 


be real. If all roots of the polynomial 
(Gq + (Bg) +-(@, 4- i0,) ¥ + ... 4 (@, 4 id,) x" 
lie in the upper half plane, then all roots of 
the polynomials 
Ay taxt... pax" , b+0x+ ... +6,x" 
are real and interlace. 
Let (x) ; b(x) have real coefficients and 
suppose all the roots are real and interlace. Then 
the imaginary parts of the roots of o(x)-+ib(%) 


have constant sign. 


If all roots of the polynomial f(x) lie in the 
upper half plane, then all roots of its derivative 


lie in the upper half plane. 
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Suppose all roots of a polynomial lie in some half 
plane. Then the roots of its derivative lie in the 


same half plane. 


(Generalization of 739) If the roots of a 


polynomial lie inside an arbitrary convex contour, 


then the roots of its derivative lie in the same 


contour. 


Let f(x) be an n-th degree polynomial with real 
coefficients and real roots. Then all roots of 
the polynomial [f(x) ]* + k®[f'(x) * have imaginary 


part not exceeding kn in absolute value. 


Let the coefficients of a polynomial f(x) be real; 
and suppose all roots of the polynomials f(x) - a, 
f(x) - b are real. Then all roots of the polynomial 
f(x) - \ are real, where a < } <b. 

A necessary and sufficient condition that a 
polynomial xt ax"-14+ 1... +a, with real 
coefficients should have roots the real parts of 


which have constant sign is that the roots of the 


polynomials 


x” — Agx*-? + a,x"-4*#— ..., 


n—l n—-3 
GX —* — Agkh-P to . 


be real and interlace. 


*744 


*745 


*746 


*747 


10. 


‘748 


749 


750 
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Let a, b, c be real. Give necessary and sufficient 
conditions that the real parts of all roots of the 


3 


equation x + ax* + bx + c = 0 be negative. 


Let a, b, c, d be real. Give necessary and 
sufficient conditions that the real parts of all 
roots of the equation x* + ax? + bx? + cx + d = 0 


be negative. 


Let a, b, c be real. Give necessary and sufficient 
conditions that no root of the equation 


3 2 


x- + ax? + bx + c = O exceed 1 in modulus. 


Show that the conditions a 2a,2>a2>...>a,2>0 
are sufficient to guarantee that no root of the 
polynomial f(x) = agx" + a,x"-!-+ ... +4, 


exceed 1 in modulus. 


APPROXIMATE CALCULATION OF THE ROOTS OF POLYNOMIALS 


Calculate to within O.0O001 the root of 


x? - 3x2 - 13x - 7 = O lying in the interval 


(-1, 0). 


Calculate the real root of the polynomial 


x? - 2x - 5 = 0 to within 0.000001. 


Find the real roots of the following polynomials 


to within 0.0001: 


a) x8—10x—5=0; b) x8+2x—30=—0; 
c) x8 —3x?—4x+1—0; d) x8—3x2?—x+2=—0. 
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Divide a hemisphere of radius 1 into two equal 


parts by a plane parallel to 


the base. 


Find the positive root of the equation 


x? - 5x - 3 = 0 to within O. 


OOool. 


Find to within 0.0001 the roots of the equations 


below lying on the intervals 
4 3 
a) x + 3x° - 9x -9 =O, 
b) x - 4x3 + 4x2 -4=0, 
c) x + 3x2 + 4x2 4% -3 
d) x* - 10x2 - 16x +5 = 0, 
4 
e) x - x® - 9x? + 10x - 10 
£f) x* - 6x2 + 12x - 8 = 0, 
4 
g) x - 3x2 + 4x -3 = 0, 
h) x - x° - 7x2 - 8x - 6 = 
i) x - 3x9 + 3x2 -2=0, 


marked: 
(1, 2); 
(-1, 0); 
O, CO, 1); 
C(O, 1); 
an Oe (-4, -3); 
(1, 2); 
(-3, -2); 
0, (3, 4); 
(1, 2). 


Find to within 0.0001 all real roots of the 


following equations: 
a) x4-+ 3x3 — 4x —1—0; 


e) x4— 5x? + 9x?— 5x —1=—0; 
g) «1+ 2x9-+ 3x?-+ 2x —2=0; 


b) x4-++ 3x3 — x? — 3x+1=—0; 
c) x4 — 6x3 + 13x%2?— 10x -+1—0; 


d) x4—8x3—2x?+- 16x—3 = 0. 
f) x4 — 2x3 —6x?+- 4x-+4—0:; 
h) «4-++ 4x3 — 4x? — 16x—8 = 0. 
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CHAPTER VI - PROBLEMS 
SYMMETRIC FUNCTIONS 


1. SYMMETRIC FUNCTIONS IN TERMS OF THE 
ELEMENTARY SYMMETRIC FUNCTIONS. 
CALCULATION OF THE SYMMETRIC FUNCTIONS 
OF THE ROOTS OF AN ALGEBRAIC EQUATION. 


755 Express each of the following in terms of the 


elementary symmetric functions: 


a) x8-+ xp+ x3 — 3X, X,X5; 
b) x2x, «1x34 x1%3 4x3 5% 5 + HQ x5 
c) xt t xi xt — Qxix} — 2xhuj3— Qx3xt; 
d) x52 0208 + xb} x3 545 + x503; 
e@) (XX) (44+ X93) (X21 Xi 
HY (xT 5) (%] + 9) (5+ 5) | 
g) (2X; — X_ — Xg) (2X_— X1 — Xg) (2X3 — X — Xp); 
h) (X;— X9)? (x, — ¥3)? (%_ — x3). 


756 Express each of the following in terms of the 


elementary symmetric functions: 


a) (X, + 9) (¥%, + X93) (% %4) (X_-+ X3) (Hq X4) (%3 + XQ); 
D) (% 4X9  % 5.4) (% 1% 3 HX q) (HX 4 + X_X3); 
C) (¥, + X_ — %3 — X4) (4, — XQ + x3 — X45) (4) — Xy— X34 X4). 
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7157 Symmetrize each of the following polynomials; 


express the symmetric functions so obtained in 


terms of the elementary symmetric functions: 


a) x? ...; 

b) «8+ ...; 

C) H2X Hy fe oo 5 
d) x?x2+ ...; 
e) x8x + ..63 
f) xi ..63 


g) x2xox,—+ 608} N) K3xX XX, 2} 
h) x8x,x,+ 1.43 0) x8xox,—+ ...; 
i) «8x2 o..3 p) x38 3 

4 e 
Date tg | DRE 
k) xe oe 9 r) xX + coe, 
1) x2xdxgeyb vet 8) they ot 
m) xIx5KS es t) xo —f- a) 


758 Express each of the following in terms of the 


elementary symmetric functions: 


a) (—- Xf Ky Xe we XQ)? HH — XQ + 3 
ae eae ae, SP a eg Sega ear Sa ae aes SS 
Se (ya eg eg fa he) 

D) (— X% + Xo X34 «ee + ,) (4, — Xo +e, +... + 


TX) oe (KX, +X + 1... —X,). 
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759 Express each of the following in terms of the 


elementary symmetric functions: 


vaaas 2. ; 
a) PG xp); d) eit ee 


—— 4. 
c) PT xy) ’ d) 2, (x;-+ x, pa xj)*. 
jhis jk 


760 Express the symmetric polynomial with leading 
term below in terms of the elementary symmetric 


functions: 


vay. 2 
REN vicina My ap set 


761 Express the following in terms of the elementary 
symmetric functions 
> (2x, + a)xi,+ ... + ayXi,)’. 
Here the sum is extended over all possible 


permutations 


dary agrt ty of the numbers 1, 2 


A ge PR Org: De 


762 Express the following in terms of elementary 


symmetric functions: 


Xx, —X)? 


Key 4 ee A ee Ny i, (x; 2)? , (H2—4%3)? | (43—~1)?, 
aaa ba ae ee ee 
Xx x X1\ (x x x 
Oe ete 


763 


764 


765 


766 


167 


768 
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Express the following in terms of elementary 


symmetric functions: 


a) P45 Sf TATt 4 Shh 4p Sas Tae 


X3X4 XoX4 X2X3 X\X4 X 1X3 X\X2 
sy ened fate ce Je ale pat ved NZ Sana ce, 
X3 + X4 Xo + X4 Xo X3 X, +X, X;+ X3 Xx, + X2 


Express the following in terms of elementary 
symmetric functions: 


a) y= b) Y= 2 1005 » Y2, » > 


as igej ™ ‘tj 


Calculate the sum of the squares of the roots of 
the equation 


x° + 2x -3=0., 


Calculate .«3x,-+ +,x3-++ x3x,-+ x, «3+ x3x, + xx? 
if the numbers x, are the roots of the equation 


x3 - x2 - 4x +120, 


Let the x, be roots of the equation 


{ 
x + x3 - 2x2 - 3x +1 = 0. 
Calculate the value of the symmetric function 
H3X X34 +e 
Let xX,, Xm, X, be the roots of the equation 
x? + px + q = 0. 


Calculate the following: 


xX x x x XxX x 
Vo ae ee 
2 “3 
b) x4x2-- x2x4 + 14x24 x2xd 4 xd? xix; 
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c) (x}— XX) (x5 —x 1*3) (x3 — X_x,); 
d) (4;-+ *)! (4, + X3)*(%_ + sy" 
2 2 


x? 
) SENSED TRIED TREE! 


ipa eet 


769 Find the relation among the coefficients of the 
| cubic equation 
x? + ax® + bx + c = 0 
if the square of one of its roots is equal to the 


sum of the squares of the other two. 


770 Establish the following theorem. Necessary and 
sufficient conditions that all roots of the cubic 
equation x° + ax® + bx + c = 0 have negative 
real part are: 


a>0QO; ab-cr>O; cord. 


TTA Find the area and radius of the circumscribed 
circle of the triangle, the lengths of whose sides 
are the roots of the cubic equation 


x? - ax” + bx - c =O. 


*772 Find a relation among the coefficients of an 
equation whose roots are equal to the sines of 


the angles of a triangle. 
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773 Calculate the value of the symmetric function 
suggested, when x,,--- are roots of the equation 


f(x) = 0 that is given: 


a) xix, ..., f (x) = 3x3 — 5x? +- 1; 

b) x3x3-+ ..., FT (x) = 3x4 — 2x8 4-2? + x — 1; 

C) (XU XQ X5) (45 + X_%3 + x5) (%5 + ¥3x, + x7), 
f (x) = 5x8 — 6x?-++- 7x — 8. 


774 Express the following symmetric functions in terms 
of the coefficients of the equation 
a)x3 +- a,x? + a,x + a,=0 


assuming xX,, Xg, X, are its roots: 


a) a9 (% — X9)° (% — 5)" (%_ — X9)"s 
b) a) (x1 = XX) (x5 = x %;) (+3 — X Xo); 


c) (x, — x2)? cd — X3)? =e (42 — x3)? , 
X 1X2 X\X3 XoX3 ; 


d) a} (x? + ¥%5—+ x5) (+5 + x,%, x3) (x3 +X,x, + xi). 


7735 Let Xaq Kayrrtyx be the roots of the polynomial 
1 2 n 
x" +-a,x®-!+ ... +a,,. 


Prove that any symmetric polynomial of x5, X,,°°**,X 


can be expressed as a polynomial in x,. 


= oe 
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776 Use the result of 775 to solve problems 755 e), 
755 g), 774 b), 774 da). 
777 Let f, be the k-th elementary symmetric function 


of x,, Xo ,tt',X)- Calculate 


778 Suppose one knows how to express the symmetric 
function F(x,, Xo,°*+,X,) in terms of the elementary 


symmetric functions. Show how to express 


in terms of the elementary symmetric functions. 


Establish the following theorems: 
779 If F(x,, X5,°++,X,) is a symmetric function that 
satisfies the relation 
F(x,+a, x, a, ..., *, + a)= F(X, Xq, .-+, Xq)s 
and if O(f,, fy, ..-, f,) is the formula for 
expressing F in terms of the elementary ones, 


then the relation 


oo a® 7 O® 
"Wh pals DSi oe + ee thai = 


holds, and conversely. 


780 Any homogeneous second degree symmetric polynomial 
that satisfies the first relation in problem 779 


can be written in the form 
a. > (x; — x,)? 
i<k 


for some constant value of @. 


ee en ee oe ene 


781 


782 


783 


784 


785 
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Find the general form of a third degree symmetric 
polynomial that satisfies the first relation in 


problem 779. 
Use the result of problem 779 to express 


| oe (x — xj)? (x, — % yy (Xj — 4)? 


in terms of the elementary symmetric functions. 


Consider the collection of symmetric polynomials 
F(x,, X2,°°+,xX,) that satisfy the condition 

F(X 5, Noy eatin Me) =F Oa ae Koch Ge veer Myer 2) 
Show that there is a basic set of such polynomials 
fo, 3,°'',O,, n - l in number, such that all 
remaining polynomials of the set can be written 


in terms of the polynomials @, &,-°°:,@,. 
(Refer to 783) Show how to express each of the 


following in terms of @, 3: 


a) (%1 — Xq)? (x, — 3)? (X_ — X35); 


b) (x, — *,)*+- (4+, — X5)1 + (x2 — X3)". 


(Refer to 783) Show how to express each of the 
following in terms of @, &, &: 


a) (x, + xX — X35 — X%4) (Hy — HX + 3 — 4) (Hy -— X_q — X34 4); 
b) («,; — Xq)? (x) — X35)" (x; — x4) (xX, — #3) (X_ — X4)?(X3 = x 4)*. 
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2. POWER SUMS 


786 Use Newton's formula to express S,, Ss, S4, S5» Se 


in terms of the elementary symmetric polynomials. 


187 Use Newton's formula to express the elementary 
symmetric functions f,, f,, f,, f,, f, in terms 


of the power sums s,, S5,°°*' 


788 Find the sum of the fifth powers of the roots of 
the equation 
x® — 4x91 3x3 — 4x? 1+ x%+1=0. 
789 Find the sum of the eighth powers of the roots 


of the equation 
xi x3—_1=—0. 
790 Find the sum of the tenth powers of the roots of 


the equation 


x§ — 3x-+1—=0. 
791 Calculate sS,, S5,°°',S8, for the roots of the 
equation 


n aes es apes 
XxX l 14-9 eee al e 
792. Establish the formula 


k(k—3 
a* (xk + xk) = (—1)* G — ud b*-2ac 4c bk-492¢2 — 


k(k—4)(R—5) pp 6,3,,3 
— no. DEI OR aN 7a 


2 


193 


794 


795 


796 


7197 


798 


799 


*800 


*801 
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where X,, Xp are the roots of the quadratic 


equation ax” + bx +c = 0. 


Let x,, X5, X, be the roots of an arbitrary 


third degree polynomial. Establish the following: 


S$) — $5 
si — S5 = 3 (fi— f2) 


For a fourth degree polynomial, show that if the 


sum of the roots is O, then: 


For a sixth degree polynomial, show that if 


S, = S3 = 0, then 
SE fe, 28 
i ee ae 


Find an n-th degree polynomial for which 


S,;==Sog=... =S — (), 


Find an n-th degree polynomial for which 
So = Sg = s+) = S, =O. 


Find an n-th degree polynomial for which 


Sg= 1, Sg Sg— «1. = S,=Sy4, = 9. 
Express bS xkxt in terms of the power sums. 
i<j 
Express x; Be in terms of the power sums. 
P fa, | i+, P 
Qk 
Express Dy (4;— x) in terms of the power sums. 


s) 
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802 Show that 


s, = det | 3f, 


. 0 
a ee 
ae a 


kf, rae fp-2 Soe fy 


803 Show that 


804 Calculate the value of the determinant 


xn nal 


det | 5% S&, 


1 0 0 

S; 2 eae 

So S) ao 0 ° 
Sp_} Sp—g eee S) 


Bes tes: I 
0 0 
2 0 


[CHAP. VI 
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* 805 Calculate s, for the roots of the cyclotomic 


equation X,(x) = 0. 


* 806 Show that the only possible values of the functions 
f., f,, f, of the roots of the cyclotomic equation 


X (x) = 0 are 0, +1, -1. 


*807 Solve the following system of equations: 


Xt Mgt... +X, =a, 
xe xet ... $xre—a, 


XP XG... xtra 
and calculate xftl- xm@tlt. ... 4 49+], 


*808 Calculate the power sums s,, Sz,°'':,S, for the 


roots of the equation 


x" -+ (a-+ b) x"! + (a?-+- ab b*) x8? we 
te bat tatot ... +o%=0. 


* 809 Calculate the power sums s,, Sog,:-:,S, for the 


roots of the equation 
x" + (a+ b) x01 (a? 4-6?) xm? + 0, +") =0. 
3. TRANSFORMATION OF EQUATIONS 


810 Let X,, Xp, X, be roots of the equation 
x*+ ax” + bx + c = 0. Find an equation having 


the following roots: 


se 
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a) yb Xq, Xp Xy X3-P X43 
b) (4; — Xo)", (%g — %3)?, (%3 — *))7; 


Dna — Qs : 
C) X{— XyXq, XH — X4X, X3— X\XQ; 


d) (X) — X%q) (*; — %3), (X_ — ©y) (Xq — %3), (%3 — %y) (H3 — XQ); 
ee ee, ae) ae ae ee 


811 Let eee re A) , and let x,, Xo, Xe 


3 


be the roots of the equation x° + ax + bx +c = 0. 


Find the equation that has the following roots. 


(xX, + x98 + x,¢7)8 » (%-+ x28? + x,€)8 


812 Let X,, Xg, Xz be the roots of the cubic equation 
x? + ax= + bx + c = 0. Find an equation of lowest 


possible degree one of whose roots is 

a Up Wie te , if its coefficients can be 

x2 X3 x 
expressed rationally in terms of the coefficients 
of the given equation. | 


813 Let X,, Xp, X, be the roots of the cubic equation 
x? + ax® + bx + c = 0. Find an equation of lowest 


possible degree one of whose roots is x,/xz, if 


814 


815 


816 


817 
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the coefficients of the equation can be expressed 
rationally in terms of the coefficients of the 


given equation. 


Let x,, X5, Xa, X, be roots of the equation 

x" + ax + bx” + cx + d = 0. Find the equation of 
lowest possible degree so that its coefficients 
can be expressed rationally in terms of a, b, c, d 


and that has the following root: 
Ad XyX_g + XyX 43 
b) (x, + x, — %3 — X4)*; 
CG): <x: 
d) =X, + Xo; 
e)  (%,— *))’. 
Use the answers for 814 a), 814 b) to express the 


roots of a fourth degree equation in terms of the 


roots of the resolvent cubic of problem 814 a). 
Find a formula for solving the equation 
x* — 6ax? + bx — 3a? = 0. 


Let X,, Xo; X31 X4. Xs be roots of the equation 
x + ax + b = O. Find an equation one of whose 


roots is the following: 


(5X TX _X% qf Hy X qf Ky Xg- N 5X y) (Hp Xg HgXgt Ng Xo fT HXyX 4 X4X}) 


a renee 
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4. RESULTANTS AND DISCRIMINANTS 


*818 (Hermite's rule) Show that the resultant of the 


polynomials 


FOS ea Gyo. CUO Sb cso, 
is the determinant of the matrix, the rows of which 
are the coefficients of the remainders obtained 
when e(x), xp(x), ..., x®-!p (x) are divided by 
f(x); the coefficients of the remainders must be 


arranged according to ascending powers of x. 


Hint: Note that the remainder r,(x) of the 
division of x*-'o(x) by f(x) is equal to the 
remainder of the division of XT p(X) 


by f(x). 


*819 (Bézout's rule) Show that the resultant of the 


polynomials 


Dy (4) = (Qgx*-! 4 ay xP? w.. g_1) 9 (4) — 
— (byx®-1+4-b,xF-2 + ... +b, )f(*), k—=1,..., 0 


is equal to the determinant of the matrix, the 
rows of which are the coefficients of the following 


polynomials of degree < (n - 1): 


f (x)= ayx"+axr-I4+ .., ta, 
9 (x) = box" + bx"! ... +5, 


ee = <-- mes 


* 820 
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Note that 


Y = agp — bof, 
Pe = Xb, 1 + Op_19 — Og_ yf. 


If n >m, show that the resultant of the 


polynomials 
SF (4) = ax" + ax? +t pa, s G(x) = byx™+b,x"-1+4...406, 


is the determinant of the matrix whose rows are 
the coefficients of the polynomials x, (x) of degree 
k <$ (n - 1) defined by the following formulas: 


¥p(xX)=x*-lo(x) for 1<crk<ca—m; 
OSG ne oek Sepa PO 
— (byxt—-ntm-l th ke tm—2 ae +B, nam—v F(x) 


It is understood that the polynomials y, are 


written in terms of ascending powers of x. 


Note that 


Xn—m+1 — a,x" oe (x) — bof (x), 


Xe = XXp-1 + @p-ngm—1e" "9 (x) — Be—-n+m—it (x) 


for k >n -m+t+1. 
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821 Find the resultants of the following pairs of 


polynomials: 
a) x8 — 3x2+2x-+1 ; 2 ae aed, 
b) 2x3 — 3x2 +2x+1 , x?+x-+3; 
c) 2x8 — 3x2— x -+-2 , x4*— 2x? —3x-4+-4; 
d) 3x8 4-2x?-+x-+-1 » 2x3 + x? — x — 1; 
e) 2x4 x3 +3 » 3x3 — x?-+-4; 
f) ax? -+ a,x + a, » Dox? +0, x 4 by. 


822 For what values of } will the following pairs 


of polynomials have a common root: 


a) x8 —)x-+2 » x*+iAx + 2; 
b) x8—Qx+t3 >» x?+2—2; 
c) x8+tAx?—9 9 x8-+Ax —3? 


823 Eliminate x from the following system of two 


equations: 
a) x?— xy y= 3, x*y-+ xy? = 6; 
b) x*— xy— y+y=0, x? + x — yy>— 1 = 0; 


c) y==_ x8 — 2x2? — 6x-+ 8B, y = 2x3 — 8x? + 5x + 2. 


.+ en ee ee ee 


824 


825 


826 


* 827 


*828 


829 
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Solve each of the following five systems: 


a) y2—7xy+ 4x21 13x —2y—3—0, 

y? — l4dxy + 9x? + 28x —4y—5 =0; 
b) y?-+ x? — y— 3x = 0, 

y?— 6xy — x? + lly +7x* — 12—0; 
c) dy? — 6xy+ 5x? — 16 =—0, 

y?— xy + 2x2 —y— x—4=0; 


d) yw +(« —4) y+ x? —2x +3=0, 
y> — By? + (x +7) y+ x8 — x? — 5x —3 = 0; 
e) 2y3 — 4xy? — (2x? — 12x + 8) y+ x3-+ 6x? — 16x —0, 
Ay? — (3x + 10) y? — (4x? — 24x + 16) y — 3x84 
+.9x?— 12x +40=0. 


Obtain the resultant of the following polynomials 
Ayx" 4 ax" 66. ayy Agx™~!-+ ax"? +... +a,_). 
Establish the relation 

| RE HER a) RF, oD. 
Find the resultant of the polynomials 


X 


X 


m? n 


Find the resultant of the polynomials X 


(cyclotomic polynomials). 


Calculate the discriminant of each of the five 


polynomials below: 
a) x3 — x2 —2x4+1; b) x8 + 2x? 4x +1; 


c) 3x8+ 3x°-+ 5x -+ 2; d) x4#— x8 — 3x2+- x«+-1; 
e) 2x4 — x8 — 4x? x 4-1. 
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830 Calculate the discriminant of each of the poly- 
nomials below: 
a) x°—5axi+ 5a2x —b; b) (x? —x + 1)8 —)(x? — x); 


c) ax — bx?-+ (6 — 3a)x+a; 
d) «4— Ax? + 3(A— 4) x? —2(A— 8) x — 4. 


831 For what values of } will the following poly- 


nomials have multiple roots: 


a) A8—3x+); b) x4*—4x-++),; 
c) x8 — 8x?-+-(13 — h) x —(6-+ 22); 
d) x4— 4x8 4-(2 —)) x? + 2x — 2? 


832 Show how the number of real roots of the polynomial 
with real coefficients is characterized by the 
sign of its discriminant in the following cases: 
a) a third-degree polynomial; 
b) a fourth-degree polynomial; 


c) a general polynomial. 


833 Calculate the discriminant of the polynomial 


n 
xX + a. 


*834 Calculate the discriminant of the polynomial 


xX" + Dx + q. 


Se, Se a ee ee bn 


Same 


a 


ES a ATR MORNE mR ORE 


*835 


836 


837 


838 


* 839 


* 840 


841 


842 
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Calculate the discriminant of the polynomial 
Ayx7t" + ayx™ + Ap. 


Knowing the discriminant of the polynomial 
Ayx" + a,x®-!+. 1... +4,, 


find the discriminant of the polynomial 
A,X" + Aye"! 1. fay. 


Show that the discriminant of a fourth-degree 
polynomial is equal to the discriminant of its 


Ferrari resolvent [see problems 814 a) and 80 | 


If D is the discriminant, show that 
D((x — a) f (x)) =D(f (x)) [Ff @P. 
Calculate the discriminant of the polynomial 


rnb gr? Ll. td. 


Calculate the discriminant of the polynomial 


x? teax"-!+taxt-"-+ ... +a. 


173 


e 


Show that the discriminant of the product of two 


polynomials is equal to the product of the 


discriminants diminished by the square of their 


resolvent polynomial. 


Find the discriminant of the polynomial 


a xe” — 1 
pi os xeM-l_eo|4 


174 


* 843 


* 844 


* 845 


* 846 


*847 


* 848 


* 849 
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(CHAP. VI 


Find the discriminant of the cyclotomic polynomial 


Xx 


e 
n 


Calculate the discriminant of the polynomial 


E. 


=a(L+7+ 75+ ...+4). 


Calculate the discriminant of the i 


P= x oe 


Calculate 


Calculate 


Calculate 


Calculate 


1 
ad 
P,(*) = <Y (1 x2)"*? (rea) +) 


sent 4 SOD gett a. op 


the discriminant of the 
xe 


2 
P,(x)—=(_te™ ae. 


dx" 


the discriminant of the 


n a" (x"e-*) 


P, (x)= (—1) ene 


the discriminant of the 
2cos( $): 


the discriminant of the 


dx” 


a(a—l)...@—ntl) | 


n! 


Hermite polynomial 


Laguere polynomial 


¥ 
Geby Sev polynomial 


polynomial 


*850 


*851 


*852 


853 


854 


855 
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Calculate the discriminant of the polynomial 
1 


| n nits = Vi+ x? 
P,()=(—1IP A+) * Zan 


Calculate the discriminant of the polynomial 


Ji loa) 
P(x) = (—1)" x2" Fe * — 


dx" 


Calculate the maximum possible value of the 


discriminant of the polynomial 
xP ae ae a,, 


if all its roots are real and satisfy the relation 
Ket xi+ ... + x2 =n(n— 1) R?. 


Find the discriminant of f(x“) assuming the 


discriminant of f(x) is known. 


Find the discriminant of f(x") assuming the 


discriminant of f(x) is known. 


Let (x) be a polynomial of depres m; let 
X1, Xp,°*+,X, be the roots of the polynomial f(x). 
Assume that the coefficient of the highest power 
of x in both f£ and o is unity. 

Show that the discriminant of F(x) = f£(@x)) 


is given by the formula 


IDA" To @@)—-x) 
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3. TSCHIRNHAUS TRANSFORMATION AND THE ELIMINATION 
OF IRRATIONALITIES IN THE DENOMINATOR. 


856 Use the substitution y = x” - x - 1 to transform 
the equation (x - 1)(x - 3)(x + 4) = 0. 


857 Use the given substitutions to transform the 


given equations: 


a) x8—3x—4—0 y= x*txtl; 

b) x°+ 2x71 2—0 y= x? 1; 

c) xt x—2—0 y= xi— 2; 

d) x*— x8 — x?+1=—0 yo 08+ x2? t x +1, 


858 Make the given Tschirnhaus transformation in the 


given equations, and find the inverse transformation: 


a) 8—x+2=—0, y= x?t x; 
b) x4 — 3x-+1=—0, y=xit x; 
c) x1 +503 +6x2?—1=0, y= x34 4x?-+ 3x —1. 


859 Use the substitution y = 2 - x” to transform the 


3 


equation x° - x* - 2x + 1 = O and give an inter- 


pretation of the final result. 


860 Show that a necessary and sufficient condition that 
each root of a cubic equation with rational 
coefficients should be expressible rationally 


(with rational coefficients) in terms of any other 
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roots is that the discriminant should be the 


square of a rational number. 


861 Express with no irrationalities in the denominator: 


— 
—_— 
~] 


b) = 9 


1+V2—-YV3° 14+ V2+2Y4 bey +V2 


bo! 


862 If a satisfies the equation given write the 


corresponding quantity with rational denominator: 


a) rou ae — 3a +10; 
| 
Deep rere ata? 3a-+ 4 = 0; 


l 
Osa gesge “So ee D 


d) att a3 — 4a? — 34 +2—0. 


I 
a3 +. 3a? + 3442’ 


863 Let x, be a root of the cubic equation 
x? + ax® + bx + c = 0. Show that every rational 


function of x, can be written in the form 


Ax, +B 
Cx, +D 


, where A, B, C, D are expressible 


rationally in terms of:  x,, a, b, c and the 


coefficients of the original rational function. 


178 


864 
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Let a cubic equation have rational coefficients, 
and be irreducible over the field of rational 
numbers; suppose its discriminant is rational, 
What sort of relation must subsist among the 
coefficients 4, 6, y, 6 , if the roots 
X,, Xp are connected by the rational relation 


. ax) + 2 
DG ee 
Re De A aie 


2 


Carry out the transformation y = x” in the equation 


ax*+a xt... +a,=0. 


Carry out the transformation y = x° in the equation 


ax" +-a,x"-!+ ... +a,=—0. 


Let the polynomial 
f(x) xP +a x +... +a,, a, #0 


have integral coefficients and suppose all its 
roots x, satisfy the condition IX, | s l. 
Show that it is necessarily true that all roots 


are roots of unity. 


POLYNOMIALS THAT ARE INVARIANT UNDER EVEN PERMUTATION 
OF THE VARIABLES. POLYNOMIALS THAT ARE INVARIANT 
UNDER CIRCULAR PERMUTATION OF THE VARIABLES. 


Let a polynomial be invariant under even permuta- 


tions of the variablesand change sign under odd 


869 


870 


871 


872 
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permutations of the variables. Show that the 
polynomial is divisible by the Vandermondian 
(Vandermonde determinant in the independent 
variables) and the quotient of the division is a 


symmetric polynomial. 


Show that if a polynomial does not change under 
even permutation of the variables, then it can be 


written in the form 
F, + FoA , 


where F,, Fz are symmetric polynomials and A 


is the Vandermondian. 


Calculate 

2 n—-2 n+l 

LX, xX; 16. x xat 
2 n—2 n+1 

L x, x5 ba x5 

det e e e e e e e e e e ° . 

2 n—2 n+1 

in, ae So, a Sid 


Let x,, Xg, X, be roots of the equation 
x? + ax® + bx + c = O. Find an equation having 


WX BX 745, ax, + xg + 1%, » 2X3 + 8x1 + 1%, 


as roots. 


Let X,, X5, Xz be roots of the equation 

x° + px + q = 0; yy, Ys, Ya roots of the equation 
Y, + p'y + q' = 0. Find an equation having the 
quantities XY XQVo + X33, Xo TX QV3 + 3), 


X13 + X9V, + X%3¥. as roots. 
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873 Prove that the following complicated condition is 


a necessary and sufficient one that the equations 


3 


x- + px + q = 0, 


yo + pi'y +q' =0 
with discriminants A, A’ should be linked by a 
Tschirnhaus transformation. One of the numbers 


A, A' is the square of a rational number, and one 


of the equations 


uw? = Bpp'u+ Zag £V aa" 


should have rational roots. 


874 Let a polynomial in the n indeterminates 
Kyo XQ,°t 5K, be invariant under circular 
permutations of the variables. Show that the 


polynomial can be expressed in the form 
Oy Oy Ay oe 
DAS in No aie neo 


where %, %o, --+> Nn—1 are the linear forms: 


Ny == EE ge es. 4, 
No == X07 + x24 + eee +X, 


2 


7 2n—2 Sagas - 
Nn—1 = Hye" 1 mye ww. 4 X,, 8 = cOS——--isin—, 


and where the individual terms in the sums satisfy 


the condition that the sum a,-+2a-+ ... +(#—1)a,-1 


is divisible by n. 
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Find a set of n fundamental rational functions 
(fractions with rational coefficients) in terms 

of which all rational functions that are invariant 
under circular permutations of the variables can 


be rationally expressed. 


Show that if the number of variables is three, the 
fundamental set of problem 875 can be taken as a 


set of three functions with rational coefficients. 


When the number of variables is four, find a set 
of four fundamental functions with rational 


coefficients, as in problem 876. 


When the number of variables is five, find a set 
of five fundamental functions with rational 


coefficients, as in problem 877. 


CHAPTER VII - PROBLEMS 
LINEAR ALGEBRA 


We use the following notation in this chapter. A 
space means a vector space over the field of rational 
numbers unless otherwise specified. The space may be 
one originally defined or may be a part of a more 
general space. In the latter case it is usually called 
a subspace. A linear manifold is the collection of all 
vectors X, + X, where X, is some fixed vector and 


X runs through the set of all vectors lying in some 


subspace, | 
The notation X = (x,, Xz,-+-+,x,) means that the 
vector X has the numbers x,, X9,°°*,xX, as coordinates, 


when some fixed set of vectors is used as the basis for 

the space in question. When the space is the usual 

Euclidean one, the basis will be taken to be orthonormal. 
A vector is called a point; a one-dimensional 


manifold a line; a two-dimensional manifold a plane. 


1. SUBSPACES AND LINEAR VARIETIES. 
COORDINATE SUBSPACES. 


879 A vector space is spanned by the vectors given in 
each of the three problems below. Find a basis, 


and the dimension of the space. 


a) X,=(2, 1, 3, 1), %, =, 2,0, 1, X,=(—1, 1, —3, 0) 


880 
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X,=(1, 1, 0, —1, 0, 
X,=(, —3, 2,9, —5); 


X, = (—1 als —3, 1), 
Sn eee ae 


In each of the three problems two spaces are given 


spanned respectively by the vectors X 


vectors Y. 


and the 


Form the sum and intersection of the 


spaces; find the dimensions of each; give a basis 


for each. 


a) X,=(1, 2, 1, 0) 
X,=(—1, 1, 1, 1), 


b) X,=(1, 2, —1, —2), 
X,=(3, 1, 1, 0, 
X,=(—1, 0, 1, —1); 

c) X,=(l, 1, 0, 0), 
X,=(1, 0, 1, 0), 


Y,=(, —1, 0, 1), 
Y,=(l, —l, 3, 7); 


Y,=(2, 5, —6, —5), 
Yi, 8 7 8) 
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881 Find the coordinates of the vector xX if the 


basis is E,, E,, E,, b,: 


a) X=(1, 2, 1, 1), £E, =. 1, 1, 12), =, 1, —1, —1), 
E,=(1, —1, 1, —1), £,=(1, —1, —1, D: 

b) X=(0, 0, 0, 1), F, =, 1, 0, 1), B=(2, 1, 3, 3), 
E,=(l, 1, 0, 0), E,=(0, 1, —1, —1). 


882 Find the matrix of coefficients and the formulas 
for the transformation of coordinates from the 


basis E,, E,, E,, E, to the basis E|, EZ, EZ, E,: 


a) E,=(1, 0, 0, 0), F,=(0, 1, 0, 0), F,;—(0, 0, 1, 0), 
E,=(0, 0, 0, 1), £:=(, 1, 0, 0), E2=(1, 0, 1, 0), 
E;=(1, 0, 0,1), E:i=—(, 1, 1, 1,); 

b) £,=(1, 2,—1, 0), Ey, =(1, —1, 1, 1), 

E,=(—1, 2,1, 1), Ey=(—1, —1, 0, 1), E:=(2, 1, 0, 1), 
E>=(0, 1, 2, 2), Es—=(—2, 1, 1, 2), La=(l, 3, 1, 2). 


883 A certain surface has the equation 
Kee xe , in terms of the basis 
E,, Ez, E,, E,. Find the equation of the same 
surface with respect to the basis below, where the 
vectors are described by giving their coordinates 
in terms of the original basis: 


F=(, 1,1, ); B=. 1 —1, -); =U. —1, 1, —D; 
Ba, ee 
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This question concerns the space of polynomials 

in cos x of degree sn. Give the formula for 
transformation of coordinates from the basis 

1, cos X,+++,Cos x to the basis 1, cos x,*°*+,cos nx, 


and the inverse transformation. 


In four-dimensional space, find the equation of the 
line that passes through the origin and intersects 


each of the lines: 


X= 25-3, xX,» =1—t, x, =—1+4+2t, x,=3—2! 


X,=7f, X»=1, *¥,=14+t, x,=—1+- 21, 


Find the respective points of intersection. 


Show that every two lines in n-dimensional space 


can be embedded in a three-dimensional subspace. 


(See problem 885) Find conditions on two lines, 
given in an n-dimensional space, so that a third 
line can be found that intersects each of the two 


given lines, and passes through the origin. 


In n-dimensional space, show that every two planes 


can be embedded in a five-dimensional subspace. 


Describe all possible ways that two planes can be 
arranged in n-dimensional space (see the preceding 


problem). 
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Show that a linear manifold can be characterized as 
the set of all vectors containing with every two 
vectors X,, Xg, all linear combinations of the form 


ELEMENTARY GEOMETRY OF n-DIMENSIONAL EUCLIDEAN SPACE, 


Find the scalar product of the vectors X, Y: 


a) X 
b) X 


(2, 1, -1, 2), Y 
(1, 2, 1, -1), Y 


(3, oi, 25 1); 


(-2, 3, -5, -1). 


Find the angle between the vectors X, Y: 


a) X = (2, 1, 3, 2), Y=, 2, -2, 1); 
b) X = (1, 2, 2, 3), Y= (3,1, 5, 1); 
6) eG, 1s Wy By. VSG, 1, 15. 0). 


Find the cosines of the angles between the line 


KX, = Xp = +++ = XK, and the coordinate axes. 


Find the cosines of the interior angles of the 
triangle having as vertices: 


(1, 2, 1, 2), B= (3,1, -1, 0), C= (1, 1, 0, 1). 


Find the length of the diagonal of an n-dimensional 


cube that has edges of length l. 


Find the number of diagonals of an n-dimensional 


cube that are orthogonal to a given diagonal. 


In n-dimensional space, find n points with 
non-negative coordinates arranged so that every one 


is at distance 1] from the origin and every two are 
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one unit apart. Take the first point on the first 
coordinate axis, the second in the plane determined 
by the first two axes and so on. (These points, 
together with the origin, lie in the vertices of a 


regular simplex of edge-length 1.) 


Find the coordinates of the center and the radius 
of the circumscribed sphere of the simplex defined 


in problem 897. 
Normalize the vector (3, 1, 2, 1). 


Find a normalized vector orthogonal to each of the 


vectors (1, 1, 1, 1); (1, -1, -1, 1); (2, 1, 1, 3). 


The two vectors below are given. Supplement them 
by two others and normalize so .that an orthonormal. 


basis of the space is obtained. 
1321 éi1éid41 tf ok 
Gao + G ga 7 @ 


Use the method of successive orthogonalization to 


find an orthogonal basis for the space spanned by 


the vectors (1, 2, 1, 3); (4, 1, 1, 1); (3, 1, 1, 0). 


Find two row vectors that are mutually orthogonal 
and orthogonal to each of the three rows of the 


matrix 
1 | 1 2 I 
1 O 0 1 —2 
2 1 —!1 O 2 


mpmattior 
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904 Give a geometric interpretation of the following 
system of homogeneous linear equations, and of a 
fundamental system of solutions of these equations 
in the n-dimensional space, the points of which 
have as coordinates the coefficient sets of the 


equations: 


Ay Xt Ayo X_ + ese + a,,x, == '(). 
Qo XT Aggy Xq + eee + Ay,Xp ==: 


Amy X + AmoXg to +s Fag) X, =9 


905 Find a fundamental orthonormal system of solutions 


for the system of equations: 


Hy + 2X9 — X%,— X, = 0. 


906 In each of the two problems below, resolve the 
vector X into a sum of two vectors, one of which 
lies in the space spanned by the vectors A,, Az 
(A,, Az, As) and the other of which is orthogonal 

to this space. 

a) X=(0, 2, —2, 2), A,;=(2, 1, 1, —1), A. =C, 1, 3, 0); 


b) X=(—3, 5, 9, 3, A,=(1, 1,1, 1, 4,=(2, —l, 1, I), 
A, = (2, —7, —1, —1). 


907 
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The first summand is called the orthogonal projection 


of X; the second the orthogonal component of X. 


Assume the vectors A,, Azg,°+:,A, are independent. 


Find a general expression for the orthogonal 
component of a vector X with respect to 

Asia Hay teas 
Show that of all vectors in a given subspace P, 
the one that makes the smallest angle with the 


vector X is the orthogonal projection of xX _ onto 


the subspace P. 


Let the subspace P be spanned by the vectors 
A,, Ap Cor A,, Az, Ag). Find the smallest possible 
angle between the given vector x and any vector 


in the space P. 


a) X=(1, 3, —1, 3), A,=(1.—1, 1, 1), 4,—65, 1, —3, 3); 
b) X=(2, 2,—1, 1, 4,=C, —1, 1, 2), 4,=(-1, 2, 3, 0, 
A3=(1, 0, 5,3). 


Let an m-dimensional coordinate subspace be given; 
find the smallest possible angle made by any 
vector in the given subspace with the vector 


(1, 1,---,1). 


Let a given subspace P be given and let Y run 


through the vectors of this subspace. Show that 
the vector X - Y has the smallest possible length 
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when Y is the vector X', the orthogonal projection 
of X on P (this smallest possible length is called 


the distance from the point X to the subspace P). 


Find the distance from the point X to the linear 
manifold A, + t,A, + *': + t,A,: 
a) XS=(l, i —l, 1), Ay = (0, —l, l, 1), A, = (0, —3, —l, 3), 


A, = (4, —1, —3, 3); 
b) X=(0, 0, 0, 0), A=, 1,1, 1, A=, 2, 3, 4). 


In the space of polynomials with real coefficients 

and degree less than or equal to n, the scalar 

product of the polynomials f,, fz is defined as 
[A@Ohedx . Find the distance from the origin 
to the manifold determined by the polynomial 


x? tax" 14+ ... +a, 
Give a procedure for finding the shortest distance 
between two linear manifolds X, + P, Y¥, +Q, that 


is between two points in these respective manifolds. 


See problem 897. The vertices of an n-dimensional 
regular simplex with edge length 1 are separated 
into two collections of m + 1 and n - m vertices, 
respectively. Through each collection, a linear 
manifold is drawn with minimum possible dimension. 
Find the shortest distance between eHe points of 
these manifolds, and locate the points between 


which this distance is realized. 
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*916 Two planes are determined by the pairs of vectors 


¥*917 


*918 


A,, Az; B,, Bg in four-dimensional space. Find 
the smallest possible angle formed between pairs 
of vectors, one from the first plane and one from 


the second. 


a) A;=(1, 0, 0, 0), 4,=(, 1, 0,0), B,=(, 1, 1, 0), 
B,=(2, —2, 5, 2); 

b) A, =(1, 0, 0, 0), 4,=(, 1, 0, 0), B=, 1, 1, 2, 
B,=(, —1, 1, —1). 


A three-dimensional hyperplane is drawn through the 
center of a four-dimensional cube and orthogonal 


to a diagonal. Describe the solid of intersection. 


If B,, Bg,°:°,B, is a set of m linearly independent 
vectors, the parallelipippedon determined by these 
vectors is defined as the set of all points of the 
form 


t;B, + tpBp + -++ + t,B,, OS ty, S1,+++,0 st, <1. 


Define inductively the volume of the parallelipippedon 
as the product of the volume of the base 

[B,, Bz,---,B,-, ] by the altitude,the latter being 

the distance from the vector B, to the space spanned 


by the base. To begin the induction define the 


volume of a parallelipippedon [B, ] consisting of 


a single vector as the length of the vector. 


a) Give a formula for the square of the volume and 
deduce that the value of the volume is independent 


of the ordering of the vertices. 
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b) Show that V[cB,, B, ..., B,] = |e|-V[B,, By, ..., B,). 
c) Show that V[B\+ Bi, B,..., B,|<V[Bi, B,..., B,)+ 
AY |Bi. Bi e245 Bal: and find when the 


inequality degenerates to an equality. 


919 Show that the volume of an n-dimensional 
parallelipippedon in n-dimensional space is the 
same as the absolute value of the determinant of the 
matrix whose rows are the coordinates of the 


generating vectors. 


*920 Let C,, Cy,°-+,C, be the orthogonal projections of 
the vectors B,, Bz,:--,B, onto some space. Prove 
that 

V[C,, Cy ..., C.J VIB, 8B, ..., B,]. 


*921 See problem 518. Show that 


yi? 


V [Ay Ap ves Age Byscsc BS V (Apia Agl*V (By avn, BA 
922 See problem 519. Show that 
VIAL Age oes Ag) <[Ag| © [Ag] e+ LAr 
923 Find the volume of the n-dimensional sphere by 
using Cavalieri's principle. 


924 The scalar product of two polynomials of degree 
1 


<n is defined as fA@Oh wax . Find the 
0 


volume of the parallelipippedon generated by 
vectors defined as the sequence of coefficients 


of a set of polynomials. 
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3. PROPER VALUES AND PROPER VECTORS OF A MATRIX. 


925 Find the proper values and proper vectors of the 


following matrices: 


5 6 —38 2 —l 2 0 0 1 
e)| —l 0O 1}; f) . —3 ) ; g){[O 1 O}- 
1 2 —1 —|] QO —2 1 0 QO 
0 2 1 3 I 0 2 5 —6 
h) | —2 Or 3 |5: 4a) sea 2] Oj; j) | 4 6 —9 
—l -—3 0 4 —8 —2 3 6 —8 


926 Find the connection between the proper values of 


the matrix A, and those of its inverse A-?, 


927 Find the relation between the proper values of the 


matrix A, and those of its square A®. 


928 Find the proper values of the matrix A” in terms 


of the proper values of the matrix A. 


929 Let f(,) be the characteristic polynomial of an 
n-th order matrix A. Let f(x)—=b)(x—&)(«—&)... (x —£,). 
Find the determinant of the matrix f(A). 

930 Let f(x) be a given polynomial. Evaluate the 


determinant of the matrix f(A), in terms of the 


proper values of the matrix A. 
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Use the result of the preceding problem to find 
the proper values of the matrix f(A) in terms of 


the proper values of the matrix A. 


Show that every proper vector of the matrix A is 
also a proper vector of the matrix f(A), where f 


is any polynomial. 


Find the proper values of the matrix 


1 et-l @2 (1-1) 


Qn 


27 ' ; 
where é == cos —-+ i sin ~~ , and n is odd. 


With e define as in the preceding problen, 


evaluate the sum 
I-etett .., 4 g(n-1), 


Find the proper values of the following matrices: 


Ox x... x 
a a . a) Se 
4 ee Q@a,...a 
yyy y O... efs DY PO et; 
oa a. Ay Gz ... a, 
0 1 
—! 91 
—l1 0O 
Cc) | . 


2 Ts A I Rags 


ee ee —— — 
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See problem 534. Show how the proper values of the 
Kronecker product of two matrices can be found in 


terms of the proper values of the factors. 


Let A, B be arbitrary square matrices. Show that 


AB and BA have the same characteristic polynomial. 


Let A, B be rectangular matrices with m rows and 
n columns [n rows and m columns ] respectively, 

n >m. Show that the characteristic polynomials 
of AB, BA differ only in the factor (- }))"7*. 


Reference: H. Flanders, Elementary Divisors 
of AB and BA, Proceedings of the 
American Mathematical Society, 2 
(1951) 871-874. 


4. QUADRATIC FORMS AND SYMMETRIC MATRICES 


Transform each of the following into a sum of 


squares: 


a) x} Qxix2 + 2x3 -+ 4xox3 + 5x33 

b) xp — 4x 1x%2+ 2x13 + 4x5-+ x}: 

C) X)X_ + X_X3 + X aX} 

d) x7 — 2x 1x2 ++ 2x13 — Qe p04 x3 + 2x0%3 — Axx, 4+- x3—2x%; 


2 
©) Ky 1X2 3X4. 


——— OS 
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940 Transform the following into diagonal form: 
2 
DSxit D «x, 
941 Transform the following into diagonal form: 
XX ps 
942 


Show that every principal minor of a positive 


definite quadratic form is positive. 


943 Suppose that the quadratic form 


2 

fSHAyx + aypxXix. +... + AinX 1X4 
2 

a1 X2X1 4 Ag9X2 ws Arn X2Xn 


2 
Sb AniXnX1t AneXnxe-t 16. tT annXn 


can be transformed into diagonal form 


12 72 2 : 
A,X AgXy vee Pax’ by the triangular 


transformation 
/ 
Hp X PO yy... +O x, 
/ 
x, = Not... +5,,%, 
/ 
x= Xx 


fqe 


Find: 
a) an expression for the coefficients a,, ao, 


in terms of the coefficients Bie 


b) the discriminants of the form 


, 2 
SNe hay. AS SOE SS cee ae 


944 
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in terms of the coefficients Arye 
Find conditions under which a triangular 


transformation of the given type exists. 


(Sylvester's conditions) Show that the quadratic 


form 


2 
SO Ay x1 + AH 1X2 6. 4H Ain XX 
2 
+ Aa X2X1 + Ax a+ ... + Arn XX p 


2 
+. AniXnX) -. AngaXnXo—+ eee + Any Xn 


is positive definite if and only if the following 


inequalities are valid: 


Q),  Q~ Qin 
a a 
n. 1] 12 a a 
Qy) > 0; 0; ’ a) o “an > 0. 
fay Ox a 
any Qn Qian 


Show that if the square of a linear form is added 
to a positive definite quadratic form the 


discriminant is increased. 


Let the quadratic form f(x Mig die X,)== 4X}... 


be positive definite; suppose 
(Noy ev aig, Hy) a (Op Ros neg), 
and let D, » Dy be the discriminants of f and 


@ respectively. Show that the relation 
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D,< 4D, 
holds. 
947 Let by Anges ay Ls boty Lo+2 ere Li+g 
be real linear forms in x,, Ko ,*t+,X,. Show that 


the number of squares in the canonical representa- 


tion of the form 


F (Hy, Xan coer X= ; 
SS he fi Se ee Sle 


cannot exceed p, and the number of negative squares 


cannot exceed q. 


*948 Let s,, S,, be the sums of the powers of the roots 
of the equation x«"-+ a,x"! ... +a,=—0 , 
the coefficients of which are real. Show that the 
number of negative squares in the canoutea.t 
representation of the quadratic form Be Sens aXiXs 


is equal to the number of pairs of 


complex conjugate roots of the given equation. 
Prove the following theorems: 


949 If all roots of a polynomial equation with real 


coefficients are real and distinct, then the 


inequalities 
S S S 
0 1 n—-l 
Sas 8 as S S S 
(oe | 1 2 n 
<a > 0;)51 52 S53! > 0; ee >0 
ly 2 
Sy. Se: S 
: : : Sn-1 Sn Son-2 


will hold, and conversely. 


7 ee ae et 
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*950 If the forms 


2 
FS = Ay Xi + AyoX Xo ww. Fain X1 Xn 
ar Ay X2X1 vr Ax9.X5 ae - QonXoXn 
2 
Sis ceottougs Daeg nae: ~ + annXn ’ 
2 
Dp == Dy X1 + Dox Xo we. HF On XX 
+ eae pone ara 


Et eee ere Oe . i pee 


are non-negative definite, then the form 


9 
CF, p) = A011.) + yodiox xo 6. 4 And in XX p 
a coven oe bak 0X5 aks a iitavaal, 


se Pata: ih Ap tens 4. he AnnDd nie 


will be non-negative definite. 


951 Use an orthogonal transformation to transform each 


of the following into canonical form: 


a) Qxi + x3 — 4019 — 4.943; 

b) x7 + 2x5+ 3x5 — 401% — 4xox93 

c) Bx +t 403 + 5x3 + 4x 1x2 — Axx! 

d) ox? + 5x3 —+- 5x3 + 4% |X. — 4% 1X3 — 8xX2%33 
e) x} — 2x5 — 2x3 — 4xyx9 + 4x1%3 + Bx 0x3; 
f) Beit 6x5 + 43 — 4019 — 40123; 

g) 3xi + 6x54 3x3 — 4.x1%2 — 8x 143 — 4xX0K3; 
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h) 7x} + 5x5 + 3x5 — 8x 1X2 + 8X2%3; 

i) Qe? + 2x34 2x3 + 2x5 — Axx + Qei%4 + Woes — 43x45 
j) 2X1 Xy4- 2X 3X45 

k) xi-+ igs oto aeg x5 1201.9 — 2H 1X4 — Woxg + W304; 

I) 2xy%_ + 2H xX3— 2H Hy — WH _Xy AH QHq 2X AX gy; 


m) x} + x5 —- x3 + x4 — 2X x2 + 6%1%3 — 41x, 
— 4X_%X%4 + O%X,%4— 2X4X45 
n) 8x1 %3 ++ 2x) %4 + 2X_%3 4 BXQX 4. 


Use an orthogonal transformation to transform each 


of the following into canonical form: 
1 2 
a) xi t Dd xixe; ’) D xx, 


Use an orthogonal transformation to transform 


the following into canonical form: 


Ky Xq + XoX yg vee TX q 1 Xp: 


Suppose that all proper values of the real matrix 
A lie in the segment [a, b]. Show that the 
quadratic form having matrix A - dE is negative 
definite for }\ >b and positive definite for 


A <a. The converse is also true, 


Suppose that all the proper values of the real 
symmetric matrices a, b lie on the segments 


[a, ec]; [b, d] respectively. Show that all the 
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proper-values of the matrix A +B lie in the 
segment [a +b, c +d]. 


956 Let A be a real matrix, A' its transpose. By 
the norm of A (denoted | | A ||) we mean the positive 
square root of the greatest proper value of the 
matrix A'A ,. Establish the following 
a) [Al] = [atl | 
b) Length (AX) <s | 14 | | - Length (X), and there is 
a vector X, for which equality occurs, 


ce) ||A + Bl] < [|Al] + | [BI]; 


All + [BI I: 


e) Every proper value of the matrix A is less 


d) | |aB | | 2s 


than or equal to | |a | | in absolute value. 


957 Show how to represent an arbitrary real nonsingular 
matrix as the product of an orthogonal matrix by a 


triangular matrix of the form 


b bio ‘ bi, 
boo Don 
b 


in the latter the diagonal elements b,, are 


positive. This representation is unique. 


a ee, 
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958 Show that a real nonsingular matrix can be written 
as the product of an orthogonal matrix by a 
symmetric matrix, the latter corresponding to a 


positive definite quadratic form. 


959 Let the second degree surface S in n-dimensional 


space be defined by the equation 


2 
AX H+ Ay X1H2+ 26. Haig x1 Xn 
y) 
+ An X2X1 + AnX2—-+ 06. 4 ArnX2Xn 


2 
+ Any Xn X%1 + AnoXnXo + eee + AnnXn 


+ 26,%, + 2b,x, + eee + 26,x%, +e=0, 


or in condensed notation AX - KX + 2B * XK +ce= 0. 
Show that a necessary and sufficient condition that 
the surface S have a center is that 


rank A = rank (A, B). 


960 See the preceding exercise. Let S be a second 
degree central surface. Show that the equation 


of S can be reduced to the form 


axit ... tax7+7=0 


by a translation followed by a rotation (orthogonal 


transformation). 


961 See problem 960. If S is a non-central surface 
of degree two, show that its equation can be 


reduced to the form 


2 
0X) + cee axe == 2,44 


by a translation followed by a rotation. 


962 


963 


964 


*965 


o. 
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LINEAR SPACES. THE JORDAN CANONICAL FORM. 


Let A be a linear transformation defined on a 
space of dimension n. Show that the dimension of 
the range of A (the set of all vectors y of the 
form y = Ax) is equal to the rank of A. 


Let Q be a q-dimensional subspace of the n-dimensional 
space R; let A be a linear transformation of R of 

rank r; let Q' be the image of Q. If q' is the 
dimension of Q', show that the following relation 

holds: 


qa+r-nsq' smin(q, r). 


Use the result of problem 963 to show that the 
rank op of the product of two matrices of ranks 


r,, Yo satisfies the inequalities 
r, +,%5 —-n Sp Smin(r,, ro). 


Let Q, Q' be arbitrary complementary subspaces of 
the space P. Then every vector X e P can be 
represented uniquely as the sum of vectors 

Y¢Q, Y' ¢€ Q'. For each vector X a linear 
transformation can be defined carrying xX into 
its component Y in Q; this transformation is 
called a projection onto Q parallel to Q'. 
Prove that this transformation is a linear 


transformation and show that the matrix of this 


transformation satisfies the relation A“ =A. 
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Does this last assertion depend on the particular 
basis chosen? Conversely, if A is a linear 
transformation satisfying the relation A“ =A, then 


it corresponds to a projection operator. 


*966 A projection is called orthogonal if the complementary 
spaces Q', Q are orthogonal. Show that the matrix 
of a projection is symmetric whenever the base is 
orthonormal. Conversely every symmetric idempotent 
matrix (A“ =A) is the matrix of an orthogonal 


projection. 


*967 Show that every non-null proper value of a skew- 
symmetric matrix is pure imaginary; the real and 
imaginary parts of the corresponding proper vector 


have the same length and are mutually orthogonal. 


*968 Show that the skew-symmetric matrix A can be 
transformed by a suitable orthogonal matrix P as 


follows: 


969 


*970 


*971 


*972 
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Here a,, a5,°°*,a, are real and all numbers not 


k 
explicitly written are zero. 


Establish the following theorem: Let A bea 
skew-symmetric matrix. Then the matrix 

(E - A) (E + A)7? is orthogonal and does not have 
-l as a proper value. Conversely every orthogonal 
matrix which does not have -l as a proper value 


can be written in this form. 


Show that every proper value of an orthogonal 


matrix has absolute value l. 


Show that every proper vector of an orthogonal 
matrix corresponding to a nonreal proper value can 
be written in the form X + iY, where X, Y are real, 


have the same length, and are orthogonal. 


Show that every orthogonal matrix can be written 
in the form Q7!TQ, where Q is orthogonal, and T has 


has the form 
COS Op— SiN g, 
sing, COS, 
COS Gor— SIN 


SIN, COS ¢p 


[CHAP. VII 
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973 Transform each of the following matrices into 
| Jordan canonical form: 


} 


4 60 
—3 —5 0 


—3 —6 l 


1 2 0 
0 2 Of}; b) 
a ee | 


( 
( 


16 16 3 0 8 
—5 —7—6]; 4d) 3 —l °) 
—6— 8 —7 —2 —0 —5 


13 


ama. ee 


974 


*975 


*976 


977 


*978 


979 
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Transform each of the following matrices into 


Jordan canonical form: 


3 1 00 1234 0 1 0...0 
—4 -1 00 012 3 00 1 0 
a om oO ie Po Ot ae i 
—17 —6 —1 0 0001 or 


Let the matrix A have finite order: A" =E 
for some positive integer m. Show that the 


canonical form of A is diagonal. 


See problem 531. Find the proper values of the 
matrix Acn) in terms of the proper values of the 


matrix A. 


Show how to transform an arbitrary matrix A _ into 


its transpose. 


Show that every matrix can be transformed into the 
product of two symmetric matrices, one of which 


is nonsingular. 


Starting with a given n-th order matrix A, construct 


a sequence of matrices according to the following 


rule: 
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A, =A; SpA, =p; A,—pE=B,, 
1 
B\A= A); = SPAp = Pos = An — PoE = By, 
1 
B,A=A;, = SPAs = P31 A3 — P3E = B,, 
l 
B,-A=A4,; = SPAg= Pai An — PaE= B,. 


nol 


Show that the numbers Py, Pg,°**,P, are the 
coefficients of the characteristic polynomial 

(— 1)” [A" — pt! — py"? — 12. — py] 
of A. Show that the matrix B, is the null matrix. 
Finally show that if A is nonsingular, then the 


relation 13 _,=:A! holds. 
Pn an-l 


980 Let C be a matrix for which the equation 
XY - YX =C has a solution in square matrices 
X, Y. Then the trace (the sum of the diagonal 
elements) of C is zero. Prove the converse of 


this theorem. 


981 Let C be a matrix of complex elements, on its 
hermitian conjugate (conjugate of the transpose). 
If all singular values 0, of C satisfy 
| 0, | <1, show that a positive definite hermitian 


*. x £0 —- x Hx* 50] 


matrix H can be found [H =H 
such that H - CHC* = I, identity matrix. 
A singular value of C is a proper value of 


cc* , 


982 


983 
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If C is the matrix of problem 981, and if B 

is an arbitrary positive definite hermitian matrix 
[B = B*: x #0—- x Bx" > 0], a positive definite 
hermitian matrix H can be found such that 


* 
H - CHC =B. 


Problem 982 uses the (strong) hypothesis that all 
proper values of cc* have modulus less than l. 

In point of fact, the conclusion remains valid 
under the (weaker) hypothesis that all proper 
values of C have modulus less than 1. Assume 
this proved, and from it, establish the Lyapunov 
theorem: If R is an arbitrary positive-definite 
hermitian matrix and A is a stable matrix (i.e. 

a matrix, all proper values of which have negative 
real part), there is a positive-definite hermitian 
matrix G _ such that 


* 
AG + GA = -R. 


11 
13 


18 


27 
28 
31 
37 
38 
40 


41 


ol 


92 


03 


CHAPTER I - HINTS 
COMPLEX NUMBERS 


See problem 10. 
First establish the theorem for each of the four 
binary operations; then use mathematical induction. 


Assume that the left member is the sum of two 


squares. 
set x =ar+t+ bi, y=crt# di. 
set Z= cos ~p + i sin oO. 


Set z= t#, z' = t'. Use problem 27. 


Use polar form. 


Use the half angle formulas. 


Use Demoivre's theorem and note the following 


z==cos6 + isin; + —cosé = isin 8. 
Let @= cos x + isin x. Then 
—1 \Q 
rete ee (=) 

2 
cs = m—2p 
Show that the coefficient of (2 cos) 
np m—-p-1 
is (-1) *(C, + Ci, ) . Use mathematical 


induction. 


This problem is similar to the preceding. 
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54 Use Newton's formula for the binomial expansion 


of (1 + i)”. 
sys) Similar to the preceding; choose the proper binomial. 
. V3 \" 
56 In this case the binomial to choose is 1--i-3— ; 


68 Show that the problem comes down to the calculation 


of the limit of the sum 1+ @+ o7@ + +++, where 
gaia 
la Gee 


2 
69 Use .the formula sin“q@ = zt eee : 


2 2 
71 Use the formulas 
3, COS da 3 cosa . 3.  3dsina sin 3a 
cos*a = —{— -|- q > = Sin’a = —7— — ——. 


72 To calculate sums of the form 1 + 2a + 3a2 + 4a%+--. 
+ nat}, 1 + 27a + 37a24...4 n2a"-? it is convenient 


to multiply first by the factor 1 - a. 


7 xy = a+;  Xq == aw + Bwr?; X= aw? + Bw; 
a+ Bi—=—g; 308 —— p. 


77 Multiply by -27 and think of the left member as 
the discriminant of some cubic equation. 


78 Set x =art RB. 


87 Use the fact that e"® = -l. 


88 If e=cos oe st isin =, 


question has the form 1—+e«-+4e«?+4 ... + e"7], 


note that the sum in 


89 


91, 
92 


94 


97 


98 


99 


100 


101 


103 
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Consider two cases: 1) k divides n; 2) k does 


not divide n. 
Multiply by l1- e. 


a) Start with all 15 roots of unity; subtract the 


sum of the roots of degrees 1, 3, 5. 


If a 14-sided figure is inscribed on a circle of 
radius 1,the length of its side is 2 sin 7/14. 
Use the additional fact that the equation 


6 5 4 3 


X° +x + x” + x? + x2 +x +2120 has the 


number cos 4r/7 + i sin 4n/7 as one root. 


1) If x,, Xg,°++,xX, are roots of the equation 
ajx®+a,x"-!l+... +a,—0, then 
AyX" +- a,x" 1... fA, = Ay (X — Hy)... (4 — X,); 

2) If e is an n-th root of 1, then the complex 


conjugate is also an n-th root of l. 


Use the result of problem in 98 in the special 


case x = l. 


Use the identity showing the factorization of 


n 


x" - 1 into first degree factors. 


Factor x" - 1 into factors of the first degree; 
then set 
1) x = cos 8 + i sin 9; 


2) x cos 8 - i sin @. 


Use the fact that two conjugate complex numbers 


have the same modulus. 
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105 a) Transform the equation into the form 


107 Let 


S=cosp+Cjcos(eta)x+ woe +cos(o-+ na) x”, 
T= sine -+Cysin(gt+a)x+ ... +sin(g+ na) x”. 


Calculate 8S + Ti, 8 - Ti and determine S_ from 


the results of the calculation. 


1 
113 First show that o(p) = pr(1—F), if p isa 
prime number. This can be done by counting up 
all the positive integers less than are equal to 


p? and not divisible by p. Then use 112. 


116 Show that the only primitive roots of ge 24 
are those that are not simultaneously roots of 


m—i 
xP — | . 


117 Show that if n is odd, every primitive 2n-th 
root of unity is the negative of a primitive n-th 
root of -1; there are no others. 

119 Use 118. 

120 Use 115, 116, lll and establish the following 

1) u(p) = -1, when p is prime; 
2) u(p®) 
3) wCab) 


QO, when p is prime and a > 1; 


uCadu(b), if a, b are relatively prime. 


122 Show that if 4 = cos =" 4 isin 2A8 


corresponds to the value of n,, then x - ey 


- a a ge 


ne 


123 


124 


125 


126 
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appears in the right member of the equation to the 
power yy u(d,), where d, runs through all divisors 


of n/n,. 


Consider two cases: 1) n is a power of a prime 
number; 2) n is the product of powers of different 
primes. For case 1 use problem 116; for case 2 


problems 119, 122. 


Consider four cases: 
1) n odd greater than 1; 
2) n a power of 2; 
3) n = 2n,, where n, is odd and greater than 1; 
4) ne= 2s. where k is greater than 1, n, is 


odd and greater than l. 


Use the identity 


Hp Xgt XXg + 22. $+ X14, = 
Hat on He GH ww. He 
oe 2 


Separate into three cases: 
1) n odd; 
2) n twice an odd number; 


3) n = 2*n., where k greater than 1, n, odd. 


Multiply the sum S by its conjugate and note 
that e* does not change if x is replaced by 


x +n. 


216 


132 
133 


145 


149, 
150 


153 
154 


155 


156 


163 
179 


180, 
181, 
182 


183 
184 
185 


COMPUTATION OF DETERMINANTS [CHAP. II 


CHAPTER II - HINTS 
COMPUTATION OF DETERMINANTS 


Every pair of numbers is reversed. 

The number of inversions in the second permutation 
is equal to the number of sequences in the first 
in natural order. 


Show that every term contains the factor O. 
Interchange rows and columns. 


Note how the value of the determinant changes if 


an arbitrary permutation is performed on the columns 


a) Use the factor theorem and note that, if 


x = a,, the determinant has two equal rows. 


Add 100 times the first column plus 10 times the 
second column to the third column. 
First subtract the first column from each of the 


others. 


Subtract the first column from the second. 


Add the sum of the last n - 1 rows to the first. 
Subtract the first row from each of the others. 


Subtract the second row from each of the others. 
Add the first row to the second. 
Add the sum of all the remaining columns to the © 


first. 


ee ee - 


Ce 


186, 
187 


188 


189 


190 


191 


192 
194 
195 


196 


197 
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Modify the first column as follows: subtract the 


second, add the third, etc. 


Expand according to the minors of the elements of 
the first column; or add to the last column 

n , ‘ n-1l : 
x times the first column + x times the second 


column + 


Add x"~! times the first column + x"7~” times the 


second column + °«°*: to the last column. 


First set up the matrix whose determinant is 
needed; then proceed as follows: add to the last 
column, -l times the first, -x times the second, 


-x“ times the third, etc. 


Subtract a, times the last column from the first; 


1 


a, times the last column from the second; 


a. times the last column from the n-th. 


Add the sum of the remaining columns to the first. 
Add the sum of the remaining columns to the last. 
from the 


Factor a, from the first column, a 


1 2 


second, a, from the third,.--,a_ from the last. 


Then add all the columns to the last column. 


Factor h from the first column; add the first 


column to the second. 


Multiply the first row and the first column by x; 


add all the remaining rows to the first; make 


further transformations of a similar type. 
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198 To the second row add -a, times the first; to the 


third row add -a., times the first; «** . Perform 


2 
a similar transformation on the columns. 


tek Add the remaining columns to the first. 
201 First add -a times the next last column to the 
last; then add -a times the preceding column to 


the next last column; °-°° . 


202 Similar to 201 using the rows; the factor a is 
replaced by 1. Finally add the first column to 


each of the others. 


203 Multiply the first row byb,, the second by b, and 
so on; finally add the sum of the last n - 1 rows 


to the first. 


204 .Factor a from the first row; subtract the first 
row from the second. 


205 Expand by minors of the elements of the first row. 


206 Write as the sum of 2 determinants. 
208 Imagine O as the third summand of every term not 
on the principal diagonal; write the determinant 
as the sum of 2" determinants. Use problems 206, 
207. 
ae 


211 Multiply the first column by x", the second by 


_2 
x" and so on. 


IS I II IP LT ETE A tate tis? 


wee ee eee ee 


212 


213 


214 


215 


216 


219 


221 
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Expand according to minors of the last column, 


and note the inductive relation 
A, — KN 4 + A,X Xo coe Xn-1 


where Ns is the value of the'n-th order determinant. 


Finally use mathematical induction. 


Expand according to minors of the elements of the 
last row and show that A,.,=«,A, + 4,y¥o --+ Yq: 
See the hint for number 212. 


Factor a, from the second column; a, from the 


1 
third; ***; a, from the (n + 1)-st. Reverse the 
sign of the first column and add all the remaining 


columns to the first. 


Expand according to minors of the elements of the 


first row. 


Expand according to minors of the elements of the 
first row and show that 
A, = aq... Ay» —Aa-1- 

See the hint to problem 212. 
Use the result of problem 217. 
Expand according to the elements of the first row 
and note that 

A, = xA,_,—A,_». 


Use the hint to problem 212. 


220 


222 


223 


229 


226 


227 


228 


230 
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Subtract ¥/V ni times the next last row from the 


last. Establish the recursion formula 


An cas nan (XVn—1 = Xn—Vn) An-1 
n—-1 


See the hint to number 212. 


Express as the sum of two determinants and 
establish the recursion formula 


A, ame AgAn—1 +- 4,4, ~++ An_}- 


Express as the sum of two determinants and 
establish the recursion formula 
A,=(a,—*)A,_,+ * (a, — x) eee (a,-1— *). 
Rewrite x, in the form x, = (x, - a,) + a,; 
write the determinant as the sum of two determinants 


and establish the recursion formula 


A, = (%_— @y) Ag +, (%] — @,) (Hq — Aq) «2. (H,~1 — 2-1): 


Write as the sum of two determinants and establish 


the recursion formula 


A, (X, = a,b ,) An-1 ois a,b, (x, —s a,b.) 98 (Xn-1 = A,—10,-4)- 


Write as the sum of two determinants and establish 


the recursion formula 


A, == — mA,_, + (—1)*-! m"-'x,. 


Expand according to minors of the elements of the 


first row and show that 


Aon —= (a? — 6?) Ay, 5. 


TY a eee 


eee ee ee ee 
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From every row subtract the preceding; and add 


all the remaining rows to the second one. Finally 
expand the determinant according to minors of the 
elements of the last row and establish the 


recursion formula 
A,=f[a+(n—1)djA,_,+a(a+))... [a+ (n— 2) 8}. 
See the hint for problem 212. 


Write as the sum of two determinants and establish 


the recursion formula 
; a) 
Ag =X (X — 2an) Ag-y + ann” Il (x — 2a,). 


Make the algebraic transformation 


2 


n? write the determinant 


(x - a)* = x(x - 2a.) +a 
as the sum of two determinants and establish 


the recursion formula 


An = x (x — 2an) Mp1 anx" | (*% —2a,) ... (x —2a,_)). 


Write as the sum of two determinants and establish 


the recursion formula 


A, —=A,_) + (—1)” bb, ee 


n° 


Write the last element of the last row in the form 
a7 ae Establish the recursion formula 


n 
A, == (—1)*-1),6, eee b,-14,—@,A, 1 


Subtract the last row from each of the others. 


222 
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238, 
239 
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Write the first element of the first row in the 
form 1 = x + (1 - x). Write the determinant as 
the sum of two determinants and use the result 
of 236. 

Multiply the second row by x"~~; the third by 


xan. -++; the n-th by x. Factor x” from the 


n= 


1 
first column, x from the second column; -:::; 


x from the n-th column. 


Starting at the last column, add -l times the 
preceding column to each column. Then proceed 
similarly with the rows. Show that A = Awe. 
The subtractions are easily performed by noting 


: Ro =, n-1 nol 
the relation C, = C,. * Cy 
Starting with the next to last, add -l times each 


column to the succeeding. 


From the n-th, +++ row subtract the preceding row; 


show that A = Ai: 


Factor m from the first row; m + 1 from the 


1 
second row;°°*:; m+n from the last row. Factor - 
1 
from the first column ;7— 7 from the second 
column; «** Continue this sequence of operations 


until all the elements of the first column become 


equal to l. 


First from each column subtract the preceding. 
In the resulting matrix change each column except 
the first two by subtracting the preceding column. 


Continue in this way, but leaving the first three, 


ee, ERE. Oo Nee - oe 


ang gle Rg << 


245 


246 
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292 


COMPUTATION OF DETERMINANTS 223 


the first four, etc. unaltered. After this 
operation has been performed m times, a matrix 
is obtained in which all the elements of the last 


column are 1. It is easy to compute its determinant. 


From each row, subtract the preceding and establish 
the recursion formula 

Nose (a= ae 
See the hint for problem 212. 


From each row subtract the preceding and establish 


the recursion formula 
Ana) = (n — IIe — 1)A,. 


From each row subtract the preceding. From each 
column subtract the preceding. Establish the 


recursion formula A,—aA,_}. 


Write the last element in the last row in the form 
z+ (x - z). Write the determinant as the sum of 
two determinants. At this point make the 
observation that the determinant is symmetric 


in y, Z. 
See the hint for the preceding problem. 


Subtract 8/a times the first row from each of 


the remaining rows. Factor the quantity 
ab — iB 
a (a — 8B) 


from the first column and subtract all the 


remaining columns from the first. 
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Add all the remaining columns to the first and 
from each row subtract the preceding. See 


problem 199. 


Think of the determinant as a polynomial in a of the 
fourth degree. Show that each of the following 
linear factors divides the determinant: 
a¢tb+crtdartb-c-#od;an-b+te-d; 


a-b-ctds. 


Add each of the last n - 1 columns to the first, 


and divide out the monomial x + a, + «e+ + awe 


a 
-,a. note that the 


By substituting x =a "i 


1? Aaor** 
determinant is divisible by each of 


x -a,,xX-a aoe ere eer 


on 
This is a Vandermonde determinant. 

Expand according to minors of the elements of the 
first column. 

Subtract the first column from the second; then 


subtract the second column from the third and so 


on. 

1 1 
Factor ot from the third row; 31 from the 
fourth; --:- 


Use the result of problem 269. 


Factor 2 from the second column; 3 from the third; 


To evaluate the expression 
(i? — k?) 
n>i>krk>1 
write it in the form 


We-—&=Ile—»-Ie+». 


i ia dine oe. eee m 


Oban. 
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Factor aL from the first column; 
i= 


a4 from the second column; -:-- 
— 


Factor at from the first row; ay 


from the second row; °°: 


To the first row add ee times the second row 


plus C.° times the third row, etc. 


Use the result of problem 51. 


Use problem 53. 


Border the matrix with the row l, Ky, Koy tt tk, 


and the column 1, O, O,°--,0. 


Border the matrix to obtain 


— 2 2 2 2 
D= Mi Ns. oe KG. 2 
© ae, omer xe ge 


Find the determinant of D by expanding according 


to minors of the last column and obtain the result 


det D = Il (x — 4) + LL @— x). 


n>i>rk>1 
Find the coefficient of z in this product. 


Use the hint for the preceding problem. 
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Border the matrix with first row 1, O,...,0 and 
first column 1, 1, 1,:--,l. Subtract the first 


column from each of the others. 


Expand according to minors of the elements of the 


last row. 


First from each column starting with the last 
subtract x times the preceding. Then reduce the 
order and factor out obvious monomial factors; 
transform the first row (that depends on x) by | 


using the relation | 


(m 1)? — m* = sms-1 4 SED. ys—2 were 2a 


From each column beginning with the last subtract 


x times the preceding. 


m) To the first column add the sixth and the 
eleventh; to the second column the seventh and the 
twelfth;:++; to the fifth column the tenth and the 
fifteenth. Add the eleventh column to the sixth; 
the twelfth to the seventh;-:--; the fifteenth to 
the tenth. 

Subtract the tenth row from the fifteenth; the 
ninth from the fourteenth;---; the first from the 


sixth. 


at lenin cpr nn ec eat ‘i 


I nye tetanic ga aceapitimasoeae 


me xe 


en <r 


i ee i 8 
. <a | ye Ga ee hea a a ee) ge re ngs 
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293 Consider the product of the two matrices 


n 2 
l C, a Coa5 wes A bo bi e505 
a2 —1. -1 = ep 
1 Gia. Goat... at |_| of-* of... 8 


eer : 
lL Cia, Cean ... az | 1 ioe ak 


294 Consider the product of the two matrices 


sina, cosa, 0... 0 COS, COS&% ... Cosa, 

Sind, cosa 0... 0} | sina, sina, ... sina, | 

se o oe 8 6 0 0 hs 0 A 

sina, cosa, 0... 0 fo ah te at wae es ce Sts 
0 OF ase, <0 


295 Consider the product of the two matrices 


Lodo ...1 17 Pl x, 1. xt? 0 
Xx, Xo H. X 1 x, xg-b 0 
Ke gee xr xn a 

0 0 0 I 


296 Square the matrix. 


297 Subtract the first column from the third; the 
second column from the fourth; next multiply by 


the matrix 


cose — sing 0 0 
sin @ cos 0 0 
0 0 cos2p — sin 29 


0 0 sin 2 cos 2¢ 


228 


298 


299 


300 


308 
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Subtract n times the first column from the 


second; n times the second column from the fourth. 
Interchange the second and fourth columns. Finally 


multiply by the matrix 


cosnp — sinng 0 0 

sin ng cos ne 0 0 
0 0 cos(n-+-l)9 —sin(n-+l1)o 
0 0 sin(n-+ l)o cos(n-+-l1)¢ 


Square the matrix. Transform it as in evaluating 


the Vandermonde determinants; and write each 
difference as the sine of some angle. In this way 


determine the sign. 


Consider the following matrix product 


Qo a, a, et 1 1 l 
Qn-1 % Y - Ayo 1 | en-1 
9 
a Qa a a js. sea en 
1 2 3 0 | n—-1 
Qkr . 2k 
where’ ¢«, cos - + isin —~—. 


, : 14 . 
Use the abbreviation €; =cos—---isin—. 


Then 


eee i 
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311 Use problem 92. 


314 a ne 
TD (0+ 9:8%,+ 9° + ree HO, ee) = 


=I] [(@) + 4,) + (2, + 4443) %, Hwee + (Gg + Gan dar '| 


<i [(4)—2,) +(a, — Gn 44) B+. » + (Gy) — Gon-1) Ber lk 


kr . kx orn 
where &, = cos———- i sin—-; a p= cos 2 4 js sin ——; 


p, = cos HST 1)* +isin the : 


323 Subtract the first row from each of the others and 
the first column from each of the others. 

325 Use problem 217. 

327 Write the determinant as the sum of determinants 


or set x = O in the determinant and its derivatives. 


328 1) From each row with index 2n - 1, 2n - 2,.--,n + 1, 
subtract the preceding; from the n-th row subtract 


the sum of the others. 


2) To the (n + i)-th row add the i-th, i=1,2,;*',n- 1. | 


329 To each row add the sum of all the remaining; from 
each column subtract the remaining. Obtain the 


recursion relation A. j(x)=(x—a”)jA,(x— 1). 
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CHAPTER IV - HINTS 
MATRICES 


466 Use the result of problem 465 e). 

473 Consider the sum of the elements in the principal 
diagonal. | | 

491 Use the result of problems 489, 490. 

A492 Use the result of problem 490. 


494 , 
495 


Use the results of problems 492, 493. 

496 Construct a proof by using induction on the number 
of columns of the matrix B. First show that if 
addition of one column does not change the rank 

of the matrix B, een it cannot change the rank 
the matrix (A, B). One can also establish the 


theorem from the Laplace expansion without using 


any induction. 
497 Use the results of problems 496, 492, 


498 Find a non-singular square submatrix D of the 
matrix (E - A, E + A) and consider the products 
(E - A)P, (E + ADP. 

300 Use the result of problem 489. 


3901 Show that the representation in problem 500 is 
unique and reduce the problem to the enumeration 
of the number of triagonal matrices R with given 
determinant k. Calling this number F.(k), show 


that if k = ab, where a, b are relatively prime, 


005 


O17 
918 


023 


O27 
028 


929 
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then F,(k) = F,(a) + F,(b). Finally, use induction 
to obtain a formula for F,(p"), where p is a 


prime number. 


Use the results of problems 495, 498. Choose a 
matrix P with smallest possible determinant, 
and so that P-1AP is diagonal. Then use the result 


of problem 500. 


Use Buniakovsky's inequality in Laplace's expansion. 


If the sum of the products of the elements of an 
arbitrary column of B by the corresponding 
elements of an arbitrary column of C is QO, show 
that the equality det A'A = (det B'B)(det C'C) 
holds. Then border the matrix (D, C) so as to 
obtain a square matrix and use the result of 


problem 517. 


Border the matrix with a column on the left all 
elements of which are M/2, and a row of n zeros. 
Then add the first column to each of the others. 
Use the results of problems 522, 526. 

Use the relation between the given matrix and its 


inverse. 


Let Ay, be the algebraic cofactor of the element 
Arye To establish the result for the elements for 
the minor formed on the first m rows and the 


first m columns, consider the matrix product: 
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Ay Am+1, 1 An 
Ajo Am+i, 2 Ano 
4 , oss a Qa, NW, Qin 
lm m+1lsm nam a a a 
21 22 2n 
l ’ 
any ang , aan 


The general result is obtained similarly. 
535 Write A xB in the form (A x E,) “G@. xB). 


537 Use an inductive proof starting with the case: 


Ay; is a nonsingular matrix. The general case can 


be established by adding AE if necessary. 


047 


003 


9990 


961 
962 


963 


067 
068 


569 


CHAPTER V - HINTS 


POLYNOMIALS AND RATIONAL FUNCTIONS 
IN A SINGLE INDETERMINATE 


a) First expand f(x) in powers of x - 3; then 
replace x by x + 3. 

In the derivative first set x = 1; then factor out 
as high a power of x as possible and differentiate 


again. 
Introduce the sequence of auxiliary polynomials 
f, (x) = nf (x) = KE (x): f(x) = nf, (x) = Kis Ck) Ge 


Establish the result by mathematical induction. 
A non-zero (k - 1)-fold root of the polynomial 
f(x) is a (k - 2)-fold root of the polynomial 
x f£'Cx); a (kK - 3)-fold root of the polynomial 
x[x f'(x)]'; 

Conversely any nonzero root common to the 
polynomials f(x), x f'(x), x[x £'(x)]} (a sequence 
of k - 1 polynomials) is a root of f(x) of 
multiplicity at least k - l. 

Divide the polynomial by its derivative and 


differentiate the resulting equality. 


Consider one of the functions AA) , Srl) 
. Fo (%) fi (x) 
Let x, be a root of [f'(x) ] - f(x) f(x). Then 


examine the roots of g(x) = f(x) f'(x,) - f£'Cx) f£(x,). 


Expand f(x) in powers of x - X9; use the result of 


the preceding problem. 


234 


276 


580, 


081 


983 


589 


608 


623 
626 


627 


637 


642 
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The proof is similar to the proof of D'Alembert's 
lemma. 
Write the function as follows (the form used in the 


proof of D'Alembert's lemma): 


fa=f@t+FOe—oyli+—e@h ¢@=0. 


In a) and b) find the roots of the polynomial and 
factor the coefficient of the highest power of x. 
In c) the roots are conveniently found-by making 


the substitution x = tg“. 
Find the common roots. 


As a first step show that f(x) has no real roots 


of odd multiplicity. 


Use the result of problem 622. 

Note that the equation is unchanged if x is replaced 
by -x or by 1/x. 

Note that the equation is unchanged if x is replaced 


by 1/x or by 1 - x. 


Factor out (1 - x)". Differentiate m - 1 times. 
Set x = O in the result of each differentiation. 
Use the fact that the degree of N(x) is less than 


m; the degree of M(x) is less than n. 


Use Lagrange's formula. Perform the division in 
every term of the result and use the result of 


Problem 100 to simplify the individual . ieee, 


644 


645 


648, 
649 


650 


651 


652 


653 


654 
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First use Lagrange's interpolation formula to 
express f(x,) in terms of f(x,), f(xg),-+-,fCx,). 
Substitute this in the given equation. Note that 
the quantities f(x), f(x2),-+--,f(x,) are 
independent. Finally use the formula 

Ox) = (x - x,) (x - xg) +++ (x - x,), and expand 


in powers of xX - X,. 


The polynomial x is determined by its values, 


by means of Lagrange's interpolation formula. 


Use Newton's interpolation formula. 


Find the values of the polynomial for 


x = 0, 1, 2, 3,*++, 2n. 


The problem can be solved by using Newton's 
interpolation formula. Another way is to consider 
the polynomial F(x) = x f(x) - 1, where f(x) is 


the given polynomial. 
Consider the polynomial (x - a) f(x) - 1. 


Use Newton's interpolation formula. It is 
convenient to introduce the factorial in the 


denominator of every term. 


Let £(x) be the given polynomial; consider the 


polynomial f(x”). 
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655 If x,, Xo,°°*,X, are the roots of the denominator, 


then Lagrange's formula reads: 


fi) Qf ee) 


—_——— 


e(x) = (x — Xp) 9! (Xx) 


656 First use the Lagrange methods explained in the 
Hint above; then select terms that are complex 
conjugates. 


657 e) Use Problem 631. f) Set -— = y. 


d), h) Write out the general form of the answer. 
Multiply through by the greatest common 
denominator and set x = X,, Xg,°°*,X,. Then make 
the same substitution after differentiating the 
identity. 


l 


660 Use Problem 659. For part b) separate aa egy 


into partial fractions. 


665, 


Pp 1 . 
666 Use the result of Problem 663 


667 In part c) expand the polynomial in powers of x - l. 
668 Expand in the powers of x - 1 [set x = y +1]. 


669 set x = y + 1; use mathematical induction to prove 
that all the coefficients of the dividend and 
divisor (except the coefficient of the highest 
power) are divisible by p. 


670, 


671 The proof is similar to the proof of Eisenstein's 


criterion. 


679, 
680 


681 


682 
683 


684, 
685 


702 


707- 
712 


713 


717 


718 
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Assuming that f(x) is reducible, set 
X = a, A2,°**,a, and note what values the factors 


of f(x) would have to have. 


If proper divisors existed, find how many equal 
values could occur. 
Use the fact that f(x) has no real roots. 


Show that a polynomial that has more than three 


integral roots cannot take a prime value for an 
integral value of its argument. Apply this 


remark to the polynomial f(x) - 1. 


Use the result of Problem 683. 


Set up a Sturm sequence and consider the cases 


n odd, n even separately. 


Find recurrence relations among the polynomials of 
consecutive degrees and their derivatives; construct 
Sturm sequences from these. In Problem 708 set 

up a Sturm sequence only for positive values of 

x and use other arguments to prove the non- 
existence of negative roots. In Problem 709 set 


up a Sturm sequence for negative x. 


Use the fact that F'(x) = 2f(x) f''' (x), 


and that £"' (x) is constant. 


Use the factored form of g(x); use the results 


of 716 several times. 


Apply 717 in the special case g(x) =x. 
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721 


727 


728 


729 


730 


731 
732 


733 


734 
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Use the fact that if all roots of the polynomial 
ax" -+-a,x"-1t .., +a, x+a, are real, 
then all roots of the polynomial 
a,x” +-a,_%"8-!-+ 1... +a are also real. 


Multiply by x -1l. 


Assume the assertion false; use Rolle's theorem 


and the result of Problem 581. 


Consider the graph of yo= te - Show that 
every root of  [f’(x))?—f(«) f’ (x) corres ponds 


to an extremum of (x) and conversely. Show that 
v(x) cannot have extrema in an interval bounded 
by roots of f'(x) that contains a root of f(x); 
and can have only one extremum in an interval 


that does not contain a root of f(x). 
Use the results of Problems 727, 726. 


Elucidate the behavior of the function 


—_ f(x) x—+h 
Set = 0 in the result of the preceding problem. 
Use induction on the degree of f(x); set 
f(x) = (x + ) £,¢x), where f,(x) is a polynomial 
of degree n - l. 


Apply the result of preceding problem twice. 


If all the roots of f(x) are positive, then the 
proof follows from elementary considerations 


using induction on the degree of f(x). As an 


735, 
736 


737 
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inductive hypothesis use the statement that the 


roots X,, Xg,°*'*,X,_, of the polynomial 

by +b,wx+ ... +b, a yt} satisfy the 
relations 

O< x, < ky < eee < Xn] ? Cee mea 


To prove the theorem in the general case 
write w* as the limit of a polynomial in x 
with the roots lying exterior to the interval 


(O, n); and use the result of Problem 731. 


Consider |?O+t4@) where 
g(x) —ib(x) |’ 


o(*)=a,cose+ ... +a,cos(e-+ nf) x”, 
p(x) =), sing+ ... +5, sin (e+ n6) x”. 


or 


p(x) =a) tae ... a,x”, 
v(x) =b,+6,«+ ... +06,x". 


In 736, to show the roots are real, multiply 
p(x)-+ib(x) by aw - Bi and examine the real part. 
Use the result of Problem 727. 


Resolve {> into partial fractions. Note 
¥ 


the signs of the coefficients in this resolution, 


and examine the imaginary part of 


ete OO CN OD 
9 (x) g(x) 


240 


738 


739 


740 


T41 


743 


744, 
745 


746 


TAT 
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£' (x) 
f(x) ? 


is written as a sum of partial fractions. 


Examine the imaginary part of when it 


Note that a simple substitution of the argument 
will transform the given half plane into the half 
plane Im(x) >0Q; see the preceding problem. 

Show how to apply Problem 739. 


f' (x) 
f(x) 


the imaginary parts. 


Separate into partial fractions and evaluate 


Set x = yi and use the result of Problems 736, 737. 


Use the result of Problem 743. 


Set x = (1 + y)/(1 - y) and use the result of 
Problem 744. 


Multiply the polynomial by 1 - x and calculate the 
modulus of (1 - x) f(x) for |x | =p>l. 


772 


800 , 
801 


805 


806 


807 
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CHAPTER VI - HINTS 
SYMMETRIC FUNCTIONS 


If a triangle similar to the given triangle is 
inscribed in a circle of radius 1/2, its sides 
will be equal to the sines of the angles of the 


given triangle. 


First consider the sum 


x (x -+ x,)* 


then set x = X and sum on j from 1 ton. Finally, 


combine repeated .terms and divide by 2. 


Every primitive n-th root of unity when raised to 
the m-th power gives a primitive (n/d)-th root, 
where d = (m,n) is the greatest common divisor 

of m and n. Moreover if we operate in this way on 
the primitive n-th roots of unity, we obtain all 
the primitive (n/d)-th roots of unity without 
repetition. | 


Use the results of problems 805, 117, 119. 


Note that the equation that has roots x,, Xo,°'* XK, 
is the determinantal equation of problem 803; 

this follows from Newton's formula expressing 

the coefficients in terms of power sums of the 


roots. 
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808 The problem is easily solved by using Newton's 
formula or by expressing the Newton elementary 
functions in terms of the fundamental symmetric 
functions. See the determinant in problem 802. 
Another method is to multiply the equation by 
(x - a) + (x - b) and calculate the power sums 


in the resulting equation, 
809 First multiply the equation by (x - a) +: (x - b). 


818 Think of the roots of the polynomial f(x) as 
independent variables. Multiply the determinant 
of coefficients by the Vandermondian,. 

819, First show that every polynomial ¥, has degree 

peo n- 1. Then multiply the determinant of the 


coefficients of %, by the Vandermondian. 


827 Use the fact that the primitive m-th roots of the 
n-th roots of unity run through all the primitive 


(n/d)-th roots of unity, where d = (m,n). 


828 Use the result of problem 827 and the fact that 


R(X, , X,) is a divisor of R(X, x”—1) and 
R(X,, *«” — 1). 

834, . 

oe Calculate R(f', f). 


839 Multiply by x - l. 


840 Multiply by x - 1 and use the result of Problem 
835. 


843 


844 


845 


846 


847 


848 


849 


850 


851 


RATIONAL FUNCTIONS 243 


Calculate R(X X.). To calculate Xi at the 


n? 
roots of Xo write X, in the form 
n 
(x — ty oe — 1" Ca), 
where d runs through the proper divisors of n. 


n 


Use the relation Eh = E. -~ x 


Use the relation 


(nx —x—a) F,—x(e+1) F, + 42) 6-4 _ 9, 


ni 


Use the relation 

Py = XPy-1—(t—1)Pa-o Pa =P a. 
Use the relation 

xP, —=nP,+n’Pa_t Py, = (« — 2n-+- 1) Pai —(n — 1Y Ppa. 
Use the relation 

(4— x’) Pt nxPy=2nPn1; Ppa—xPp-1+ Pa» =0. 
Use the relation 

Py—2xPait (x? + 1)Pa-2=0;  Ph= (+1) Poa. 
Use the relation 

P,—(2n— 1) xP,_,>+(n— 17 (+1) P,-p = 0; Ph=n’Pa-t. 
Use the relation 


P,—(2nx-+1)P,_-;-+n(n—1)x°P,9>=0; 9 Pr =(n +1) Pa. 
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852 


867 


884 


916 
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Solve the problem by using the Lagrange polynomial. 
Note that the maximum in question can be obtained 
by solving a differential equation; namely setting 
the derivative equal to 0. Solve this equation 


by the method of undetermined coefficients. 


First show that for fixed n, there is only a 
finite number of equations with the given properties. 
Then show that the given property is invariant 


under the substitution y = x", 


CHAPTER VII - HINTS 
LINEAR ALGEBRA 


Use the results of problems 51, 52. 


The smallest angle must be one of the angles formed 
by the vectors of the second plane with its 


orthogonal projection on the first plane. 
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| 
| 
| 


917 Let the center of the cube be the origin and let 
its sides be parallel to the coordinate axes. 


Next take four mutually orthogonal diagonals as 


axes. 
918 Use the result of problem 907. 
920 Use induction. 


921 Use the fact that 
V [A,, aera Am B,, ees B,| = V [A,, veey Al: V [B, ar) By], 
if A; |B; . Then use the result of the 


preceding problem. 


933 First find the proper values of the square matrix. 
Then to determine the sign of the square roots 
use the fact that the sum of the proper values 
is equal to the sum of the elements on the 
principal diagonal and that the product of the 
proper values is equal to the value of the 


determinant. Use the results of problems 126, 299. 


934 Use the result of problem 933. 
936 Use the results of problems 537, 930. 
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943 1) Use the fact that the determinant of a 


triagonal transformation is unity. 


2) SEL Hp Gas SSO. 


945 Take as a new independent variable the linear 


form of the problem. 


946 Use the result' of problem 945, by writing f as 
the sum of the square of a linear form and other 


terms . 


948 Let x,, X,,°**,x. be the roots of the given 
1 2 a 
equation. Consider the following quadratic form 


in the variables u,, Ug,°**,U,: 


(u,- utox,+ ..- une, ys 


1 


l= 


n 
R= 
950 Expand f, m as a sum of squares and use the 


distributivity of the operation (f, qg). 


965 The converse of the theorem is proved by using the 


relation X = AX + (E - A) X. 


966 Write the matrix of the projection in terms of a 
basis that is obtained by complementing orthonormal 
bases of P, Q. 

967 Note that (AX, X) = O for an arbitrary real 
vector X. Write a proper value and the corresponding 


vector as the sum of real and imaginary parts. 


968 Let P be an orthogonal matrix, the first two 


columns of which consist of the normed real and 


970, 
971 


972 


975, 
976 


978 


980 


981 
982 


983 
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imaginary parts of a proper vector; form the 


product P7~*AP, 


Use the fact that if X, Y are arbitrary real 
vectors, and A is an arbitrary orthogonal matrix, 
then the relation (AX, AY) = (A'AX,Y) = (X, Y) 
holds. 


The proof is based on the results of problems 970, 


971 in the same way that the proof of 968 is 
based on the result of problem 967. 


Transform to Jordan canonical form. 


This problem is related to the solution of the 


preceding problem. 


For the necessity, see problem 473. To establish 
the sufficiency first consider the case when all 
the diagonal elements of the matrix C are zero. 
Then note that if C = XY - YX, then the relation ! 
S-ICS = (S71XS) (S~1YS) —(S71YS) (S7“1XS) 


holds. 
k 
Try H=y5ck cc. 
k * k 
Try H=>3C. BC**, 


The matrix C = (I + A)(I - A)7! has all its 


proper values in the unit circle. 


a a sendin eget 


— ee a A ea ge ae eh Ae i pee eS NN «ein aw ne 
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CHAPTER I - SOLUTIONS 
COMPLEX NUMBERS 


-4/11; y = 5/11. 
moe YS 3/26, ga 2s. he aly. 


m* 
i 


x 


1, if n = 4k; i, if n=4k +41; -1, if n = 4k + 2; 


-1, if n = 4k + 3; k being an integer. 
a) 117 + 441; b) -556; c) -76i. 


Only in the following cases: 
1) If one of the factors is not zero; 
2) If the factors have the form (a + bi) or 


A(b + ai), where } is real. 


cone. a? — 5? Qab 44 — 5i 
a) corre ene b) ape tt orgs c) ae 
dy 132 | ‘ 
aCe) 2 
Qin-], 
a) x =l+i, y=i; b)x=2+i1, y=2 - i; 


c) x =3 - 1lli, y = -3 -91, z=1 - Ti. 
V3 
a) 7 = <b) ds 


a) a? -+- 6? +c? —(ab-++-be--ac); b) a3+-55; 
c) 2(a°-++ 63+ ¢3)—3 (a*b 4 atc + bat be + c2a + ¢2b) 4+ 12abdce; 
d) a®2@— ab + b?. 
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12 =a) 0, 1, = = b) 0, 1, 4, —1, — 
15 a) E+); vb) £2—21); Cc £2—); dA E+ 40); 


e) 1-2); £1516); g) EA+3); bh) +(1—32); 
13 13—2 
) +3—); p £B4+09; b+ (yf ey 


) t+V8+oVi7; +iV—8+2V17; m) (3. -iy 1); 


) a 0) p(t es te dts i), a=0, 1, 2, 3. 


16 + (B—ai). 


17 a) x, =3—i; Ny = —1-+ 2i; b) = 2458 Xy == 1-3; 
; 4—2i 
C) x¥,=1—i; x = =: 
18 a) jeame)) —4 4 Qi; (x? — 2x +.5)(x2-+ 8x + 20); 


b) 2+iV2; —242iV 2; (x2? —4x%+6)(x?+ 4x + 12). 


19a) pa. b) 4443. 


2 
20 VY Va_P4,y Va 2 
a y es 7 ta: 
22 a) cosO-+isin0; b) cosn--isinz; cc) cos isin 5; 
3 — 7 pas 
d) cos fi sin 3 5 e) V2(cos $+ isin F); 


f) V 2(cosF-+isin); g) V2 (cos +4 sin +); 
h) V2 (cos isin); i) 2 (cos-5 + isin 5 5) 


j) 2(cos +i sin =F); k) 2(cos isin >): 
I) 2(cos =F + é sin +); m) 2 (cos-F sin $)3 
n) 3(cosx-—-i sin 7); 0) 2(cos =* + / sin ==); 


p) VV 2+ V 6) (cos ay tésin 7) , 


23 


24 


25 


26 


27 


29 


30 


COMPLEX NUMBERS 251 


Remark. Here we have given just one of the 


possible values of the argument. 


a) V 10 (cos 18° 26’ +-isin 18° 26’); 
b) V 17 (cos 345° 57’ 48” +- i sin 345° 57’ 48”); 
c) V 5(cos 153° 26’ 6” + isin 153° 26’ 6”); 
d) V 5(cos 243° 26’ 6” -+- i sin 243° 26’ 6”). 


a) A circle of radius 1 with center at the origin. 
b) A half ray from the origin making an angle 1/6 


with the polar axis. 


a) The interior of a cicle with center at the 
Origin and radius 2. 

b) The interior and circumference of a circle with 
center at the point (0, 1) and radius 1. 

c) The interior of a circle with center at the 


point (1, 1) and radius 1. 
a) x = 3/2 - 21; b) x = 3/4 + i. 


The result is equivalent to the following geometric 


proposition: The sum of the squares of the 
diagonals of a parallelogram is equal to the sum 


of the squares of its sides. 


When the difference between the arguments of these 


numbers is 1 + 2kT, for some integer k. 


When the difference in the arguments of these 


numbers is an integral multiple of 2T. 
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34 


35 


36 


38 


39 


40 


43 


44 
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cos(~ + p)-+-é sin (¢ +- 9). 
V? [cos(29— 75) + isin(2 — 3). 
a) 2 (1-4-4); b) 29(1—i V3); c) (2—V3)”: a 


nn ».. AT 
cos -,— isin —-. 


3 
ann 
2 cos <a 
Solution. 1-+-cosa-+ i sina = 
= 2cos* = 9 ey sin 7 O08 5 = 2 COS > oa ae 5) 


(1-+ cosa + é sin a)” = 2” cos” + (cos. +-i sin +): 


_ ASL es Bla 

a) 5 3 2 9 

byes ee: LEYS, VI=1, el 

Oba tea: eelepdy selest, 

us 1 V3, 1 V3.1 V3 


MU byes ye gl gi 
e) iV 3; —iV 3; siV3, ae. me el ae sete ald 


Coo 

a) V 5(cos8°5’ 18” -+-é sin 8° 5’ 18”) e,, 
where ¢«,—cos120°R--isin120°R, k=O, 1, 2; 
6 —— : 

b) V 10 (cos 113° 51’ 20” +-é sin 113° 51’ 20”) e,, 


where ¢,—cosl20°k-+isin120°R, k=0, l, 2; 


1025 | 
c) V13 (cos 11°15’ 29” + isin 11° 15’ 29”)e,, 


where ¢«,=—cos72°R- isin72°k, k=O, 1, 2, 3, 4. 


SY Sa ego ne ee aS 9 ETE. 


EF em ba a cng 


_ 7 


| INGE -Egp = ps Mag ey eee 


hn 


45 


46 


47 


48 
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a) 1 (cos ark gpa wee n), 
V2 
where k = 0, 1, 2, 3, 4, 5; 


16 
V2 
where k = 0, 1, 2, 3, 4, 5, 6, 7; 


b) (cos MAAS cor sin METS, r), 


c) = (cos ee nc —- i sin —— meth = n), 
V2 
LOY. “k. = 05, Wg (2%. oy: 43. 0% 


? 


B (cos + 1 sin = for k = 0, 1, Z2,***,n - l. 


a) Solution. Consider (cos x + i sin x)”. By 
DeMoivre's theorem, we have 
(cos x + i sin x)® = cos 5x + i sin 5x. 
On the other hand, 
(cos x +i sin x) —=cos® x ++ 5icos! x sin x — 10 cos? x sin? x — 
— 10icos? x sin’ x + 5cos x sint x +i sind x = 
== (cos® x — 10 cos? x sin? x + 5cos x sint x) +i (5 cos! x sin x — 


— 10cos? x sin? x + sin® x). 


Collecting these results we obtain: 


cos 5x —cos® x — 10 cos? x sin? x + 5cos x sin’ x; 


b) cos® x—-28 cos® x sin? x+-70 cos‘ x sint «—28 cos? x sin® x+-sin® x; 


c) 6cos5 x sin x — 20 cos? x sin? x + 6 cos x sind x; 
d) 7 cos® x sin x — 35 cos! x sin? x -+- 21 cos? x sin® x — sin’ x. 


2(3tg p — 10 tg? 9 + 3 tg? ¢) 
1 — 15 tg? 9+ 15tg4 » —tg%¢" 


| 


254 COMPLEX NUMBERS [CHAP. I 


: ee ee 
49 cosnx=cos” x—Cgcos" ~ x sin’ x + Cicos”~* x sin’'x—...+M, 
ae 
where M==(—1)? sin’ x, if n is even; 


n-l 
M=(—1) 2? ncosx sin"-! x, if n is odd. 
5 n n—-1 : n n—-3 a 
sinnx==C,cos xsinx—Cgcos “x sin'x-+-... +M, 
n—2 
where M=(—1) *? ncosxsin*’-!x,n is even; 
n-| 
M=(—1) 2 sin® x, if n is odd. 


50 a) Solution. Let @ = cos x + isin x. Then 


a~!—cos « —isin x; 
a* —coskx--isinkx; a7~*—coskx —isinkx. 


k —k k__ a—k 
Thus we obtain coskx=— te. sinkx = ——_~ 


2i 
In particular 
ata! So) hes 5 a ee, 
cosx=—z—; sinx—=—z—,; 
or ee a—a-!\3 a8 —3a+d3a7!— a3 (a8 — a3) — 3 (a—a}) , 
oe x= 2i y= —8i ee eg Se Se 
3, efsindx—6isinx — 3sinx —sin3x , 
sin? x = ———__ 3 = >? 
cos 4x —4cos2x+3 , cos 59x + 5cos3x+ 10 cos x . 
Sg) 
cos 6x + 6 cos 4x + 15 cos 2x + 10 
d) ee 


92 Solution. 


_ -p- — —p—l1)... —2 I 
Cc na 1_ (m—p)(m—p a WES) 
pi Se) ee ee) 
(p—1)! _ p! ; 


3 
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set 2 cos mx = 5,; 2 cos x = a. Then the equality 
we are looking for can be written in the following 
form: 

S, =o ana" (CCT a... 
-+(—IP(GP+cpre a" P44 


It is not difficult to show that: 


2 cos mx = 2 cos x + 2 cos (m - 1) x - 2 cos(m - 2)x, 


or in our notation S, = aS,_, - S,_2- 


We first check that for m = 1, m = 2 the 
inequality we are trying to prove is valid. Then 
we use induction. We assume that 

ss -3 - a 
=a" —(m— ar +(Ca a seid ae eee 
LHI GI a 


5. yaa" —2 —(m a gee —6 naet 
eI chs 


S 


m— 


a 
bes pest bet) tol, jay 


Using the fact that Cc. = Civ ’+ Che “i, we establish 


the desired result. 


sin mx — (2.cos eae * (2cos Pa os 


sin x 


m3 Wes pAn—pat m—2p—1 
+C, 2cosx) .. +(—l) Cy (2cos x) Sr 
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n n 
94 a) 2? cos 5 b) 2? sin. 56 = = sin >. 


59 a) Solution. 
S=1-+acosy+a®cos29+ ... +a* cos ko. 
We find T=asing+a?sin2Q9+ ... +-a* sin ko: 
S—+ Ti = 1 -+-a(cos@- i sin ¢) + a? (cos 2p + i sin 29) + a 


. +a* (cos kp +i sin ke) 


Set a—coso+t+ising = Then 


aktlgk+1__ ] 
aa — | 


S+ Ti=1+aa+a%?+ ... +a*a* — 


S is the real part of this sum. Moreover, 


‘ akt+\gk+1_-] = gqq-!—] Qk+2qk _ gk+igk+1__ qq-l +1 
aa— 1 aa~!— ] a*—a(«ata!)+1 


Thus S—= a**? cos hs cos (+ lI)p—acose-+1 
a? — 2a cos 9+ 1 


b) a*+? sin (p+ &h) —a*+! sin [9 + (k-+1) |) h] —‘a sin (p —h) + sin 9 
a@—2acosh+1 


60 Solution. 


T sin x + sin 2x + +++ + sin nx; 


cos X * COS 2X + °** + COS nx. 
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Let a—=cos> +i sin Then S+- Ti=o?-+a4+ ... +a, 
sin x 
q2t | a®(a?@—a-My) n-+1 tat )\—> - 
SMe Sop So ay = (cosy esi #) 
2 
Thus 
sin —~ 
er ea z ‘ 
2 sin 
2 


2 (2 — cos x) 
1 “5—4cosx ° 


sin(a 75 h) sin 


64 a) 2 2 if n is even, 
h 9 
COS “> 
cos (a+7>- n) cos m” 
;; if n is odd; 
cos oy 


cos (a ++ ool n) sin . . 
b) 2 2 if n is even, 


cos ae 
2 


n—1 nh i 
sin(a+75 i) cos “5 if n is odd. | 


cos aa 
2 


66 a) 2” cos" = cos ante x; Db) 2" cos” + sin 24? x 


67 a) 2” sin” > cos mee tye b) 2” sin” — sin (ep ey eone : 


68 The limit of the sum is equal to the vector 


corresponding to the number (3 + i)/5. 
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n sin 4nx 
oF 2 Asin 2x 
3 COS Le had sy ag 
71 foe ee ee es 
a) 6 2 . 3x : 
4 sin > 4 sin =~ 
Bi ele Fee ee gi CE) acy 
b) 2 2 _ 2 2 
4 sin 4 sin 3 


a) (n + 1) cos nx—n cos (n+ 1) x—1. b) (n+1)sinnx—nsin(n+1)x« 


Peo gc 
4 sin 5 4 sin 9 


72 


73 e*(cosb-+ isin d). 


73 a) —3; 


f) Vo-_y 4; ae te sa (V4+LY 2); 
g) W923; 2V SV 8 ve (V9+2V3); 
y5 aq. 24+V24V4, iV3 
h) 1—V2—V4; aS Ee 
) —(+V3+V9); QEVS+VS + IV 3 (Vo_y3), 
) 2; —1L4£2V3; k) 2; —143:V3; )2; —14£4V3; 


m) 1; —2+Y3; n) 4: —1+4iV3; 0) —2i: i; i; 
p) —I—& —1l—t 24-23; 


y —@+s;, 2F% + V3 q_», 


= <p 


a ge nee ea ian 


76 


77 
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1) —(aV fg +bV FQ: 


war bV fe? iV 3 —— ae 
Vie tiie ety (aV Pg —bV fe): 


s) 2.1149; -0.2541; -1.8608; 
t) 1.5981; 0.5115; -2.1007. 


Solution. 


x, — X,==a(1 — w) + B(1 — wo”) = (1 — o) (a — Bw?) 
x, — x, =a(1 —o%) 4+ 3(1 — 0) =(1 — 02) (a— Bu) 
Xy — X= a (w— 0) + B (w? —w) = (w — 02) (28) 
(2 — 5) (a, — 4) (xy — 5) = 3 (0 — 0?) (a — 8 
(%1 — Xp)? (HX — X35)? (Xp — 3)? = 
= — 27 [(a8 + 8%)? — 42383] — —279? — 4p’. 


Solution. 

The cubic equation mentioned in the Hints is 

z° - 3(px + q) z+ x? + p® - 3qx - 3pq = 0, which 
has the obvious root z= -(x + p). The two other 
roots of the cubic equation are 


— xp + V—3 («py fF 1g 
2 


29,3 From problem 76, 


part 1, the desired equation can be written in the 


form 


1 
— 97 (2 — 25)" (23 — 2)" (2, — Pr = — - [—3 (x — p)? + 129] 
SX E (x + p) +V—3 (&— ppt Ea P (x + p) —V—3 (x — py + 4 | 
~— S@D 2 74 


= [(« — p)* — 4q] (x? + px + p? —q)/, 


the roots of which are easily seen to be: 
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7: ~ 4q— 3p" 
xyg=pt2VG xy my— Pt 


op — VV 4g — 3p? 
ee! a a 


78 The left member can be written in the form 
aS +85 + 5(a +B) (a? of + f? — a) (aB — a) — 26 =0. 


Answer. x = @+ 8, where 


5 <rsos 5 Ss 
=V b-+-V b— as; B= Y/Y b—Ve?—a; aB=—a. 


79 a) V2; 141V3; b) —14V6; +1V3; 
a ey +tV5 + 


epee 
1+Vi13. oy: 


i ee i, 
g) £i; 141V 2; bn) tV5; aoe: 
i) ti, —141V6; pp —242V2; —1H3; 


k) 1; 3; 14V2; 101; —1; 142%: 
‘ss ia Be AE a 1—-WV5+V2—27 5 . 

> 4 bd 
v5 VECATE, 1—V5+V30+6Y 5 | 
ene ee, SSS oe 
1+V2 —V2 SRT eT 
sae +1 Y_1—2V2; ! Vel OV, 
p) a ad gies eee 1—V7+V 6—2YV7; 


1+V4V3—3. 14+V—-4V3—3. 
Dis rges . ee ge 


‘ 14+-V5+V—2—6V5. 1—-V82V—2+6V 5 
re - = 


n) 


14+-V9+tV—542V2. 1—-V2+t+V—5—2V2. 


s) Taare; ; ; 


p LAVBEV 124203 | 1-VW3+V12—2V3 
ae gs cer ee 


> 
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80 Solution. 


xétaxsitobx?+textd= 
=(e@4+$xt5t+mxta)\(Pp pet g—me—a)i 


d A e — 
KyXg= BHM, XyXy= MS h == XX_ ft KyXy. 


81 a) +1; b) 1; —14:43, 


3 , 1,,V3 
82 a) —1; 5 eer eae c) ti; d) 14,¥3; 


83 a) 20; 20; 180;  b) 72; 144; 12. 


84 cos “7 4 i sin FE for k= 1, 2, 3, 4, 5, 6. 


85 a) Set e, = cos = 4 isin “Rt . Then we find: 
Eq has index 1; 
€ég has index 2; 
E4, E15 have index 4; 


En, sg, E19, €14 have index 8; 


262 COMPLEX NUMBERS [CHAP. I 


the remaining 16-th roots of unity, namely 


E> Ea) €s Ex » Eg» C1.» E13» Cus are primitive. 


b) Set ey = cos ee obi sin 22 . Then we find: 
Eo has index ea 
Ei, has index 2; 
Es, €,5 have index 4; 
Ga, €g» E19) 64g have index 5; 
Eo,» Ea, €14» €,g have index 10; 
the remaining 20-th roots of unity, namely 
GE,» Eg, Ey, Cg» C44, 043) C17, €yqg Are primitive. 


c) Set e, = cos oF isi sin 22 . Then we find: 


€, has index i 
€,;>5 has index 2; 
Eg, €4, have index 3; 
Eg, €,g have index 4; 
E,, Ego have index 6; 
Es, €g, €45» €p, have index 8; 
Eo, €16) 14) Ego Mave index 12; 
the remaining 24-th roots of unity, namely 


Eq» Es » Er 3 €11> E43» Civ») Eig: Eo are primitive. 


86 a) X,(x)=x—1; b) X% (x)= «+1; 
c) X,(x) =x? x tls d) Xx) SPV: 
e) X;(x) == x'+x8+-x?+x+1; f) X6(x) =x? — e+: 
g) X) (x) = x84 x84 xt x84 x? + «+1; h) Xi (x)= xt +1; 
i) Xy(x) = x8 + x8+1; jf) Xp (x) = xt — 8 + x? — x +1; 
k) Xp (x) = lf xP bx Th xh pox xt pe xd 
x? x +1; 1) Xi (x) = x4 — x? + 1; 


newegg. 


a end ag — > ee ae 


87 


88 


89 


90 


91 


92 


93 


94 


95 


96 
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F 
i 
i 
F 
f 
F 
4 
t 
i 

; 


24 922 pL IML gL yl ld 4 x18 4 x? 
— x9 — x8 — 2x7? — x6 — x + x? 4 «+1, 
2/(1 - e). 
0, ifn >l. 


n, if k is divisible by n; 0, if k is not divisible 


by n. 
m(x" + 1). 


—-n/(1 - e), if e 41; nim + 1)/2, if e=1. 


_—wd—)+2n if ¢ £1; 2t+NCr+l) | if ¢ = 1. 
(I —e)? 6 


a) -n/2; b) - =n cotan (r/n). 


a) 1; b) 0; c) -l. 


X) == 1; 

x, = cos 4 isin 5% — VSN et 10-4 V5: 
lank be aaa Vel V2 o/ 5. 
Xx, = cos — : oF isin SF — Y5t1_1V/ 19975; 


V 5—1 iif = are 
x4= cos = e psin Loot a —_V 104+ 2V5. 


sin 18° = pee cos 18° = 


Vio+2V5 | 
— 
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97 Solution. Divide the equation x > + x > 4 x" 


3 


+ x° + x? +x +1 = 0 by x®. Using easy trans- 


formations, this leads to the equation 
3 2 

(«+-) +(*+—) —2(*+3)—1=0. 
Now the equation z° + z* - 2z - 1 = 0 is satisfied 
by 2=2cos * = — 2 sin & . Moreover t= 2sin 
satisfies the equation t® - t? - 2t+1=0. 
These equations are the simplest possible ones in 
the sense that every other equation that has 
rational coefficients and has a root in common with 
these must be of higher degree. The proof of this 
assertion is most conveniently carried through by 


advanced methods. 


98 Solution. Set n = 2m; the equation x® - 1=0 has 


the two real roots 1, -1; and 2m - 2 complex roots. 


2Rr ... 2Rt : : 
Indeed ¢&,=—cos-;--risin> - jis conjugate to 
2(2m— k)x .. 2(2m — k)r 
Cam—4 = cos A — 8) Eh Thus we 
obtain 


x2m | — (x? — 1) (x —e,)(x —e,)(x— 8) (x —&)... 
ce (KF) — Eqs 2 — I 


— (x? — 1) [x?—(e, be) e+ 1]... [x? —(C__-) ep pet Us 
m—1 
xm — (x2 — 1) [] (#? — 2x08 + 1). 
k=1 
If n = 2m + 1, then we obtain 
or 2k 
xemtl___ | — (x — nT] (x?— 2xc0s mae ye 1). 
k=l 


by using similar reasoning. 


| 
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99 Solution. 


a) We have 


m-1 
qm __ k 
*—- — | [ (x? — 2x cosh 1). 
R=1 


m—1 
kr 
° = . eas a | em ae 
Setting x = 1, we find m=—2™ IT(: cos a) 
m—1 b 
or, m= 2 TT sin? =, . Finally 
k=1 
- m-1 
ee sin “= 
gm—1 2m ' 


The proof of formula b) is similar. 


100 Solution. Set x = -a/b in the identity 


n—-1 
| 2kx . 2kx 
x"—1= [P~—ey) ’ e€, = cos —— -- i sin — — 
- n—-] 
We find (1) e—1=C"[T] (F+e) —; ete. 
k=0 


101 We start with the obvious factorization 


an—l 
* cosn +i sina — 1 = [J (cos6-+-ésin 6 —e,), 
k=0 


n—-1 
cos n§ —isinnd — 1 = J] (cos 6 — i sin 6 — «,). 
k=0 


Finally we obtain the required result by multiplying 


these two relations. 
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102 Solution. 


n—-1 n-l 


[ ftt=1 =, TD I¢+e—)= 
k=0 
n—-1l n-1 n-l an-l 
= 9 HT —a(— = 2 Hee. 


n—1l n—] 


=7 TL We-s¢—-—m=% Tt [” —(e, — 1)" == 
s=0 k=0 s=0 
n—1 
— I [¢” —(e, — 1)"]. 
k=1 


103 From the relation |x|=|x|"~)  , it follows that 
|x | = 0 or |x| Se: Ee [x | = 0, then x =0. If 


|x| = 1, then xx = 1. 

On the other hand, xx = x". Therefore x" = 1. 
Thus x = 0 or x = cos “#2 + j sin 28 ; 
Ke eeOy. Ly (258 eg Ls, The converse proposition 
is easy. 


104 Solution. If 2z satisfies the given equation then 


z—a 
z—b 


& | . The geometric locus of points, 


the distances of which to two given points lie in 
a given ratio, is a circle (in special cases a 


straight line). 
105 a) We have ATT ey , where 
e, = cos “AE 4 sin ohn k=1, 2,...,m—1° Moreover 


This. last relation can be transformed 


into the form xX, =ictg — kr go hg - 28m = 1s 


106 


107 


108 


109 


COMPLEX NUMBERS 267 


R 
b) x, =cig—, ey er ees |, end be 
c) = 
ep,V 2—1 
2kr .... Qkr = = 
where Eg = cos—- +-i sin —— Se Og. he eg ee Se de 


Solution. Set A = cos@+ i sing. Then Pte 2230 
9 + 2Qkn _ p+ Qkn ie 

where Ny = cos 5 — +- isin“ k=0, l,..., m—1. 
% —1 Ne— "es git ae 
i(te+ 1) i( n+ 1%") 2m 

Solution. Proceeding as suggested in the Hints 

we obtain 

S+ Ti=p(l+ dx)", S—Ti=p(1+dx)*, 
where A=cosa-isina, »=cose-+J/sing. Thus 


25 =p. (1 +-dx)"+ p (1 Ax)". 


The equation now takes the form 
p(1—-Ax)*-+p(1 + Ax)y*=0 ; 


sin 22 +1) =— 29 


| 2n : 2s 
*2 =~ — Qk +1) x — 29 — Ona? k=0O, l, 2 eee Teal 
Cree gee a 
Solution. Set a%=1; §®=-1 . Then 


(ap)"" = (a)? (8)? = 1 

solution. Let ¢ be a common zero of the 
polynomials x*@—1, «°—1 ; let s be the exponent 
to which e belongs. Then s is a common divisor 
of a, b. Thus s must be 1, and e€ = 1. The 


converse is obvious. 
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110 


lil 


112 


113 
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Solution. Let a, » B, be the a-th and b-th roots 
of 1; k=0,1, 2,°+-,a - 1; s =0, 1, 2,°*:,b- 1. 
The result of problem 108 shows that it will be 
sufficient to establish the fact that all the 


products a,8, are distinct. Suppose on the 


a B, 
contrary that a8, =a,.8, . Then a Be sas 
i.e. a, = B,- Now use problem 109 and conclude 


that @, = By = 1, i.e. k, = Kg; 8, =Sp. 


Solution. Let @, § be primitive a-th and b-th 
roots of 1. Set (@B)’=1 . Then a¥—1; p%—1. 
This shows that bs is divisible by a, and as is 
divisible by b. Therefore s is divisible by ab. 

Let \ be a primitive ab-th root of 1. Then 
h==a'gS by problem 110. Suppose the exponent to 
which ol belongs is a, <a. Then 


AM? z— (ay (gs) __ 1 , a contradiction. In the same 


way it can be shown that 8 is a primitive b-th 


root of l. 
Follows immediately from problem 1ll. 


As suggested in the Hints, count all numbers not 
exceeding p* that are multiples of p. These are 
l-p, 2-p, 3-+p,..., p*+p . The number of these 
is clearly p*-! . Thus 9 (pt) = pt — prot = pr(1 —). 
From problem 112, 


#(n) = (Pi) 9 (PB) -»- ¢ (ppt) = a(1 —5-)(1 =)... (1-4). 


ee oe 


ene 


114 


115 
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Solution. If e¢ is a primitive n-th root of l, 
then the conjugate complex number € is alsoa 
primitive n-th root of 1. Furthermore, since 


n>2, e##1. 


X (x) = Ph PP ws fx 1. 


116 Xm (xX) = x-0) PN A (2) ph gp 


117 


118 


The way to carry out the suggestion in the Hints is 
to base the arguments on problem 111. 

bee Gy, A, ++, Sin) be the primitive n-th roots 
of 1. Then —a,, —4, ..., —%im are primitive 2n-th 
roots of 1. Thus 

Xn (X) = (Hf ay) (x fay)... (+ tg (ny) = 

= (—1)?™ (— x — a)... (— x — ayy), 

or, by problem 114, Xon(*) = X, (— x). 


Solution. Let the primitive nd-th roots of 1 be 


__ 2krn . 2kr 


prime. By the Euclidean algorithm, we can write 


, that is, let k, n be relatively 


kK =nq+t+r, O<r<n. Thus 


a eee Ce n 
Spo OSs ge Sie aes 


This means that e€, is one of the n-th roots of 
ny = cos® 4 j sin © » where |, is a primitive 
n-th root of 1; indeed every common factor of r, 
n is a common factor of Ky ie, 


2 : 
To establish the converse, let n, = cos" + i sin £2 


be a primitive n-th root of 1, so that r, n are 


relatively prime. 
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2qr +o gn 4 2% 
The numbers ¢, == cos ——_—— -++ i sin ——__—— r; = 
cos AED 4 sin = EM) » g=0, 1, 2,..., d—1 


are primitive nd-th roots of 1. For if the numbers 
r+ mq, nd had a common prime divisor p, then 


p|n, plr, a contradiction. 


Solution. Let G1, &Q, «++. Eg(n’) eyes primitive 
y(n 


n'-th roots of 1. Then Xu (x)= WT" — 9). 


If we now factor xn" — sé, : 


1) 


x ~ & = (x - e, ye - eg ade Cx - & , 


we can write k=o (n') 


xi(e"")= TE 0. 


= 


The result of problem 118 shows that every factor 
x—e,,, is a divisor of X,(x) and conversely. 
Thus the degrees of X (x), Xx") are equal, for 
9 (2) = n"e (0’), 

Solution. The sum of all the n-th roots of 1 is 
zero. But every n-th root of 1 belongs to an 
exponent d that divides n, and conversely. Thus 


> p- (a) = 0. 
djn 


Solution. If e, = cos 5 44 si n 22% belongs to the 


exponent n,, the factor x - e, is a divisor of the 
binomials «4—1 for which d|n,,and not for those 


for which d4n,. Moreover if d runs through all 


123 


124 
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divisors of n divisible by n,, then n/d runs through 
all divisors of n/n,. Therefore x - €, appears with 


exponent Fie ay) in the right member. This 
sum has the value 0 if n/n, #1; it has the value 


1ifn=n,. 


Solution. If n=p* for p prime, then X (1) = p. 
If n=pppy...p,* , for py, Po,**',p, distinct 
primes, then by problem 119, X,(1)=Xn'(1) where 
1! = Pippy +++ Dp. 

Now set n = pypp +--+ pp; k 22; ny = n/p, . 
Note that one can write down all the divisors of 
n by multiplying the distinct divisors of n, and 


their products by P, - Therefore 


Xe) = II G1). ia )ics IIe? —p° a) ie 1) (an,) 
jn din, ding 


== [Xn (x)]71 + Xn, (x74). 


Thus X Cx) = l, 


Solution. 1) If n is odd and greater than 1, 
problem 117 shows that X,(—1l1)=4,,(1I)=1. 


k xt — ] se 
2 5 then, .X,.== i =x?+]1. 
xe] 


But X,(-1) = 0 if k = 1; X,(-1) = 2 if k >1. 


2) If n 


3) Let n, >1 be odd; n = 2n,. By problem 117, 
K.Crt) = x, ) and therefore X_(-1) will have the 
re, 
value p if n, =p (p prime), or will have the 


a 
value lifn, Ap. 
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4) Let n= 2*n, > kK > 1; Nn, == pe ps... pss ; 
where p,, Po,°*',P, are distinct odd primes. By 
problem 119, Xn (*) = Koyo, ... pH) » where 
as ee . Thus it follows that 


xX (-1) = X,(@1) = 1. 


125 Solution. Let ¢, &, ..., em) be the primitive 
n-th roots of 1. Then: 
[pv (n)]?—(e7 + 2+... 4 22 
§ = &)& + €,&43 + owe + Ep (n)—1 e Ey (n) = ee a) 
1) If n is odd, then e? is a primitive n-th 
root of 1, and ef = ef only for i= j. Therefore 


GH3+ +2 y=p) » sHKOF—e 


2) Let n, be odd, n = 2n,. By problem 111, 
€, is a primitive n,-th root of 1 and therefore by 


the paragraph above, e? +62 60% 4-8 (ny = p (2,) =— » (7). 
Thus, s =O +e 


3) Let n, be odd, k >1, n = 2"n,. Then ¢ 

belongs to the exponent n/2. By problem 118 it 

follows that 6, &, ..+, & m) are the square roots of 

Ny» Nov -++s Non and Ne Noses Non are 
es)’ *(z) 


primitive n/2-th roots of 1. Therefore, 


ertest -. Hee On) es (rer T7,(#)) = 2p (3); a aa (5). 
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n—t yta—l n-l 
126 Solution. So > e— Sc? = > g(y +s)? for 
x= x=y s=0 


any integer jy; 


n-1l ee | n-] n—-1 
Ss’ = > e—y?. S'S= > e-"S — (<-» : > ely +s)? _ 
: y=0 y=0 s= 


y=0 0 
n-—l n—-1 n—1 n—-1 n—l n—-1 
— > Dd emte— J G > ot) nt es De) =a 
y=0 s<0 s=0 y=0 $=] y=0 


for n odd; 


$8’ nn) — alt +17] 


n-1 
for n even. (Since )) -7—0Q for nf2s.) 


eee 3 
Thus, |S|=Vn , if n is odd; 


isj=V alt +cnr, 


if n is even. 
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CHAPTER II - SOLUTIONS 
COMPUTATION OF DETERMINANTS 


a) 5; b) 5; c) 1; d) ab—c?—ad?; e) a?+ §2?— 1? 8; 


f) sin(a—8); g) cos(a-+-8); h) sec?a; i) —2; j) 0; k) (6 —c)(d —a); 


Feil 


1) 4ab; m) —1; n) —1; 0) iY’. 


a) 1; b) 2; c) 2a%(a+ x); d) 1; e) —2; f) —2—YV2: 


g) —3iV3; h) —3. 


The number of transpositions is odd. 


a) 10; b) 18; c) 36. 


a) i = 8; k-=-3; Db) 4. = 35, Se. 
C3 

Ce 14 

a) AD, py ae rd. 


a) aGre) - b) i. 

This is easily proved by considering a pair of 
elements. Without loss of generality consider 
the first two a,, ag. If these are in their 
natural order then the permutation in the inverse 
direction keeps the number 1, 2 in their natural 


order. Similarly for the pair of numbers a,, ay. 


ee Vit mh Bg 


a Nye 


137 


138 
139 
140 


141 


142 


143 


144 
146 


147 


148 


149 
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On the other hand, if the numbers a,, a, are 
not in their natural order then the permutation 
going in the opposite direction involves an 
inversion to reach the order 1, 2. Similarly for 


the numbers a,, ay 


The word algorithm can be obtained from the word 
logarithm by an even number (4) of transpositions. 
Hence the permutations are of the same character. 


Both permutations are odd. 


ay) + ; b) +. 
a) no; b) yes. 


an ees k = 4. 
11493439044, @yQQq3%34A4) 9 Ay 4Qq303)A4o- 


G3, A309 Ass 


Qs; Aso Ass 


+ : 


(-1)", e=c3 
Ze SL 


n(n—1) 


a) ni; b)(—1) 2 ; chal 
n (n+) n (n+l) 


ed aed 


a) (—1) 2 (nty"*', b) (—1) 2 (nytt 


Solution. Write each row as a column. On the one 
hand, the value of the determinant is unchanged; 


on the other hand, it is replaced by its complex 


conjugate. 
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150 


151 
152 


153 


154 


156 


158 


159 


160 
161 
162 
163 
164 


COMPUTATION OF DETERMINANTS [CHAP. II 


Solution. Write each row as a column. On the 
one hand, the value of the determinant is unchanged; 
on the other hand, it is multiplied by -l. 


(—1)"-1A, 
n(n—1) 


ee 


Multiply by (—1) ? 


QO, since the number of even permutations on n 


symbols is the same as the number of odd 


permutations. 
a) XxX, =a; X= A; oe es X y—y Snes 
0. 
a b 
(mq - np) det 
Cc d 


— 
| 


Cee) pe ere 


n(a—-}) 


b) (1)? aay... a,(F--++. +=) 
3a-b+2c+d. 165 48. 
4t -x-y-da. 166 1. 
ea ee eee 167 160. 
1,487 ,600. 168 12. 
-29 ,400 ,000. 169 900. 
170 394. 


171 665. 


172 
174 


177 
180 
182 


185 


187 
188 
190 


192 
194 


195 
196 
198 


199 


201 


203 
204 


205 
206 
207 
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a? + 62+. ¢2—2(be + ca+ab). 173 —2(x3-+ y%), 

(x 1) (x? — x +1)%. 175 «222. 176 —3 (x? — 1) (x? — 4). 
sin (c—a) sin(c—6d) sin(a—b). 178 (af —be-+-cd)*. 179 nl 
b,b,...5,. 181 (x —x,)(x— x,)...(*%* — x,). 

(n—1)!} 188 —2(r—2)! 184 1. 


na"-! na"-\ 


5 (2a (n— 1h. 186 “5 [20+ (n— 1) A). 
n(n+)) 
(—1) ? [a@—a,-+4,— ... +(—1)"4,]. 

n n—-1 nx" xt —] 
Qyx + a,x + sae +a,. 189 x—1l (@—I' 
(n+ 1)!x". 191 (x —a,)(x—a,)...(x—a,). 

[x (n—1)a](x—ay-t, 193 SEM Ena 


(—1)" (a+ laa... a,. 


1 ] 
ajay... a,(1 eg ge sates +2). 
h(x+h)’, 197 (—1)"-!(n— 1) x*-2, 
| = l ] 
(—1)" 2-Yaya, ...,(5-+- 5+ +7). 
a(n-l) : n 
(—1) ? eer. 200 ot) bie : 


n 


[Da — ex, ,). 202 (—1)"-!2"-2(n + 1). 


k=1 
(—1)" (495) + 4,0, +- eke + @,5,) bb, oe Dnt: 
a(a-+ b)(a+- 2b)... [a+(n+ 1) 9]. 


x +t(—1y* ty’. 
0, if n >2. 
0, if n >2. 


| 
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208 For n = 2, we use the hints as follows: 


ape ic % poe a, +x, 0 
a,+-%, 1+-a,+ x2| — l 0 a, + x, aaa 
ajtx, a,+- 

= Z a 2 : ae és = TG Gt) — 4) (4 — 4). 


In the general case, the n-th order 
determinant can be written as the sum of 2” 
determinants; one of these has the value 1; n 
have the values a, + X,, a, + Xo,16', 8, + X;5 
n(n-1)/2 have the respective values 

cay = a.) (x, = X,); 1, Sk. 

The remaining terms have the value O. Thus 


the result is 
n 
b+ 2 e+ 2 Gi — a9) (%4 — ¥)). 
= L 
which can be written in the form 


(l+4,-+ 4-+ --- + 4,)(1 4%, + X2-4-.-- + %X,)— 
— 1 (A,X) 4 Ag X_ + oe + @,X,). 


209 O, if p>2. 


n+1 , x11 


aoe oa ie aye 


212 Solution. It is clear that dy = x,(1-++2 +2). 
x Xo 
Suppose 


a a = 
Bi a eet Xqy (1+ She Jo. fat), 


213 


214 


215 


216 


217 
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Then 
A, = XX eee 


+ A,X Xo 206 Xp = XX... 


AyXXq 00+ X_t- AY Xq «-. 


n!(agx" +-a,x"-!+ ... +a,). 


QQ, eee Q-1 — &Q eee 


Solution. Expand by minors of the first column: 


x, (1S eee 
x, (1+ St + fe 


Ky Tt AM VoX3 -- 


27 


Qn—|\ 
Xn-1 


-X_pt... + 


+ Aa Vo a ne Vas 


Oy gt... + (HI ay + (-1)"*". 


a3 — 3 
A, = (a+ 8)A,_,— aBA,_». We check eae 
— AQ—1]_ an—l 
A, = “—s , and suppose A, ,.=- = 
gf — gn 
A,-1 att . Then 
_ af — gn gil ga—1 ght __ gn+l 
= OD gag ge 
Second Solution. 
Write A, as d,+6, , where 
a aB 0 . 0 0 
a a ehee 0 
d, = det se P 
0 | a 6 . 0 0 , 
0 0 0 - | a-+® 
B 0 0 ... 0 0 
1 a+B8 aB . O 0 


6, =det/O 1 atB... 


9 


). 
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We treat these matrices as follows. Factor 
@ from the first row of the first matrix; subtract 
the first row from the second. We obtain the 
result qd. = ad._,- From the obvious relation 
d, = a”, we see that d, = a" (this is really 
established by induction). 

Now we expand the second determinant by 
minors of the elements of the first row and obtain 


the relation 


5, = BA, -1- | 
We now notice that A,=a"+BA_, . Next we check 
the relation =F , and use the inductive 
hypothesis 41 = . It follows easily that 
eee at pm — gltt1__ pati 
Be St geepy  —geepe 
218 n+l. 
219 sin(n + 1)0/sin 89. 
220 cos nég. 
- = 2 7 
221. x Cr DSP aa Co x. Siegen JCt. problem 53. 


222 Xin Il (% 419 — 4941): 


1 1 1 
223 aay... @g(1-+-+4-+ ice +<-). 


n(n— 1) 1 


224 (—1) 2 aa, ...@,(1+5-+7-+ ... +2). 


225 x(a,—x)... (4,—*)(2+5>5+ nae +z). 


an —x 
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226 (x%,;— @,)(%.— ay)... (x,—a,)(1 eae coe 


Qn 


+e a) 


n n 
a;b 
i=l 


i) 
nh 
iS =) 
& 

| 
ss 

| 

| 
. 
s 

S 

| 
& 
$e 
s 

| 
M- 
£8 


230 (a*— b’)". 231. a(a-+6)... [a+ n—1)6(5+525 
1 
Se os +o yr): 


n f 2 
° a 
232 x"-! [] («— 2a, (4 Y=). 
i=l i=1 , 


n a a. 
233  x"-! [[@-— 2a;) +) ote | . 
i=] i=l 


234 1 —b, +.b,b,—dybobg-+ ... + (—1)"b,b, ... by. 
235 (—1)"-1(0, aoa, «2» Gy +O boa, «2. A, oe +.0,0g ... 0, 1A,) 
236 (—1)"-!x*-2. 2387 (—1)" [(« — 1)* — x”. 


n 
238 a x«*[[(o,—a,). 240 1. 241 1. 242 1. 
i=] 


m+n m+n-—-1l Mene—k+1 
Cie.” ae Cael 
243 
k+nakt+n-1l,., n+1 
ae eel Chel 
m (m+1) 


244 (—1) ? 
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245 (x -1)° 
246 (n - 1)! (mn - 2)! +--+ 1! (x - 1)°.~ 


n 


247 2 aS 


248 The hints lead to 


A,=(* —2)A,_, + 2(* — y)*7}, 
A,=(*— y) A, + y(%— 2)", 
Thus by elimination: 


A = z(x— y)*"—y(x«—2)" 
a ge oe 


n(n+}) 
———— ab (o6®-1— gt!) 
249: Cal). = 
250 AE) » where f= [[@—»). 
k=1 
251 A) , where f(x)= [J] (¢,—~). 
k=1 


252  (%1—B)*-? [ka +(n —2))8 —(n — 1) ad]. 


n(n—1) yn-1 
253 (—1) 2 seer). 


n(n—-1) 


———— 


254 (—1l) 2 (nny! [a+ A" |. 


255 (l—x")?"'. 


256 If we add the last three columns to the first we 
note that the determinant is a rational function 
of a that has the quantity a+tb+t+cetd 
as a factor. 

We can show that the value of the determinant 
is divisible by a+b-c-d as follows: To 


the first column add the second and subtract the 


re i ne eee ee aii . 
eel 


eS Eco aa 


eee 


ange tt alee © 
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260 
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263 
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third and fourth. By a variation of this method, 
we see that the value of the determinant is also 
divisible by a-b+ce-d,a-b-c#+#d. Thus 
the determinant has the form 
Ma+b+ctd)(a+b-c-d)(a -b+c - d) 

(a - b -c +d). Since the determinant is clearly 
a fourth-degree polynomial in a , \ must bea 
constant. The coefficient of a is 1; therefore 
N= 1. 

(a+ b+c+d+e+f+g+h)(a+b+c+d—e—f—g—h) 
x @4+b—c—d+e+f—g—h)(a+b—c—d—e—f + g+h) 


X (@—b-+¢—d+e—f4+g—h)(a—b+c—d—e+ f—g+h) 
x (a—b—e+d+e—f—g+h)(a—b—c-+d—e+ f+g—nh). 


(X44, + Q)-+- ... + a,)(* — a1) (% — ag)... (% —a,). 

aiee* e+ Pp 

a ‘ i k ; k i 

2 I] sin —3—— ll sin aaa 
l<cick<cn l\<cick<a 


n(n—-1) —_ 
yy 2 | COs mL ; i sin “ue f 
n>i>k>1 n>i>k>l 


II (a; — ay). 


nt+l>k>i2>1 


(21) "I! Olesen! 


eo | 


__jyr-l foo er ee 
co'TTa Th en (Saas): 


i=l n>ir>rke 


where f(x) = (% —a,)(* — dy)... (% — 4). 
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265 II (x; — Xp). 


n>isk>l 

n(n—1) 

——— P+#+F x, £5 

2 wht VRE i k 
266 2 I cos 5 [| sin 5 ; 
n>i>k>1 n>id>k>l 

267 I] («,—~,. 

n>i>k>l 


n(n—1) 


268 2 2 ayy... 1 YT] sin Ti Pe yg 


noi>rk>l 
Pp ?; 
>.< | I sin a ° 


n>i>RrRel 
1 
on va eat, Le *0. 
n 
x 
271 1131 5!...(2n—1)! 272 ifs IL @— +». 
i=l n>ir>k>l 
273 Il (©,4,—<4,5). 274 I] sing, —a,). 
n+l >rR>iol lgicke<en 


lgick<ntl 


o76 2" TY sin SE Me 
n-l>i>k>0 2 n-l>i>k>O 
277 2" (+1) sina, sina, .. 


. sing, I sin ees II sin —! 5 nh 


n>i>k>o n>i>r>0 
278 [x,x.-.. X,—(%,—1)...(%,-1I) YE j@,—~,). 
a>i>k>eil 


1 1 1 
279 X,X ... x,(=+>+ oe +5,), TT +0. 


280 (x, txt... +x,) [DP  («,—-,). 


n>i>k>l 


NN ee ee 


281 


282 


283 


284 


285 


286 


287 


288 
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Crs II (x; — X,) , where oe denotes the 
n>i>k>1 


sum of all possible products of x,, Kot ty X,, 


taken p at a time. 


[2x xX. ..-. X_p@—(%,— 1) (Xp — 1)... (4%, — DIX 
|| ce 


n>i>k>1 


x2 (x? — 1). 


axty (x — yl? 


n(n—1) 


11 2131...@@— Dlx 2 (y—x)*, 


k (k—1) 


112131...(2—D!x 2? (y,—x)¥(y,—x)*... 


k 
eee ‘aay —X ——= ° 
Onne—  Or— 


(y a x) (a—k) 
b) 9; c) 5; e) 128; f) (aa, — b,b,) (e,c, — d,d,); 
&) (X53 — Xp)? (%3 — X 1)? (X_ — 2%); 
h) (A? — a?) (a — B)?"! [a + (2 — 1) 8); 
K) (<4 — %3) [(%3 — Xp) (X%4— xq) — 2 (%3 — X,)(%4— x))]; 
m) 27 (a -+-2)3 (a — 1)§ [3 (a + 2)? — 4x2] [3 (2a — 1)? — 4x%?]?, 


Note: This problem is a special case of 537. 
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ca 2 8 17 
a) = ae b) {11 —6 5]; 
: 3 8 —3 

7 5 —33 

—1 5 —33 

(or a 

4-4 03 


290 a) 24; b) 18; 


c) (at b+eo+dl(atb-—-c-d)(a -bete - d) 
(a -b-certd). 


291 a) 16; »b) 280; c) (a® + b® + c® + d”)#. 


292 D (x;— Xp): 
a>id>k>oil 
293 a) Ci Cp +s: Ch IL (,—4,)@,— 9). 
n>i>k>O0 
bd) = JT = —4,) 6, —8,). 
a>i>k>l 


294 0, if n 22. 


295 I (x — x;) II (x;— x,)*. 


n>i>k>Il 
296 —(a®+%4 c?+-d?+ 2+ m?+ n+ pr. 
297 4 sin’ o. 


298 § 4sintg. 


Sn ag a as 
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299 Let the value of the determinant be An By 
squaring the matrix involved, we see that 
det A= rca On the other hand, 
A= Il (c*—e* 
n-1>k>s>0 
Set é, = cos —-+ J sin = . Then e=¢? ; 


— RS) Rk R- - ae 
i= [| (e ‘y= [Je [Te $— er hts) — 
n-Il>kR>s>0 
n(n—1) 


—— kts, gj 2 facade Ea In fact 
[[& ' [[ 2s oe 


sin “9S 9, for all k, s. Thus 


2? —||—|[ [2 sin 222 |= TY 2 sin E8, 


and 
A n(na-)) n n(n-l) n(n—-ly 
Aue 2 Il ettS—n?i 2 @ 2 = 
n-Il>k>s>0 
n n(n—1l) 4 n _ (a—1) (n—2) 
as oy OF 
n-l 
9 = 3 
300 | / (Q)+4,e, a ~2+...ta,_,e% ‘) , where 
k=0 
2kr Qkhr 


€,==cos —— isin—  , 
n ft 


301 = x4#—y*# +24 a4 4 x y?2+ 4x20? —4x2 yu —4yz*u—2x22?+2 yru?, 


303 2" *, if n is odd; 0, if n is even. 


n (n+ 1) a? — 1]? — n"a" (n+1) 
208, Re aye 
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n—l 
305 ee ee ee ee , where 


&,= me = AE Lisi n=, 
| t n__y 
306 9 (f) 9, (Z) ... -" where 9,(t)= aout Maen) = 
&, = COs eke + é sin sce 


By problem 102, the result can be written 


n—-l 


If @’—e,— "1. 
k=] 
307 (—2)*-'(n— 2p) , if (n,p) = 1; O, if (n,p) 41. 
308 2-2 (cos = — 1). 
2 cint—2 10 2(2+2)8 on nd 
309 20—< sin D sin ae aes sin 5 |. 


310 (—1)"Q2"-2 sint-? 7 | cos” (a 4-3) —cos” (a a + Oo), 


gir (— nyt SED EE pn-2 (n+ 2)" — a", 


n-1 
313 [If (a, +4,2,+ 45e3-+ «+» +4,8%7') 
k=0 


where €&,==CcOosS 


(2k+1)% (2k+1)x 
a SI 


n 
315 Uh (+ 9, +a,p?+ ... + 4,p%-"), 


where p., f~2,°'*,P, are n-th roots of yu. 


Oe 
ewe wee 
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318 As for 223: If we add 1 to each element of the 


matrix Be: 0: can 
0 a, 0 
0 O a 


we obtain the matrix of 223. 
n 


n 
Thus A=a,a,...a,+ 2) Dd Ai’ 
k=1i=1 


As for 250: the determinant A_ satisfies: 


A = (a, — x)(@,— x)... (@, — x) + x2 Aji 
A=(a,— y)(@,— y)... (a,—y)+y DA, 


where iA, is the sum of the algebraic 
cofactors of all the elements of A. Using these 


equations the value of A is easily determined. 


323 IL (a, — ,) II C= 


1<i<k<an l<i<k<n f (a, 
a 


j where f(x) = (x + bi) +++ (x + b,). 


3250 Ie + Ve? = 40d)" *!— [eV — 408)" #9 
3 2n+1 V2 — dab 


| 326 Ue a aL 
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327 


328 
329 


330 


331 


332 


333 


334 
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x" t+ a,x"-!-+ax'-*+ ... +a, , where a, is the 
sum of all the K-th order minors of the matrix 
QQ Qin 
Aq, Ago Gon | 
Qn] an2 aan 


that are contained in the n - k rows with indices 


A), A, - ee, App , and columns with the same indices. 
(n+ 1)°-), 

(x — ntl, 

(x? — 17)(x2— 32) ... [x? —(Qm — 1) » if n = 2m; 


x (%? — 2) (x? — 47)... (x? —4m2) =, «if n = 2m + 1. 


(x + na—n)[x+(n—2)a—n+1])X 
X [++ (a — 4)a—n-+ 2]... (x—na). 


n(n—-1) 


——————a 


(—1) ? [(a—1)!". 


fl!2!...(@a7— 1)! | 
ni(n+1)!... Qa —D! 


A (a), Qo, eee an) A (5,, bo, eee bn) 


, Where A is the 
A (1, 2,..., 2) 


Vandermonde determinant. 


335 
337 
339 
340 
341 

342 
343 
345 
346 
348 
349 
350 
351 

352 


353 


354 


355 


CHAPTER III - SOLUTIONS 
SYSTEMS OF LINEAR EQUATIONS 


XHj= 3; Xp xXg3=— 1. 896 x,=—1; x= 2; x, = —2. 
XH, = 2; Xg==—2, ¥3=3. 338 x, = 3; x, = 4; x, =5. 
Myo. ae 0 x, 

X= 1, X= 2; xX,=—1; x, ——2. 

Xp — 2; Mg 2) Xg==—3, xy == 3. 

X,=1, X= 2; xX,=1; x,=—I1. 

Xj 2 Ky Xg = X= 0. 344 x = x)= x, = x, = 0. 
X,=1; *,=—1l; *,=0; x,=—2. 

Ny Xp X3Z = X~ SH Xe=— 0. 847 x, = xX, = xX = x,=—0. 
= 1, %=—1, *,=1; 4,=—1; x, =1. 

My = Ny = X= X= XK — 0. 

x,= 1; X= —1; X,—= 1; X4==—1; X,—= 1. 

X,=0; %)=2; x3,=—2; x,=0; x5=—3. 

Xy== 2; X)=0; x3,—=—2; x,=——2; ce 1, 


Since the system has a non-trivial solution, the 
determinant of the matrix of coefficients must 
be zero. 

The determinant of the matrix of coefficients is 


~(a2 + b® + c@ + da”)@. 


a Sa, —a;[(n— 1)a+8] 
eT eee 
*i= (a — 8) [@— Da +8] 
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| = f (8) f (ep=(x% — 9) (% —- by) ae (x—D,). 
BOG = GN? WRETE g(x) = (x — 8) (X — hy) «(By 
357 = __/0 _ where Ff (x) = (x%—4,) (4 —O) . 2. (4% —0,). 


(¢ — aj) f° (aj) ’ 


n 
yy (Da; 


 ¥? (aj) Part 


i=] 


358 Gs = 


s where f (x)=(x—am)}...(«—-%,); 


I > Ay, At, ..- OT 43 


where the sum is taken over all subsets 


Liles ceskeleee Of dhs Bgise ga = Ay. 3-H: beeen: 
Lh ely aj 
359 = Yo) 4 Fe) Pins where f(x)=(x—a,)(x—a,)...(x—4a,)} 
a 3, s= > %, Ats-- OL 


where the sum is taken over 


all subsets f¢,, ty,...,¢,-; Of 1,2,+*+,s - 1, 


Std. do hs 


360 x,= Cee ,where x”-+-a,x"-!1+ ...+ a, 
== (x — 1)(* — 2)... (x — an). 


361 Cc, ° Cc 


365 a) Either unchanged or increased by unity. 


b) Either unchanged or increased by one or two 


units. 
366 2 370 os 
367 ous 371 3% 
368 2 372 4. 
369 2. 373 os 


374 
375 
376 


383 
384 
385 
386 
387 
388 


389 , 
390 


391 
392 
393 
394 
395 
396 
397 
398 
399 
400 
401 
402 


403 


404 


405 


SYSTEMS OF LINEAR EQUATIONS 293 


2. 377 6 
3. 378 ) 
o. 379 3. 

380 4 


The forms are independent. 

2¥, —Y2— yg = 0. 

V+ 3y¥. — Y3== 0; 2¥, — Yo— Yg = 0. 
The forms are independent. 

Y1 + Yo — Vg — Yq = O. 

Y1— Yo + Y3 = 0; oy, — 4y, + y, = 0. 


The forms are independent. 


Yi + V2 — ¥3 — Wy = 0. 

29; — Y2— ¥3 = 0. 

31 — Yo — 3 =0; Y,—Y.— yy, =. 
The forms are independent. 

Y1 — Yo-— ¥3 — Vg = O- 

39, — 2¥9 — Yat ¥4=0; Yy— Yet 293 — Vg = 0. 
A= 10; 3y, + 2yq — 5y3 — yy = 0. 
X3= 2X_— Xy, X= 1. 

XK = 9. 

No solution. 

X, = 1; X= 2; ¥, = —2. 

X,=1; *,=2; x*3=—1. 


llx x 
x) =— i: > x : e 
No solution. 


Ky 0}, Ne: x3= 2; x=. 
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406 xy=— 8 xy=38+x45 x,=6+2x,. 
407 X,= 2; *# =X, = X= 1. 


409 x,— 3X3 = - = 19x, aoe 
4 _7 : o : Xs 
10 ME 5 ee Xo = & X51 X33 “= 3° 


All x, =—160+%3;+4 %4-+5x;; x, = 23 — 2x3 — 2x, — 6x;. 


—4 7 —4 on 
412 xy = EE Xo = Het Os X= a 


1+3 3X4 — 5X 
414 xp tbs, gy Pb 
415 x= Pts; 13m — 3m + Se 


416, 
A1T No solution. 
Xs , Xs. ‘ 
418 =>) %2=—l—>; X, = 0; 4S —3. 
__ 1+5x%, , 1—7x 1+ 5x 
419 : Caan eee 2=—_ 3=—_s 
420 No solution. 
-_ 62 +. ¢2 — q? ; _ a? +. c2 — 6? : __ a? +. 62 — ¢2 
$2) Sea, Jo) = 


422 If Q—1)O+240, «=— PF, ye ee 


_ G+)? 
es ae 


If } = 1, the solution of the system depends on 
two independent parameters. 


If \} = -2, there is no solution. 


423 


424 


4295 
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If (—1)Q+3)<0, then cata, 
—_ Mth—1, ,_ +l, ,_ +S +A+I 
rr Ss Cs os 


If } = 1, the solution depends on three independent 


parameters. 


If \} = -3, there is no solution. 
If a, b, c are all distinct, 
x = abc; y = -Cab + ac+ be); z=artbete. 


If exactly two of a, b, c are equal the solution 


depends on one parameter. 


If a = b= c, the solution set is expressed linearly 


in terms of two independent parameters. 


If a, b, c are all distinct, then 


po MEDC). yp EOE), 4 IGS DO a) 
— (b—aj(e—ay? “ (a—by(e—b)? “~~ (a—c) (b—c) * 


Ifa=b; a#c; d=aorde=c, the solution 
set is a one-parameter set. 


If b =c; a#b; d =a or d=b, the solution set 


is a one-parameter set. 


If a=c; a#b; d =a or d=b, the solution set 


is one-parameter set. 


If a=b-2=ce= d, the solution set is a two- 


parameter set. 


In all remaining cases, the system has no 


solution. 


296 


426 


427 


428 


429 
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If b€a - 1) # 0, then 


2-1 1, tab — 46-41 
heats 6°" ea) 


If a=1; b = 1/2, the solution set is a one- 
parameter set. 


In any other case, there is no solution. 


If b(a - 1)(a + 2) £0, then x—z———%—9 


(@—l@+2)' 


ab+-b—2 
y= G(a—N@td * 


If a = -2; b = -2, the solution depends on one 


parameter. 


If az=41; b=1, the solution depends on two 


parameters. 
No solution in the remaining cases. 


ma+m—n—p., 


na--n—-m—p , 


= pa-+p—m—n 
+= @F2)(@—1) ? 


7="@FDG—1* 


If w= -2 and m+n+ p = 0, the solution depends 


on one parameter. 
If @=1andm=ne=p, the solution depends on 
two parameters. 


No solution in the remaining cases. 


If a(a - b) # O, then 


__ @(6—1), . b(a—1), , _ a—I 
— b—a >» YG (a—b)’? *~ a(b—a)' 


If a =b=1, the solution depends on two 


parameters. 


No solution in the remaining cases. 


Iil 


430 


431 


432 


433 


434 


435 
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A= }*(X - 1). For } = 0; } = 1 the system is 


inconsistent (has no solution). 


A= -2h. If } 40, then x=1-),y=hi,22=0. 
If } = 0, then x = 1, z= 0, and y is arbitrary. 


A= (k - 1)*(k + 1). If k = 1, the solution set 
is a one-parameter set. If k = -1, the system is 


inconsistent. 


A= a(b - 1)(b + 1). | 
If a = 0, b = 5; then y = -1/3, z = 4/3, with 
x arbitrary. 


If a 


0, b #1, b #5, the system is inconsistent. 
If b =1, then z= 0, y = 1 - ax, x arbitrary. 


If b -l1, the system is inconsistent. 


a) A= -m(m + 2). Form = 0, m = ~-2 the system 


is inconsistent. 


b) A= mm? - 1). If m= 0 orm =l1 the system 
is inconsistent. If m = -1l the solution set 
is a one parameter set. 

c) A= MX -1)0X +1). If } = 1 or = -1 the 
system is inconsistent. If }\ = O the solution 


set is a one parameter set. 


a) A= 3(c + 1)(c - 1)%. If c = -1, the system 
is inconsistent. If c = 1, the solution set 
is a two-parameter set. 

b) A= OX - 1)0X - 200, - 3). If X= 2 or V= 3, 
the system is inconsistent. If } =1, the 


solution set is a one parameter set. 
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436 


437 


438 


439 


440 
441 
442 
443 
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c) A=d(d - 1)(d + 2). If d = 1 or d = -2, the 


system is inconsistent. If d = O the solution 
set is a one parameter set. 
d) A= (a - 1)#€a + 1). 


If a = -l1, the system is 


inconsistent. If a= 1, the solution set is a 


two parameter set. 


x y | 
det |*, yy, 1/=0. 
Xq Yy | 
If and only if 
x, y | 
det Xo yy 1L|=0. 
%3 ys | 
a fb & 
det |a, by ¢,|=9. 
a, b, Cy 


Only if 
xS+ YX Yo 
sr ON 
xi+y, % YW 
x3+ 93 %3 Ys 
(x—~1"%-+(y—1?=1. 


—_—_— — ph lol 


y2— y= 0. 
y= x8 — 1. 
VK BRE oe Oe I 
2 2 
fee My x xe 2 Xi xX | 0. 
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444 If and only if | 


4M % 17 

x z 1 | 
det 7 ¥2 4 = 0. 

x3 Y3 23 1 

Xe M4 2, 1 


445 x2 + y? + 2% -x-y-ze=0. 


446 If and only if the rank of the matrix 


x yy | | 
Xo Y, | | 
Xn Yn ] | 


is less than three. 


447 If and only if the rank of the matrix 7 | 


a b fy 
Q@, by b | 

. e 
a, 6, C¢, 


is less than three. 


448 In the same plane, if and only if the rank of the 


matrix 


4 MW % | 
Xo Yq 2 | 


Xn Mn 2, | 


is less than four; on a single line if and only 


if the rank of the same matrix is less than three. 
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449 All the planes pass through a single point, if 
the rank of the matrix 
A, B, C, D, 
A, B, C, Dy, 
A, B,, C,, D, 
is less than four; through a single line if the 


rank of the same matrix is less than three. 


450 
Gy, yg 20s Any Ay 
det | %1 22 +++ 92,n-1 %n | 9, 
Any ano eae an, n-1 Qan 
453 No. 


454 For example, 


1 —2 1 0 0O 
59 —6 0 0 1 
455 Yes. 
456 Solution. Set 
1) M9 in Mi ye +e Ir 
A= %1 = %2 on |. Ba| 42 Av ho, : 
ayy a9 . ann hy hy : hep 
r r 
> hy 5% 1 oe b2 his%sn 
s=l S=l 
BA —_— ry 6 ry e ry - 
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It is immediately obvious that the rows of 
the matrix BA form solutions of the system. 
Moreover since det B # 0, we have A = B7!(BA). 
This says that the solutions making up the rows 
of the matrix A are linear combinations of the 


solutions that make up the rows of the matrix BA. 


457 Solution. Let 


Oy FQ eee Ay Yu Vi2 o> Tin 
A=| %1 %2 +++ Mon |. Ca] Tar Yor +++ Ton 
Onl ao) Ni: Orn r1 Tr2 ess Tra 


Since C is a set of fundamental solutions, we 


have an=Antut Agta t «++ ALT , etc. Thus 
A = BC, where 
An hie Seetr hi, 
B — ° e e e e ° ‘ 
ha hyo poten Le 
On the other hand A _ is also a set of 
fundamental solutions of system, and therefore 


det B # O. 


459 For example 


Ky = Clg Fly; Xy == —2C, — Weg — Gly; Hy —= Cys Xy—= CQi Ky = Cy 


See the solution to problem 454. 


460 *,= 1le; x,=c; x,=——T7e. 
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461 Ne 408. «, = 49 = %3 = *%,—=0. 
No 409. x, = 3¢,-+ 13¢9; 2 == 19¢, 4+- 20€,3 ¥, = 170); %4 == —17Cp. 
Ne 410, x, = ¢, 4+ 7€93 Xg== — Cy + 5€9; Xz = — C13 Xp 2Cq; HX; —=OCq;. 
Ne- 412. %, ==, + 70; Xg = Cy + 509; ¥3 = —C, — CQ; x4 = —2€); 
Xe = 8p. 
Ne 413. ¥, = 0; x, =0; x,=0; x,—=c¢; x, =, 


462 x,=—16+¢,-+ ¢,+5e,; 


463 No 406. x) =—8; x, =3-++c¢; x,=6+2c; x,—c. 
No 414. 4) == ¢3; X»==2-+-¢,-+-¢,—5e5; X3—= C1; X4== Cy} Xs =—1+3c3. 
No 415, x, == 1--2¢3; x9 = 1 +e, —c¢,+5¢53 x3 == 2¢,3 X4 = 269; 
X53 ] -+ 6¢3. | 


CHAPTER IV - SOLUTIONS 


MATRICES 
6 2 —] 
as | —9 13 
464 . 
a) (| 7 b) ( - ‘)) {6 1 1); 
8 —l1 4 
00 0 1 9 15 
d{0 0 0]; el—5 5. Qg; 
00 0 12 2 32 


atbte a+t+bh+c? 6+ 2ac 
f) |a+ob+c 6%+ 2ac a? + §2+ ¢? |, 


3. a+b--c a+t-b-+c 
465 a) /7 4 15 20 Ae ea 
9 4 31]; Db) i oo y + 7 
3.3 
1 


n\- cosnap — sing 
Mo: ay sinng cosng/- 


Bi I — cos sin 
. =Vi+3-( oF 7s , where 
aw 1 n — sing COS 
n tg 9) = @/n, 
Thus 
a n 


n a2 \> cosne sinng 
a =(1 +7) sinne cosng)- 
eer a | a " ale d 


n 


The limit of the first factor is 1. Also 
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lim np =a lim *- =a . Thus 
n-> co e>0 8% 


l n cosa sing 
lim — ; . 
ase @ —sina cosa 


467 a) (A+ B)?= A?-+ AB+ BA-+ B? — A?-+ 2AB-+ B?; 
b) (A+ B)(A— B) = A?— AB+- BA — B? == A? — B?, 


c) Proof by induction. 


468 = Ey —7 0 0 0 
a) 4 . b) 0 0 0 7 
0 0 O 


—4 


469 
a) (> a ? yy) =O DE bya 
x y 
b) (| ent 
y 0 
o( U 0 
a t—3y—v f¢ 
470 ¢ : ; 3 0 0 
a) 3 b) ( ) 
2 1—2 on 


471 Use direct computation. 


472 First note that there must exist polynomials of 
degree n* that are annihilated by the matrix A. 
For the equation F(A)=aE+a,A+ ... +a,A"=0 


amounts to a system of n®” linear homogeneous 
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equations in m + 1 independent variables 


ag,» Aa,,°°°, a, This system has a non-trivial 

solution for m 2n”. Now let F(x) be an arbitrary | 
polynomial annihilated by A: F(A) = 0. Let f(x) | 
be some polynomial of lowest possible degree that | 
has the same property. Using the Euclidean 

algorithm we find that F(x) = £(x) q(x) + r(x), 

where the degree of r(x) is less than the degree 

of f(x). But since r(A) = F(A) - £(A) q(A) = O, 

the minimal property of f£(x) shows that r cannot 

be a non-trivial polynomial: r(x) = O. Finally 


F(x) = £(x) q(x). 


f is the minimal polynomial of A. 
473 Let 
Qi, Ayo Qin by, b,, 
A — ® ; B ——= e 
Gn) Gyo Qan Dn Di, 


Then the sum of the diagonal elements of the 


n n 
matrix AB is > One finds that the 


a.,0 
rin ki 


sum of the diagonal elements of the matrix BA is 


the same. Therefore, the sum of the diagonal 
elements of the matrix AB - BA must be zero, and 
the equation AB - BA = E is impossible. 

Remark. This result is not valid for matrices 


with elements in a field of nonzero characteristic 


p. In fact for a field of characteristic p, the 
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equation AB - BA = E is satisfied by the following 


two p-th order matrices: 


0 10... 0 000. 0 
001... 0 100. 0 
A= a a 0 
00 0... 1 a ig cae 
000... 0 00 0 p—1 0 


474. (E—A)(E+A+ 4+ ... + AP) E—A HE, 


475 (? ;) . == a’, 
c —@ 


476 If A® = 0, then A? = 0. For if A® = 0, then 
det A = 0. Therefore, see problem 471, 
A= = (a+ dA; 0 =A® = (a + d) A® = (a + G)AA., 
Therefore a + d= 0, A# = 0. 


a b 
AT7 ane Bi ( ; a* = 1 — be. 
c¢ —@ 


478 If A = 0, then X can be arbitrary. If det A #0, 
then X = 0. Finally, if det A = 0, but A #0, 
then the rows of Aare proportional. Let a: 8B 


be the ratio of corresponding elements of the 
— Bx 


first and second rows of A. Then x=( 
| —By ay 


where x, y are arbitrary. 


a b 
479 Set A=( ; 
c h(a 


1) If A #0 but a + d= 0, ad - be = O, there is 


no solution. 


ee 
A 
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2) If atd#0, (a - d)? + 4bc = 0; (a - d), b, c 


are not identically zero, then there are two 


solutions: 
3a+d 2b 
2V 2(a+a) 2c a-+dd 


3) If a+d#0, ad - be = O, there are two 


solutions: 


xXx—+ 1 a b\ 
~ Vatda\e dj’ 


4) If ad - bc # O, (a — d)= + 4bc 4 O, there are 


four solutions: 


—+YVatd+2Vad—be; 


5) If a -dz=be2=ecee= 0, there are infinitely 
many solutions: 


x y 


X=+VaE or x=( 
4. =e 


) , where x, y, Z 


satisfy the relation x* + yz = a. 


480 Hh —2 1 d —b 
a) \_9 1/’ ») Gd — be \\—c a/’ 


1 —3 11 —38 
b. e i 0 { «2? 7 
0 baie “OG 6. a eer 
oe. 0 0 0 { 
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i ioe es | | 1 | 
1 {1 1 —! —1 
e) l —d —3 ’ f) = ’ 
i 6 4 4(i —1 1 —1 
- fk = 1 
2 —1 0 0 
—3 2 0 0 
81 31 19 3 —4)? 
—23 14 —2 3 
2—n 1 l 1 
; l 2—n 1 l 
Da=i| ! 1 2—n 1 
1 1 l 2—n 
l l l 1 
l e—! e~?2 e—atl 
i) = 1 e7? e~4 g-2n+2 |; 
ee ce er 
len l-(n—1) 1-(n—2) 1-1 
i l1-(n—1) 2-(2—1) 2-(21—2) 2-1 
D apili-@—2) 2-@—2) 3-@—2) 3-113 
1-1 2-1 3-1 n-i 
9—n? 2-+n? 2 2 
1 2 2—n? 2-+n? Z Ob 
TRE Sook ad Bini teste Bk if 
2-+- n? 2 2 ae Bn 
b,c, +d Doc, oe bey Cy 
1 b,Co bol, -+ d eee D,Co aed C9 
_ us ee a Btn. a ie 
: b,c, be, DAC n = a = Ch 
—b, — by — Ob, | 
where d=a— b,c, ras Dolo aes a B,Cn3 


MATRICES 
f — fox" xf — fx" 
— fox?! | ee ee Ae 
f — fox — fix 
—fo —Sfy 
where f,=4, f,;=%*+4,, 


f gx" ax os he Oy 
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e GOO me fe" xn 


nA ay ae xno 
J=J,j% Xx 
at es I 


aEe F py = Ayu") + ra ae + @, 15 


h oO ... 0 I Ahy didn 
2 
n) hy 0; 4 ody a hoky | 
0 0 ... A, Me hake. uae 2G 
po=1+rA tri... +), 
B-+4B7'UVB™ —)B7'U 1 
: — vB d 6 a VB 
—3 2 0 
2 —23 
481 a) (; * b) | —4 5 —2]; 
—5 3 O0/ 
1 —-1 —1 0 0 0 
1 1 —-1 —1 0 0 
g. O° ae ea 0 Of. 
0 0 oO 0 O11 -1 
0 0 0 001 2 
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24 13 Aap Ll A ace A 
.) & an e) X= E— n? ee ee | 
l 
1-+-a b 
f) xa(% aan g) no solution. 


482 Multiply both sides of the given equality on the 
left by A7?. 


—1{ —] 
4s3 (| _ |). 
484 If A*-=E, then det A? = 1. Therefore det A = l. 


a b | 4 
Set A= . Then by computing A™~ and A®, 
c 


it is easy to conclude that either A = E or 


a+d= -l1, ad - be = 1. 


a 


b 
485 Either A = +E or A=( ), with a® + bec = +1. 
—a 


c 


486 ee es I se 
—>b |) ae +b ——— aaa | 0 ie 


Thus 1° = -E, and therefore the relation 


aE4+-bl—->a-+ bi is an isomorphism. 


e — 


i =O 0 1 0 2 ; 
1=(4 = = _1 0}? kK i 0 = hen 


P=fPr=—kKk? =—E, W=—JI=K, JK=—KIJ=I, Kl=—IlkK=J. 
This shows that the product of two matrices of the 


form A + BI + cJ + dK is a matrix of the same 


form. This is true for sums and differences as 


= at ce = wenn tes 
ees” 


488 


489 
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well as products. Thus the matrices form a ring. 


Moreover if we suppose A # 0, then 


a+bi cdi 
a 2 2 2 
det A = LE gibi —=art$’+ct+d* +0, 


Thus every nonzero matrix has an inverse and the 


equation AB = O is only possible if either 


A =0OorB=0. The set of matrices forms not 


only a ring but a skew field, and is a faithful 


representation of the algebra of quaternions. 


(@,E +b! 4+-¢,J4+-d,K)(a,E + bol 4+- oJ + d)K) = (a,a, — 
— 616, — ¢,¢)—d,d,) E +- (a,b, + ba, + €,dy — dyc,) 1 + (@,c, — bid, te 


HC) + Gig) I (dy + by lq — Cb, + daa) K. 
Now take determinants and obtain the following 


relation 
(2; +O) + cf + di) (a5 +05 + ¢5 4-43) = 
= (a, — bb, — ¢,€, — dd.) 4+- (a,b, + 0,4, + c,d, — d,c,) 
(4462 — bydy + 6,49 + A yb9)’ + (4,42 + 846g — Cb, + dy a,). 


The i-th and j-th rows of a matrix are permuted if 


it is multiplied on the left by the matrix 
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1 J 
1 
1 

0... 1 
1 

d 

‘| 

j ! 0 


The i-th column of a matrix is augmented by @ 
times the j-th if it is multiplied on the left 


by one of the matrices 


I I 


SR a eat ease een 
Te Sas 


ew 


ite eke ee on —ege 
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The elements of the i-th row are multiplied by 


the constant a, if the matrix is multiplied on the 


left by the matrix: 


Multiplication by the same matrices on the 
right accomplishes the corresponding operations 


on the columns of the original matrix. 


The idea of the proof is to carry out elementary 
transformations of the type described in the 


preceding problem to bring the matrix A into 


diagonal form R. According to the preceding 


problem, R can be expressed in the form 
R — U,U, eee U_AV VV, eee Vis where 


Fig sisege Ong Mas , V, are the matrices that accomplish 


the elementary transformations. All of these are 


non-singular and have inverses. Therefore A = PRQ, 


where P, Q are non-singular. 


The proof depends on the factorization in the 


preceding problem. By problem 489, each of the 


factors can be written as a product of elementary 
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matrices, and it is only necessary to establish 
the assertion for an elementary matrix of each of 
the three types. Indeed the first type is really 
superfluous since it can be written as the product 
of matrices of the other two types. This can be 
proved either by directly exhibiting a matrix 

of the first type as a product, or by noting that 
two rows can be permuted by carrying out the 
following operations in order: Add the first row 
to the second, subtract the resulting second row 
from the first, add the resulting first row to the 
second and finally multiply the first row by -l. 
In matrix form this equation reads: 

E— i — Cae 1 in 1 ni = (E — 2 ge) (E + eg) (E — € 4) (E + ep). 
The last (diagonal) matrix displayed in the 


solution of problem 489 can be written in the form: 
E + (a - 1) Cry 


Let A=P,R,Q, B=P,RQz, , where P,, Q,, Pg, Q, 
are non-singular matrices and R,, R, have the 
form diag{1,1,---,1,0,---,0} with r, and r, l's 

in the main diagonal respectively and zeros 
elsewhere. Then AB=—P,R,Q,P,R,.Q » and the 
rank of AB is the rank of R,CR,, C =Q,P, 

Since C is non-singular, the argument can be 
continued as follows. Every element in the last 


n - r, rows and every element in the last n - rp, 


columns of R,CRo is zero. Since the rank of a 


matrix cannot be reduced by more than one unit 


a ay Bt ns ages em 


die ee ee 


i - ee = 


a Raa ae 
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when a row or a column is removed, it follows that 
the rank of R,CR, is not less than 

n-(n - r,) - (n- 7,2) = 74) + To - Un. 

This is a direct consequence of the fact that all 


the rows of a matrix of rank 1 are proportional. 


Problem 492 shows that the rank of the matrix A 


is either 1 or QO. Therefore 
Ay Abo Ayps 


A=| hop hoo hog 
Agty Agtty Agb-g 


If we square the matrix we obtain the relation 
O == A? = (Ap + Atte + Agttg) A, 


from which it follows that AP tt Agtty + Agtts = 0. 


Let A bea matrix that satisfies the conditions 


of the problem, A # +E. Then one of the 


matrices A - E, A + E has rank l. Set 


AiPy Abe Aqbes 
A+E=|)yp, dope Mots |= B. 
Aaty Agha Agt4y 


Then A? = E— 2B-+- BP = E+ (yp + otto + Agtts — 2) B, 
which shows that the condition A,p,-+Agpo+Ap,— 2 
is necessary and sufficient for the relation A@ = E. 


The second case is handled similarly. 


Let 
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Suppose the column C is appended to the matrix 
(A, B), and suppose that rank B = rank (B, C) 
i.e. that appending the column C to the matrix B 
does not increase its rank. Then the following 


system of equations is compatible. 


Puy Sa Ts = = 


ban; ne ee 


But this means that the following system is also 


compatible: 


ae ae » $y Xy moe ao sds = == a 
Epes Gis pt Onth- « bag, = Cy 


Therefore the matrices (A, B); (A, B, C) have 
the same rank. 

Now let us append the columns of the matrix 
B to the matrix A one at a time. We have just 
demonstrated that the rank can be increased by l 
only if the rank of the incomplete matrix B is 
increased by 1. Therefore rank (A, B) < rankA 


+ rank B. 


Set rank (E + A) = r,, rank (E - A) = rz. Since 
(E +A) + (CE - A) = 2E, it follows that 
r, + fp 2n. On the other hand (E + A)(E - A) = 0, 
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from which it follows that 0 2r, + ro -n. 
Therefore, r; + fp =n. 
Let 


The rank of the matrix (E +A, E - A) isn. 
B be a non-singular sub-matrix, the first r 
columns of which form a sub-matrix of E + A, and 


the remaining n - r columns of which form a 


sub-matrix of E - A. Since the relation 


(E + A)(E - A) = 0 holds, we have: 


UG we Qis- Os 0 
(E+ A)P= dee oe 

Fal she Var 0. 0 

O... O Mp4) Fin 
(E—A)P=[..-.-.-.-.-. 

0... 0 Var+1 Van 


By addition, we obtain: 


Vice) Ue Arti es Vin 
a(n). 

Qni «°° Gar Qnur+1 °°: Gnn 

By subtraction we could have obtained: 

Qi ee) Ur OU rty oe 4 in 
zap" Cr 

Qnvice* Une W4nrti +++ Tan 

1 
1 
== 2P - 
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The assertions above are sufficient to finish 


the proof. 


If the elements of the matrix are integers, the 
value of its determinant must be an integer. If 
the elements of both A and A7~+ are integers, then 
det A must be a unit, + 1, since 

det A - det A7+ = det E = i; The condition that 
det A be a unit is obviously also a sufficient 
condition that all the elements of A-! be integers, 
as we see for example by applying Cramer's rule 

to the set of equations used to determine the 


elements of A as unknowns. 


Let A be a non-singular matrix with integral 
elements. The first column must contain nonzero 
elements. We can furthermore multiply certain 
rows by ~-l and assume that all the elements of the 
first column are non-negative. I claim that we 
can perform elementary eperaons on the rows and 
obtain a matrix, the first column of which contains 
a in the first position and zeros elsewhere. The 
proof is by descent. Operate only with those rows 
that have nonzero entries in the first column; 
subtract the row with the smallest such entry 

from each of the other rows. If there is more 
than one row with a positive entry in the first 
column, this process will decrease the value of 
the largest positive entry and this remark 


completes the descent. 
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By further elementary transformations in the 
last n - 1 rows we can produce zeros in every row 
below the main diagonal in the second column. 
Continuing in this manner, we write the original 
matrix as the product of a unimodular integral 
matrix by an upper triangular matrix. 

The final condition that all the elements in 


the second factor be non-negative and that the 


diagonal element in each column be the largest, 

can be realized by further elementary transformations 
on the rows. Since the product of the matrices 
that bring about the elementary transformations 


needed in the above proof is a unimodular matrix, 


the assertion is established. 


Set A = P,R, = P2R,, where the matrices 


P,, R,; Po, Rpg satisfy the conditions of: problem 
500. The relation PZ’P, = R,R[! shows that the 
matrix C = PS'P, is not only unimodular but also 
triangular. Set 
Ay, Ay ... A, By Oy «ee Or, 
Qo «+. Any Bog +++ Do, 
Ri = , R= - | 
ann Ban 
Ci Cig +++ Cin 


Co +++ Con 
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The relation Ro = CR, shows that 


Bay = C14412,5°°° PL, = Aainenn? lthus every element 
C,, 18 positive. But det c = cy,Copg**'c,, = zl. 
Therefore, Cy, = Coy = ek oR 1; a,, = Diy- 


Next we use the relation 
Dig = Cy a 2 + Cy 280m = 819 + CynaDD-. Solving 
for C,5 we obtain (b,5 - a,5)/azz. But from the 
relations 0 < big < dyg9 = AgQ, OK Ay < Agy , 
we obtain ee <1. Thus cy, = 0. Continuing 
in this way, from one column to another, we find 
that the matrix relation CR, = Rg can be 
satisfied only if all the non-diagonal elements 
of the matrix C are zero; C = E. Thus 
R, =Ro,, P, = P,. Thus there is one and only one 
matrix R in each class. 

The number of matrices R with given 
diagonal elements d,, dg,°°:,d, is obviously 
er ee ae . Therefore the number of matrices R 


with given determinant k is equal to 


F(R) = dydod3... dn , where the sum is extended 
over all positive integers d,, d,,°°:,d, such 
that d,dg *** d, =k. If k = ab, (a, b) = g.c.d 


of a, b = 1, then every component d, in the 
equation k = d,d, ::- d, is uniquely factorable 
into two factors 0,, §, such that 


10%. ... &, =a, BB,...8B,—5b . Therefore, 


902 
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= > ans eae an 18285 eee ge = 
A,Ag oe. a aa 
B,B) ... 6,76 | 
— DS ags...am?. DY B03... B= F, (2): F, (0). 
yg oe. a ,=a BiB . B,=5 


Thus if k has the canonical decomposition 


kp"... ps it follows that 


F, (k) = F, (p,") ee F (p55) 


It remains to compute F,(p”) To do 


this we write the formula for F,(p”™) 


as the sum of two subsums, in the first of which 


= 1, and in the second of which d, is divisible 


by p: d, = pdi. Thus we obtain the formula 


n 


F,(p”) =F, (p™) + pF, (p™—") 
From this we easily obtain, by mathematical 


induction, the final result. 


m, ___ (p™+!—1) (p™+2— 1)... (p™+"-1— 1) 
F,(p )= (p—1)(p?—1)... (p®-'!'— 1) 


The proof of this assertion is similar to that. 
of problem 500, but the details are considerably 


less complicated. In this problem we are free 


to perform elementary operations on the rows and 


columns simultaneously. In this way we obtain 


a relation An UU 5. 2s U, DV,Vs - V., where 
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the U, and the Vv, correspond to elementary 
transformations. The first step is to permute the 
rows and columns so that the upper left-hand 
element has the smallest possible absolute value 
not equal to zero. The next step is to add or 
subtract the first row to the remaining rows with 
a view to decreasing the absolute values of the 
nonzero elements in the first column. At each 
point in this process further permutations are 
carried out so that the element with smallest 
absolute value not equal to zero is always in the 
upper left-hand corner. Next the first column 

is added to each of the other columns with the 
view to decreasing the absolute values of the 
nonzero elements in the first row, again 
interspersed with permutations to bring the 
element of smallest absolute value to the upper 
left corner. We see that if the original matrix 
was not the zero matrix, it will be possible to 
arrange that the upper left-hand element is not 
zero and the other elements in the first row and 
also in the first column are zero. The proof is 
completed by induction, that is by assuming that 
the theorem is true for all matrices of lower 
order than that of the given matrix. The final 
step is to notice that the product of elementary 


matrices is an integral unimodular matrix. 
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First note the effect of multiplying any integral 
matrix on the left by the matrices A", B™. If 

U is any matrix, the product A"U has the same 
second row as U, and has a first row obtained by 
adding m times the second row to the first row. 


The product B"U has the same first row as U, and 


has second row obtained by adding m times the 


first row to the second row. 


We prove the theorem by contradiction. 


a b 
Let u=( ’) be a matrix that cannot be 
c 


expressed as a product of powers of A, B, and 


| , a, 5 
suppose that every matrix U= d 
Cy 


in which max(a,, c,) < max(a, c) can be expressed 


as a product of powers of A, B. Then in fact 


max€a, c) = 1, since otherwise we could multiply 
U on the left by positive and negative powers of 


A, B and thus obtain a matrix expressible as the 


product of powers of A, B. The proof is now 


essentially complete; only a small technical 


calculation remains. If a=1, c =Q0, then U 


is already a power of A, since U is known to have 


determinant 1. The case a = c = 1 can be 


reduced to the previous case if we multiply U 


on the left by B~+. Finally, the case a = 0, c=1 


is reduced to the previous case by multiplying 


U on the left by A. 


EF 
is 
4 
ft 
- 
F 
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504 This problem follows from the preceding and two 
small lemmas. The first lemma asserts that 
B = CAC. The second lemma asserts that a matrix 
with determinant -l is equal to the product of 
another matrix with integral elements and 


determinant +l multiplied by the matrix C. 


505 Set det A=1,A*"* =E,A4E. Then by problem 
498: 
A =P - diag{l, -1, -1} + P7? 


where P is some non-singular matrix. We determine 
the matrix P. so that it is an integral matrix with 
smallest possible positive determinant. Since 

the relation A + E =P - diag{2, 0, 0} + P™* holds, 
the matrix A + E has rank 1 and therefore 


its Ape aps 
A+E=|)y, ote does] - 
Asp Ag hobs 


Thus by problem 495, Ay, Avo+Ayp,—=2 . But 
since the matrix A + E is an integral matrix the 
numbers A,, dy Ag > Py, Pg, fly may be taken as 
integers. 


We now have a set of equations 
(A +E) P=P- {2, 0, 0} that we can solve for 
the elements of the matrix P. It is not difficult 


to prove that P can be taken in the form 


Se ga eine 
PS me mete 
eee 


a 


AC ct tgeey-= ila i 
a “eee ge ie a 
- a nie 


Nanay sie 


‘ecient a = — oe ate : 
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where 6 is greatest common divisor of U5, Us; 


and u, v are integers such that ay, --vp,—64. 


P has determinant 2. 
By problem 500, P = QR, where Q is unimodular, 


and R is one of seven possible triangular matrices 


of determinant 2. 


Thus Q~1AQ is equal to one of the seven 
matrices R : diag {1, at Oe -1} UR, Only three 
of these matrices are really different, and two 


of these three differ only by a unimodular 


transformation. The two matrices remaining are 


those given in the problem. 
9 3 10 ns 
a) 10 3/3 b) 5): c) | 1 2 34; d) 13. 
3 6 9 


45. 
The following identity of Euler is obtained: 


(ai + bj + c}) (a3 -+- 63 + cd) = (aa, + 6b, +004)" + 


++ (a,b, — Gyb,)? 4+ (@,€, — agC,)? + (8, Cg — byc,)’. 


ee eS 


t 
t 
i 
; 
t 
| 
t 
' 
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3909 In the product the minor on the rows with indices 


and columns k,, k,,:--,k, is the 


m n 


ta: Sayeed 
determinant of the product of two matrices. The 
first of these matrices consists of the rows of 
the first matrix with indices i, and the second 

of these matrices consists of the columns of the 
second factor with indices k. Therefore this 
minor is equal to the sum of all possible products 
of m-th order minors on rows i of the first matrix 


by corresponding minors on columns k of the 


second matrix. 


510 A diagonal minor of the matrix A'A is equal to the 
sum of the squares of all possible minors of the 
same order of the matrix A. The sum runs over 
just the minors from the columns that involve the 
same indices that appear in the columns of the 
minor in question in the matrix A'A. Therefore 


it is non-negative. 


O11 If all principal k-th order minors of the matrix 
A'A are zero, then by problem 510, all k-th order 
minors of k are zero. Therefore the rank of the 
matrix A, and the rank of the matrix A'A, is 


less than k. 


512 The sum of all the diagonal k-th order minors of 
either matrix A'A, AA' is equal to the sum of the 


squares of all k-th order minors of the matrix A. 


nan tae aes 


aan he ee 


sohamiicesieusanl wien nee seein pe - tes 
— atl — 
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One multiplies the matrix a1, 2 On 
b, b, ... 6 


by its transpose, and uses the result on the 


determinant of the product of two matrices. 


The result is obtained by using the theorem on 


the determinant of a product: 


a, OF 
& Gy: a's at a, by, 
b, b ... 3b, eee 
a, 2, 


This problem is a consequence of problem 513. 


Equality can occur only if the rank of the matrix 


Q Qa... a , 
* : “) is less than 2, that is if the 
b, bp eee D, 


numbers a,, @2,°°',8,; 
proportional. 


This follows from problem 514. Equality can occur 


only if the numbers a,, 45,°::,€8,; bj, bo,**',b, 


are proportional. 


Suppose the matrix B has m_ columns and the 


matrix C has k columns. By Laplace's theoren, 


det A = 5 B,C,, where B, runs through all 


possible m-th order minors of B, and C, is the 


algebraic cofactor of the matrix B,. Obviously 
C, is a submatrix of C. By the 


Schwarz-Buniakovsky inequality of problem 515, 
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(det A)* < ¥ (det B,)? +» ¥ (det C,)*. But 
H(det B,)* = det B'B. 


518 Set 


The inequality is trivial in the case m + k >n, 
and follows from problem 517 if m+k= on. The 
remaining case, m+ k <n is treated as follows. 
First suppose that, for arbitrary j, s, the 

equality i 
py bi jCis = (0 


holds. Then 


B'B O | 
A'A = 0 c'c and therefore 
det A'A = det B'B =: det cc, 

Without loss of generality we can assume 
that rank A =m + k, because if this is not true 
the inequality is trivial. 

We must append a matrix D to A so that the 
matrix (A, D) is square and so that D has rank 
n-m- k. We also demand that the inner product 
of any column of D_ by any column of A _ be 


Zero. 


a a ge 
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This can be accomplished as follows. First 
obtain the square matrix ¢' = (A, D') choosing 
D' so that e¢' is non-singular. Next, replace each 
element of D'! by its algebraic cofactor in the 
matrix €'. It should be clear that the rank of 
the matrix D so obtained is equal to the number 
n-m - k of its columns, since D is a submatrix 
of the matrix whose elements are the algebraic 
cofactors of the matrix ¢', and the latter differs 
from the matrix €¢'~? by the constant factor 
det €. Thus we have shown how to obtain the 
matrix D needed in the preceding paragraph. 

Set P = (A, D); Q = (C, D). By problem 517 
we have det P'P s det B'B +: det Q'Q. But 
det P'P = det A'A - det D'D; det Q'Q = det C'C > 
det D'D. Since the factor det D'D is positive, 
we can factor it out and obtain the result 


det A'A <s det B'B «= det C'C. 


The result follows if we apply problem 518 to the 


matrix A', 


The determinant of the matrix A*A is the sum of 
the squares of the moduli of all m-th order 
minors of A, where m is the number of columns 


of the matrix A. 


The solution follows the method used to solve 
problems 517, 518. For a square matrix one uses 


Laplace's expansion and the Schwarz-Buniakovsky 
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inequality. For a rectangular matrix one appends 
further columns to form a square matrix in such 

a way that the inner product of each of the 
appended rows by any row of A is 0. (Note: The 
inner product of two rows is given by the formula 


a,b, + agb, +++-taib, .) 
In problem 521, let B be one of the columns of A. 
Apply problem 521 several times and obtain: 


n 


*K n n 
det(A A) a |det A |? s 2 |@n 2. > | Ajo |? eee 21 | in? << n"M™ 


i=l 
thus 


|det A | < n? MY. 


Border the given matrix by a column of n + l 
elements on the left, all equal to M/2, and a row 
of n zeros above. Let A, be the determinant 
of the new matrix, A be the determinant of the 
original matrix. Then A= 2A,/M. Now subtract 
the first column of the enlarged matrix from each 
of the other columns. In the matrix so obtained 
no element has absolute value exceeding M/2. The 
assertion now follows by applying the result of 


problem 522. 
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924 Let e=—cos 28 4 i sin 2% . The matrix 
1 1 ] 
l ¢ rae 4 
1 ef-! g(2—1)P 


has determinant nr/® 


925 For n = a, an n-th order matrix can be constructed 


1 1 
as a Kronecker product of the matrix F | 


with itself m times. Form = 2 the matrix 
obtained is 
l 1 1 1 
1 —1 1 —1 
1 1 —1 —1]' 
1 —1l1 —l l 


Since the inner product of every two rows of 


such a matrix is O one finds: 


n 0 
A'A = . =, 0 ; det(A'A) =n"; |det A | = nr/? | 
0 0 n 


If we multiply every element of the matrix A 


by the constant M, we have the obvious equality: 


ldet (MA)| = M"n"””, 
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226 To see that the absolute value of the determinant 
can be increased (or at least not decreased) by 
replacing the element in question by +1 or -l, it 
is sufficient to examine the expansion of the 
determinant by minors of a row in which the element 
in question stands. In this expansion, if the 
cofactor of the element in question has the same 
Sign as the value of the determinant, the element 
may be replaced by +1; in the opposite case by -l. 

By multiplying appropriate rows by -l if 
necessary, we can assume that all the elements of 
the first column are +l. Except for the first 
element we can also assume that all the elements 
in the first row are -l. Now add the first column 
to each of the remaining columns, and expand the 
determinant of the matrix by minors of the first 
row. Since every element beyond the first column 
in the second, third, fourth,:+*:, n-th row is 
divisible by 2 (being equal to zero or 2), the 
determinant of the matrix will be divisible by 2°’, 

The proof above shows in fact that the 

determinant of an nxn matrix of 1's and -l's 

must be divisible by 2"-*. Possible values of this 

determinant are therefore of the form 2° ‘N, 

where N is the determinant of an n-l xX n-1l matrix 

of O's and 1's. The complete set of values that 

N may have is not known except in the following 


cases. 
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n-1 N 
1 Oor 1 
2 Oor l 
3 O, 1, or 2 
4 0, 1, 2, or 3 
+) Oy 1, 2.35. 4;-0r 5 


327 4 for n= 3; 48 forn = 5. 


928 The result is trivial if A is a singular matrix. 
Therefore let A be nonsingular and A' be its 
transpose; let A be the determinant; let A, be 
the obverse of A. Then A, = A CA'~*C, where 
C = diag{-1,1,-1,.-.}. This is clear from the 
formula for the elements of the inverse of the 
matrix. Therefore 


1 -—1 n<-< 


= (A,), = A*-*c(A',) Cc =A +A A 


) 
> 


Pie 
det A, = A 


929 We use the following notation. Let the minor of 
the obverse matrix A, involve the rows 7 
i, <ip < +++ <i, and colums k, <k, < +++ <k | 
Let the numbers of the remaining rows be 


1 atl a 1. 


yo < *'* <i,; and the numbers of the 


remaining columns be k <k q te Kos, The 


n+i1 M+e 


product of the determinant A of the matrix A 
by the determinant of the minor being considered 


satisfies the following relations: 
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ee im? m 


Ae ke A 
— (1) ae +i +Ry+ oes +kim a : 


Atm «°° Simkin 


Ait, — ink, Aintihy Aik, 
« e ° ° a : 
i,k, ikm Rp 
A; Rk eee A; k A; kR eee A; kR ‘ 
i*m m=m m+i*m a"m . 
a= I (2k, °° Unt + * Vink 
ai ak, inkm a Rn 


= A 


e@oe@e eee Q 
Fim+rk, Fim+itm+i im+1Fa 


a; AR, eve Qi m+1 eee A; kn 


Fimeitmer °° m+n 


Se ee ee ee ee 


Finkm+1 ee Fink n 


This relation proves the assertion. 


These results follow from the theorem on the 
determinant of the product of two rectangular 


matrices. 


nlc nega 
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The correct ordering is the lexicographic one. 
This means that the sequence i, <ig < °°: <i, 
precedes the sequence j, < jo <‘*: <j, if the 
first non-zero difference i, - jy, ig - Jo °°° 
is positive. Then every minor of a triagonal 
matrix has determinant zero if its column index 


precedes its row index in the above ordering. 


Exercises 531, 491 indicate that it is 
sufficient to establish the theorem for a triagonal 
matrix. By Exercise 532, if A is a triagonal 


matrix, then 


n-l 


C 


det A = _ det A 
(nm) h<hcee ci, G7 i, 41,0, eee sf == ( ) 


Properties a, b follow inmedva rely from the 
definition. We establish property c by noting the 
following formulas, where the notation for elements 
of the respective matrices is the usual one 


involving upper and lower case Roman letters. If 
C = (A' - A") x (B' - B"), At x B' =G, A" xB" =H, 
then 
n m j 
h am rout wou 
Che, t= it Dar iak, = 21 D4 0i Den, 
iis 2 i=l 1 k=1 i,h 
= »2 Bik, ik/ip, ike 
i,k 
Thus C = G -:- H, which establishes the assertion. 


A verbal proof depends on the fact that the rows 


and columns of the Kronecker product A XB can 
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be permuted to give a matrix which obviously has 
the determinant asserted. 


Another proof depends on the relation 


AxB=€ x E,) - (E, xB). 


But the determinant of the first factorA x E, is 
the same as the determinant of the matrix 


diag{A, A,--+,A}, 


as is seen by permuting the rows of columns. This 


remark is sufficient to prove the assertion. 


536 In the matrix C the element in the a-th row 


1k? 
and §-th column is 
mn 


C(i-1) m+a, (R-1) m+8 == x Q(i-1) M+4,8 bs (R—1) m+8 
= 


m 
ps Q(i-1) m+a, (j-1) m+ v O(j-1) m+v, (R—-1) m+B. 


Now examine the above formula. The inner sum in 
the last term is the element of the q@-th row and 
@-th column of the matrix Ay sByy- This proves 
that 


n 


O37 The theorem is trivial for n = 1. We prove the 
theorem by induction, suppose that it has been 
proved for a matrix of order n - 1 and use the . 
induction hypothesis to establish the theorem for 
matrix of order n. Here "order' refers to the 


number of boxes. 
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| 
| 
| 


First suppose that the sub-matrix A,, is 


non-singular: 


ni fi2-*-<* nn 


Let D be given by the formula 


Pi Agia An oe 


and form the product C' = CD: 


An 0 eee 0 
cr | 4a Am... Aan 
Bie Apaivusss, Ann 


’ 
—1 
where Aip = Ajp-— An An Aig. 


The explicitly written sub-matrices in the 


displays for C, D, C' are commutative. This 
being the case it is easy to check that the formula 
for the determinant of a product of two matrices 
remains valid when one considers only formal 
jetemminanes of "matrices, the elements of which 
are the displayed sub-matrices. 

The formal determinant of the matrix D is E*; 


the actual determinant of D is one. 
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Thus 


det C = det C’ = (det A,,) + det 


Let B be the formal determinant. Then we have 
B =A,, : B', where B' is the formal determinant 
of the matrix 
/ / 
Ao Pe ar Aon 


/ / 


An? eee Avs 
The induction hypothesis however shows that 


/ 
Ast «ss Ab, 
det B' = det a va Pe 
/ / 


Ang eee Ann 


and therefore det B = det A,, °* det B' = det C, 
which establishes the assertion. 
If the matrix A,, has zero determinant, the 


proof can be modified by considering the matrix 


Ay ANE . Aig: dus. Ap, 
A Ae 465. A 


ni 


and by denoting its formal determinant by B(Q)). 
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Note that, for almost all values of ki, the 
relation det C(A) = det BCA) holds, and that : 
det (A,, + AE,) = ees # 0, also holds. | 
These relations could not be valid unless the 
relation det C = det B were valid. Thus the 
assertion is completely established. 

The theorem in question remains valid when 
the elements of the sub-matrices belong to an 
arbitrary ring. The theorem is due to Ingraham. 
See also a recent paper by Afriat. 

[Ingraham , M.H. A Note on Determinants, Bull. Amer. 
Math. Soc. 43 (1937), 579-580; and Afriat, S.N. 
Composite Matrices, Q. J. Math., Oxford Ser(2) 5, 
(1954), 81-98. ] 
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CHAPTER V - SOLUTIONS 


POLYNOMIALS AND RATIONAL FUNCTIONS 
OF A SINGLE INDETERMINATE 


a) 2x6 — 7x5 + 6x4 — 3x3 — x? —Qx-+ 1: 
b) x6 + x5 — 3x4— 4x34 x?-+3x-+-1. 


a) Quotient 2x? + 3x + 11, remainder 25x - 5. 


b) Quotient wnat » remainder a ‘ 


p= -q*? -1, m=q. 
1) gq=p—1, m=0; 2) q=—1, m= +V2—p. 


_ (x — 1) (*—2)...(x«—n) 
(—1" 1-2-3...2 ; 


a) (x — 1)(x?— x? + 3x — 3)+-5; 
b) (x + 3) (2x4 — 6x3 +- 13x? — 39x + 109) — 327: 
c) («+ 1-1) [4x?— (384 4) x +(—1+4-7i)|+ 8 — 6i; 
d) (x — 1 + 2i) [x2 — 2ix — 5 — 2i] —9-+ 8i. 


a) 136; b) -1l -44i. 


a) (x-+ 1)§'—2(x+ 18 —3(x+1P+4(44+)D+1; 
b) (« —1))-- 5 (4% —1)!-+ 10(* — 18+ 10(% —12 +5(x—1) +1; 
c) (x — 2) — 18 (x — 2)-+- 38; 
d) (xi — (x+ 9 —CA +) (e+%—5 (e+ D+47+51; 
e) (x 1 — 28! — (x +1 — 208 +2 (4 +1— 21) +1. 


Ss tatinemeemeeeiemmemmesnnmenm 


046 


947 


048 


996 
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: — om + Ge at a Ga 


» sa — eat ae te 


a) x4+ 11x38 +. 45x2-+ 81x + 55; 
b) «*— 4x3 + 6x?-+ 2x +8, 


a) f(2)—=18, f?(2)—48, f”(2)=124, f”(2)—216, 
FIV (2) = 240, FV (2) = 120; 
b) f(1 +2) = — 12— 22, f’(1 +2) =— 164-8), fl +21) = 
—— 81301, f” (1+ 2%) = 24430, fIY (1 +2 = 24, 


a) 3; b) 4. 


a= -o 
A=3, B= -4. 
A=n, B= -(n +1). 


A necessary and sufficient condition that 

(x - 1)"*? aivide f(x) is that | 
£(1) = ay + a, t°°°+ a, = O, and that f'(x) be 
divisible by (x - 1)*. We now observe that the 
polynomial f,(x) = nf (x) - x f£'(x) will be 
divisible by (x - 1)* but not by a higher power 


of x - 1. One treats f,(x) as a polynomial of 


formal degree n, and repeats the same argument 


k times. 


a is ak + 3-fold root, where k is the multiplicity 


of a as a root of f'''(x). 
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31256? + 108a5 = 0, a #0. 
b=9a’, 1728a5-+ c? 0. 


The only multiple root of +®-™-l[nx« 4 (n—~m)a] 


is O. 


Let d = (m,n) be the greatest common divisor of 
mand n: m= dm,, n = dn,. Then the result 
follows from 


(— 1)", — mm," mM a™ = b™n™, 


If x is a nonzero k - 1-fold root of the 
polynomial | 
a,x! t+ a,xPt ... + a,x"h 
then the following conditions hold: 
Ax axe oe? =, 
Prax? es Pitan” +. + Pan h = — 0. 


pt? a,x + ph Lage as -a,x?k —0, 


This shows that the numbers a,x”, ax”?, Sarg: Magee? 
are proportional to the algebraic cofactors of 
the elements of the last row of the Vandermonde 


matrix 


063 


064 
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It is easy to check that 


det det A_ = Dee p= 49" (p)). 


det det A, 
This shows that the numbers a,x?! are inversely 
proportional to o’(p;) 3; thus 
Pio! (D1) = x" (py) = == a,x? hp (py) 
A,X" (Py) == Ag Xp (Py) == «++ =H ARX' HD (Py). 


The converse is established by inverting the order 


' 

L. 
4. 
ft 

i 
t 
i 
t 
ji 


of argument at each step. 


If t(x) is divisible by f'(x), then the quotient 
must be a first degree polynomial with highest 
coefficient 1/n, where n is the degree of f(x). 
Thus nf (x) = (x - x5) f'(x). Continued 
differentiation gives 


(n- 1) f£'Cx) = (x - x) f° Gx), 


thus 


f(y = Soa i (x) = ay (x — x)". 


The converse is obvious. 


A multiple root of the polynomial 


Xx xt , P 
aaee ick all ill be a t of its 
f (x) Lees + ee ae W root of i 


derivative also: 


f()=IbFH+. a eaeoes j=l 


Thus if f(x.) = £'(x,), then x, = 0. But O is not 


a root of f(x). 


344 POLYNOMIAL, RATIONAL FUNCTIONS [CHAP. V 


565 If f(x) =(x — x,)* f, (x) , where £,(x) is a 
rational function that is not zero for x = kX, 


then successive differentiation gives 


f (Xo) =f" (x9) = «0. =F" (x) =0, f(x.) #0. 
Conversely if f(x)=—f’(x)=... = f"-» (x,) = 0 ) 
f(x) #0 + then f(x) =(~— xp)" f(x) f1(%) #0 


For if the relation 

f (x) = (x — ¥)" 7 (X), 7%) #0 
were valid for some m # k, then the number of 
successive derivatives that vanished at x = x, 


would be greater or less than k. 


566 The function 


g(x) = 2) — F(x) — F(x) —LOe— ey) — 


w (x) 
f™ x 
ee yt) (x — Xo) 
satisfies the conditions 
8 (Xo) = g' (Xp) = ... = (x) = 0. 


Therefore, $(x)=(x—.x,)"** F(x) , where F(x) is a 


polynomial, which proves the assertion. 


567 Lf f,(*) fo (%))—So(x) f, (49) is not identically equal 
to 0, then we can suppose that f,(x,) # 0. 


Consider the rational function 2) __ f2(%0) 


Fi (4%) — fi (Xo) 


It has x, for a root and is not identically zero. 


The multiplicity is one greater than the multiplicity 


of x)» as a root of the derivative. The latter is 


268 


969 


270 


O71 


O72 


ae 


POLYNOMIAL, RATIONAL FUNCTIONS 345 


Fi) Fo) —fe(x) fi (0) 
[hi (x)]? 


equal to The assertion 


follows from this fact. 


Let x5 be a k-fold root of Lf’ (x)? — f (x) f” (x). 
Then f(x,) # 0, for x, cannot be a root of both 
f(x) and f'(x). By assumption x, is a k + 1 fold 
root of the polynomial f(x) f’ (x9)— f (Xo) f’ (*), 

and the degree of this polynomial does not exceed 


n. Therefore, kt 1<sn, Ksn-1. 


The polynomial f(x) f’ (x ))— f (x)) f’(x) must have x, 
as an n-fold root, that is must be of the form 
A(x — X,)" , where A is a constant. Set 

Z= XK ~ X55, and expand in powers of z: 


(Q)9 +a ,ztanz*7+ ... +4a,2")a,— 
— (a, + 2a,2z-+ 3a,2?-+ ... + na,2"-!) ay = Az", 


where } | 
a, = £(x,) # 0. 
a a ay 
Thus @=——, 4@,>= i = ‘ 
2a az3! ag —'n! | 
. a, : 
Setting ——=a¢ , we obtain 


a 


a(x — a? (x — x,)" a” Say 
Pa jee) ee >... ee |, 


For example, 6 = 1/21 (1/20 does not suffice). 


1/25 (1/24 does not suffice). 


For example, 6 


6. 


For example, M 
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973 For example, 
ies 
pee 
b) x=p, 0<p< Vo 


574 For example, rurale 


b) x= 1 + p(cos#0 F  rsin 2 a *), <Vo: 
c) x —=1-+ pi, p< —— ce 


575 Expand the polynomial f(z) in powers of h =z- i 


to obtain 


f@=2—9[1+0—pm— TEA 4 Eps), 


If we substitute h = a(l - i), we obtain 
= [4 — — 4¢3 3 4+. 23 4t4.2i 
Ee pl a (- a -a?)], 

so that 7 
f@l<V5(|1—403| + 40°45 V 4) < V8 
for 


1 
O<acs 


976 We write the polynomial in the form 
f (2) =f @) {1 +r cose +-é sin g) (2 — 2)" [1 +(2 — 2%) o(2)1], 


2mx — 


set 2—2,—p(cos0+isin6), choose §6— P 


and choose p small enough so that |(z—z)(z)| <1. 
Then 


| f (2)| = |F (2o)| | 1 tarp” + rp” (z — 29) b (2) | > F (%). 
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577 The proof is similar to that for polynomials and 
uses Taylor's formula for rational functions, 
problem 566. Write this formula so that it 
includes the first term after f(x.) with non-zero 


coefficient. 


578 Let M_ be the greatest lower bound for |£(z) | 
in the given region of the z-plane. It can be 


proved that there is a point z, in this plane, 


O 
in every neighborhood of which |£(z) | has M_ as 

greatest lower bound, by continually subdividing 

the region. The highest possible power of 

Z- Z is to be cancelled from numerator and 

denominator. Call the numerator and denominator 

in the result oz), ¢(z) respectively: 

f(z) = @z)/y(z) . Thend(z,)#0,since otherwise 

the least upper bound of |£(z) | could not exist 


in sufficiently small neighborhoods of Z,. 


} 
| 


Therefore f(z) is continuous at z = z, from 
which it follows that |£(z,) | =M, as it was to 


be proved. 


579 A non-constant rational function does not 


necessarily have infinite modulus for large 


values of the independent variable. 


3980 The hypothesis gives the relations | 
f@+#0, f@=...=f""@=0, f@+#0 


and by Taylor's formula, we have 


f@Q=f@) +L @—a)' ti +e@h 9@=0. 
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Now set 

Lf @) , _ 
Fi@ Ei! —r(cose+ ising), z—a=p(cos6-+i sin 8). 
Suppose p to be chosen small enough so that 


le(z)| <1, rp®#<1 . Then 
|f (2)| =|F @ + |1 ++ rp* [cos (p++ k6) + é sin (p+ R6)] + rpeAl, 


where || <1. The following relations are clearly 


valid. 

A. |£(z) | < |£(a) | for 0 = aw ane 

B. |f(z)| > |g(a)| fore = “==? 
Therefore the value of |£(z) | - \£(a) | changes 


sign 2k times as 9 increases from 

{C7 - o)/k} to {Cn - o)/k} + 27. But 

|£(z) | - |£(a) | is a continuous function of 0 
and must therefore reduce to 0 


2k times, as was to be shown. 


By the method used in the preceding exercise we 
can show that if p is sufficiently small, then 
as ®@ increases by 27, and z = p(cos 89 + i sin @Q), 
the quantities Re{f(z) - f(a)}, Im{f(z) - f(a) } 
change sign 2k times. We set tO) (ay /k! = 


r(cos @ + i sin ) and have, by Taylor's formula, 


f (2) — f (a) = rp* [cos (p + k6)-+-i sine + AO) [! + 9), 


Ca) = 0. Now set 9(2)= 9 (Z) + ig, (z) and choose 
0 so that lez) | <1. Then 


Re (f (z)) — Re (f (2) ) = rp* [cos (p + R68) (1 + ¢, (Z)) 
— sin(p + R98) o, (2)]; 


— 


982 
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Im (f (2)) — Im (f (a)) = rp* [sin (p+ 6) (1 +9; (2) 
++ cos (p + 28) % (2)]. 


We now choose 9 so that 
o+ki=mx m=O, l, 2,..., 2k, 
and obtain 
Re (f (z)) — Re (f (2) ) = rp* (— 1)" (1 +8), 
where ¢, is the corresponding value of 
91 (Z), [&_| <1. 

This shows that Ref{f(z) - f(a)} changes 
sign 2m times when z traces the circumference 
|z - a | = 9. In a similar manner we can find 
that Im{f(z) - f(a)} changes sign 2m times, 
by putting gtk => mn oO. a ee Bk 


a) (x — 1) (x — 2) (x — 3); 
b) (#—1—A(w@—1 +) +1—|)(x+1-+0); | 


1 (eer 0 Ost Tey 
«(ep —V Eth if =) 
x(x+1 $V Pd, Vy Wo) 
x(ep14V BH), 


d) (x —V3—V 2)(x—V3+V 2)(x +V3—YV2) 
X(« +V3+V 2). | 


! 
t 
t 
} 
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583 a) tT] (x —cos 2 =), 
= (2k —1)x 
0 m | 
as of (++7ta a’) ) TL («—°“a~)- 
on R=1 
584 a) (x2 + 2x + 2) (x? — 2x +- 2); 


b) (x? + 3) (4? -+ 3x + 3) (x? — 3x + 3); 
Cc) (peet1 +V3—20-4)V ZH) 
(eon +1 +VI+2040V 4), 

n-1 

d) LI (2-2 V2 «cos #07 4 73); 
2=0 

e) (@— xVa+2+ I)(P+xVa+2+ 1); 
af (3k + 1) 2n 

f) I(# 2x cos +1). 


985 a) (x — 1) (* — 2)(x — 3)(x —1—/d 


= x5 (8+ i) x4 + (24+ 71) x3 — (34-4 178) x? +(23-4-17%) x 
— (6-+ 64); 


b) (x + 1)8(« — 3) (x — 4) = x8 — 4x49 — 6x38 + 16x? -+- 29x + 12; 


c) (x —iP? (ex +14+)=—03+(1 —) x?2+(1 — 21) ex —1— i. 


n 
586 Ix, (x). 
=] 


987 


088 


089 


990 


O91 
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a) (% — 1)? (* — 2) (« — 3) (x? — 2x + 2) = x6 — 9x85 
+ 3344 — 6543+ 74.22 — 46x + 12; 
b) (x? — 4x + 13) = x® — 12x54 87x4 — 376x3+ 1131 x2 
—2028x +2197; 


c) (x? 1)? (x? + 2x 4 2) == x61 2x54 4y4t 43 
+ 5x2+9x 4-9, 


a) (x — 1)?(x-+2); b) (+1)? (x2+ 1); ©) (x — 13. 
x¢4— 1] , where d = (m,n). 


x?tq@4 , if m/d, n/d are odd; 1, if either is even; 


d = (m,n). 


e) (x - 1)#(x + 1); b) (x - 1)°(x + 1); 
c) x4—1 , d= (m,n) = g.c.d. of m,n. 


Set h, = u(x,)/v(x,), and factor f(x) into linear 


factors: f (x)=(*%—h)(* —A)... (4H —Ag_)). 


Then, since h, # ho, we find 


Cm) “ee 


Now note that since 4(% ))—AjU (Xo) = U(X) (Ay — Ay) #9, 


meaG (4) — gu (x) ) .. (U(X) —Dy_ 9 (*)). 


the hypotheses of the theorem show that u(x)—)\,v(*) 
has x, as a k-fold root, k >1. Therefore, 


u'(x)—)yv’(x) has x, as a k - 1-fold root. Thus, 


i(= 2) = a! (2) — yo! (x) oe « (Ut! (4) — Dg 0! (X)) 


v’ (x) 


[v’ oF 
It is obvious that for j # 0, the factors 


au’ (x) — hyo’ (x), are all nonzero. Therefore, 


/ 
i (Fis) has x, as a k - 1-fold root, as was to 


be shown. 
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If w is a root of x2 +x +1, then w® = 1. 
Therefore q@m_q@intlt wie+?—14-w+t+w?—0. 

If }\ is a root of x® - x +1, then }® = -1. 
Therefore 


poh er ee ey Se eae 
=(— 1)"—(— 1)? +a[(— 1)’ -C 0"). 


The last relation shows that the result can be 
zero only if (-1)" = (-1)” = (-1)", that is if 


m, n, p are all even or all odd. 


595 x4#+t x2@t 1) =(x?+ 4+ 1)(x2—x+1). The two factors 


096 


097 


2 +x + 1 always 


are relatively prime, and x 
divides yomt yiatlt. y39+2 by problem 593. It 
remains to determine when x* - x + 1 is also a 
divisor. The method used to solve the preceding 
problem gives 

(—1)" + (— 1)" + (— 1)? = (— 1)" — (1)? 4a [(— 1)" + (— 0]. 
Thus we must have (-1)" = (-1)? = -(-1). Thus 


the numbers m, p, n + 1 must be all even or all odd. 
If m is not divisible by 3. 


All roots of the polynomial x*-!4-x’-24. ... 41 
are k-th roots of 1. Therefore the relation 

ghar 4 phat 4 4 phe thm’ Let... feel 0 
holds. Thus divisibility does occur since all the 


roots of the first polynomial are simple. 
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When a root w of the polynomial x2 +x +1 is 


substituted into the polynomial 


f(x) = (1 +x)" -x" - 1, the result obtained is 


(1 + w)” - wow - 1. But 1+ Ww = -w2 = iis a 


primitive 6-th root of 1. Moreover, W = )”; thus 
2m 


fw) =r - MX” - 1. 
For 
m = 6n tf (w)=—1+#0; 


m=6n+1 f(w)=A—vV—I1—0; 
m=6n+2 f(w)=—?+)—1+40; 
m=6n+3 f(w=—3<+<0; 
m=6n+4 f(w)=—)rA+2~—1 +0; 
m=6n+5 f(w)=—’+)A—1=—0. 


f(x) is divisible by x? +x +1 if 


m= 6n + 1 orm = 6n + 5. 
For m = 6n + 2 and m = 6n + 4. 


ff (w) = m(1-+-)"-!— mw"! = mp!) (m-)), f’ (w) =0 


only for m = 6n + l. 
For m = 6n + 4. 


No, since the first and second derivatives are 


not simultaneously equal to O. 


For x = k, 1 s K sn, we have 


k kR(k—1 =) <. 
f (= 1— 7 + A959... 4-1 2G i — to. 


Thus, the polynomial is divisible by 
(x - 1)¢x - 2)°°°(x - n). Comparing the highest 


coefficients, we see that 


fey" we — 1) (x — 2)... (e — on. 


n! 
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604 For the case (m,n) = 1. 


605 If f(x") is divisible by x - 1, then f(1) = 0. 
Therefore f(x) is divisible by x - 1 and f(x") 


is divisible by x” - l. 


606 If F(x) = £(x") is divisible by (x - a)*, then 
F’ (x)=f" (x") nx0-! is divisible by (*—a)-], 
Thus f'(x") is divisible by (x—a)F-!. 


By the same argument, f''(x") is divisible by 


(x —a)P-?, ..., and f-0(x") is divisible by x - a. 
Thus we find that /(a")=/f’(a") =... = f-'!(a")=0 
Therefore f(x) is divisible by (x—a") » £(x") 


is divisible by (x”— a’). 


607 If F(x)=f,(*3)+ xf,(x5) is divisible by 
x? +x+¢+1, then F(w)=—/,(1)+e/f,(1)=0 
where w is a root of x*° +x +1. Thus 
F(w’) =f,(I)+wf,(1)=—0 , and finally 
£,(1)=£,(1) = 0. 


608 The polynomial f(x) has no real root of odd 
multiplicity since otherwise it would change sign. 
Therefore f(x) = [/f,(x%)P/,(*) , where f.,(x) is 
a polynomial with no real roots. The complex 
roots of the polynomial f, can be classified into 
two sets, those in one set being complex 
conjugates of those in the other. Using the 
linear factors corresponding to the roots in the 
two sets, we find that f,(x) is a product of two 


complex conjugate polynomials: 


a ee te 


609 


610 


611 


612 


613 


614 


615 


(A SE « 
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}, CX) ip, (x) > fy (4) — kha (x): 


Therefore 


AO=HO)+R(~) » f()=O y+”. 


l | 
a) —*), — Xo, © a, — X,; ff pe ee l ; 
x; Xo Xn 


C) X;—@, X,—a,..., X,—a; d) bx, bx, ..., bx,. 


One of the roots must be -p/2. This gives the 
relation 84 = 4pq - p®. 


x, = 1/6, x, = 1/2, x, = -1/3. 


iH 
2) 


a? - dab + 8c 


The relation among the roots must be valid for 
arbitrary a. Setting q@ = -a/4, we obtain the | 


transformed equation 


ya’y® +b'y?+-c’y+d’=0, a’ =0, a? —4a’b’ 4+ 8c’ =0, 
thus c' = 0. 


Saat ee : d c 
Division by x? gives P45 +a(x+2)+o=0. 


Cc : 
Now set x + — = Z, and obtain 
ax 
4 F—e@4_" =o t 
x2 a?x2 a’ 


therefore the original equation can be written as 


a quadratic in Z: zZ- + azeb -—- 2 = = QO. It 
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is easy to find x after solving for Zz 


(generalized reciprocal equation). 


616 ayx=1+V3,14£1V2; b) ex =142i, —24+i3; 
joa SS. jeieye, =, 


617 XK = + 6. 


618 1) b=ce=0, a arbitrary; 


619 1) asbe=2cec20; 2)a=+1, b= -2,c=0: 
i 


oO 
iH 

I 
_ 
Q 
Il 

i 
iB 
aN 
ww 
oy 
HI 
= 
ro) 
HI 

I 

Al 


620 X= -3. 


621 q*+pqa+q=0. 
622 a® za 2a. 


623 y,=— HH 4 Al, 71, 2,..., 2 » where 


i ao 12 (n— 1) a? — 24na, 
oS a on 


624 If the roots lie in arithmetic progression, then 
the formula of the preceding exercise gives: 
a) -1/2, 1/2, 3/2 which do satisfy the given 
equation; 
b) -5/2, -3/2, -1/2, 1/2 which do not satisfy 


the given equation. 


me. 


ee er a ee 


625 


626 


627 


628 
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Let y = Ax +B be the equation of the given 
line. Then the roots of the equation 

x" + ax? + bx? + cx + d = Ax +B “must lie in 
arithmetic progression. By problem 623 we can 


write them 


= 5 
x,=— Gt=S hk i=1, 2, 3, 4, 
where 
jose / 9a? — 2461 Vv 3a? — 8b 
2 — 1 gg 5 . 
Moreover 


A — C = 1X4 (XQ X3) 4 XQ.Xy (Ky + x4) = 


a a 9 9\ a a? 1 9\ a a3 — 4ab 
| )5—(e a") =. 


d — B= X,XyXgX4= Fag (860 — 1102) (40 +02), 


Thus 
_ a—4ab + 8e 1 
ag B= d— =H (36b — 11a?) (4b + a’). 


The points of intersection will be real and 
distinct if 3a" - 8b >0, that is if the second 
derivative 2(6x* + 3ax + b) changes sign as x 


traverses the real axis. 


x - ax® + 1=0, where a= — 
(x? — x + 1)3?— a(x? — x? =0, a= Oe. 
PO (Xi) = (45 — %y) 0 (HE j=) (Hi F541) «(KE % ys 
Ff! (44) = 2 [(4j — XQ)... (4 — Hy) (4; — Hj41) -.. (4, — X,) 
+ (X;— X%1) (4; — Xy) «(yp — %j_1) (4; — X41)... (4p — Xa) 


Ton ey % 1) (4, — XQ) 0 (Hp Hy) (HK — Ki) + 


oo (Xj — X,_1)] = 2f" (%;) » 


sS=1 
(s # #) 


(if «x, 4 x)). 


er | 
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629 Follows immediately from problem 628. 


630 Set x, = x, + (i - 1)h. Then 
I! (x) =(— Ly (Ges 1)! (n— a pAA-!, 


631 a) x-+1; b) x?-+1; c) x8 +1; d) x?—2x-+9,; 
e) x8—x+1; f) x+3; g) e®?+x+1; hb) x?—2xV 2-1; 
i) x+-2; j) 1; k) 2x?-+x—1; 1I.x?+x-+1. 


6320 a) (— x1) fF, (x) +(e +2) fy(x) = x? 2: 
b) —f, (4) + (4% +1) fy (x) = x3 +1; 
©) (3) f+? — 40 +4) fy (x) = 02.5 
d) (1 — x?) fy (x) + (43 + 2x? — x — L) fo (x) = x3 + 2; 
e) (— x? x +1) fy (x) + (03 + 2x? — 5x — 4) f, (x) = 3x +- 2; 
) —2S At 3 Aya. 


3 
633 a) M)(x)= x, M, (x)= — 8x? — x +1; 
b) M, (x)= — x — Il, M, (x) = x8 + x? — 3x — 2; 
— x2 
c) M, (x)= —2 T°, M, (x)= SOE, 
2 
d) M,(#)==— 22 tee M, (x) =e Pee 6 


e) M, (x) = 3x? + x4—1, M(x) =—3x3+2xn2?+ x» — 2, 
f) M, (x) = — x — 3x? — 4x — 2, 
M, (x) = x4-+ 6x3 -+ 14x? + 15% +7. 


° 
’ 


634 a) M,(x)— — 16x? + 37% -+- 26 , M(x) = ——e 
b) M, (x) =4—3x, M,(x)=1+2x+ 3x2; 
c) My (x) = 35 — 84x 4- 70x? — 20x3, 

M,(*)= 1+ 4x + 10%? + 20x3, 


635 a) M,(x)=9x? — 26x — 21, 
M, (x) = — 9x3 + 44x? — 39x — 7; 
b) M, (x) = 3x8 + 3x? — 7x + 2, 
M, (x) = — 3x8 — 6x? -+-x +2. 


——+ " ———~e, 
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636 a) 4x4 — 27x°-++ 66x? — 65x + 24; 
b) —5x7-++- 136 + 27 x5— 1304 4+- 75.x3+266.x?—440x-+-197. 


637 N(x) = 14 Se 2GF) ot 
, fp At) (atm—2), 


.. (m— 1) 
M(x)=14+% 1— y+ SEED ile 
ee mim tna) (1 — x«yt-! 


.(n—1) 
__ (m+1)(m+2).. (obo) m ($2). (m+n—l) ,, 
(n— I)! ia 
4+ aie (m+ 3).. ease 
(n—3)! 
—2 
+e 1 PAOD alm ED poy 
638 1 
639 a) (x-+ I*(x— 2b) (x + 1)f (x — 4); 


c) (x — 1) (x +3 (x—3); d) (x — 2)(x? — 2x + 2); 
e) (x8 — x? — x — 2), f) (x? -++- 1)? (x — 1); 
g) (x4 x8 2x? x + 1). | 


640 a) f (x)= x14. x(x — I(x —2)(x— 3); 
b) f (x)= — x4+ 4x3 — x2? —7x-+ 5; 
) f(a) = 1+ 5 1) — ag 4x — 9) + 


+ ggg 4 — DA — (x —4), 


f(2)=1 58 21,4116... (YI 14142 «..); 


ad) f (x)= x3 — 9x? -++- 21x — 8. 


360 POLYNOMIAL, RATIONAL FUNCTIONS [CHAP. V 


641 a) y= — F(x — 2)(x — 3)(x—4) 


+54 1) (e— 38) (e— 4) — 2 — (4 —2)(4—4) 
+ 3D —H(e—-3) = — 4 84 1002 — § x + 15; 
b) y= FI—U—)x— 2-1. x4, 


—_ 


642 f(x)= att = y (1 —tetg =) x" 


k= 


—_ 


Solution. 
n—-1 
_VPotvet—1 
haar (x—e,) ney! 
= \(+H)d—x) 1s 
a (—x) =a ay (s+ 1) x*er™ 
s=0 s=0 R=0 
n—-1l n-1 n—-1 
=- Ye Notpe*=2No4+p 
k=0 ae s=0 
I”, aici n—-1 - 
= 
take Yetne teers 
1 in 
= At —>5 (1 —setg) x, 
k=1 
: ("—1) «1 Oy, — +" 1X 
643 ae eee NOES — } 
10) = Uap rain FO na 
644 Set o(x)=(*«—-x«,)(x—x,)...(x—*,). . Let f(x) 


be an arbitrary polynomial of degree n - 1 or 
less; let it assume the values y,, Yo,°'',yY, 


for X = X,, X9,°**,X,. Then 


od oe ay we ee ee 


Mie | mining NER A NR TREE: ae 


645 


646 


647 
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Since y,, Yo,°**,y, are arbitrary, then 


9 (Xo) l 


p’ (xj) (x»— x) n- 


Consider the polynomial 
F (x) = 1 [9 (%) — ¢ (x)] — (%9 — *) 9" (*). 
Its degree is <n, and it takes the value 0 


X = X,, Xg,‘°'',X,. Thus, F(x) = 0. Expand 
(x) in powers of (x - x,): 
n 
g(xy—= & Cy (X — Xo)”. 
n 
We find (nb) cy (¥ — X)* = 0 . Thus 
CS lg = oes == C,_, =); 


DO) eto) eo =e eV — Cy. 


sis =e xi? (x) 
(4 — x) 9’ (x) — Xi) 9’ (x;) ° 


=) 
Comparing coefficients (of x") we obtain 


x7-1 — —_—_____-——, 
meade 


at 
Comparing coefficients (of x") we obtain 


a (x3) 
1 n 
a,=— Yi vee » where 
k=1 7 
l P| eer Il : 
n=l 
rN = det l X2 eee x ‘ 


361 


for 
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A, is the algebraic cofactor of the element in 


the k-th row and i + 1-th column in the matrix 


above. 
n—-1 


f(x)= Na x' = rh 


Ap 
ge 
k=] 


aka 
ti 


where A, is the determinant of the matrix obtained 
from the matrix above by replacing the k-th row 

by l, i, Hee 

Expanding the determinants, A,, A as 


Vandermonde determinants gives 


Ap (#1). (Cp) (He) (ee) 
A (Xp — X)) «6. (He — Xp-1) (Xp — Xpti) «-- Xe— Xn) — (H — Xp) 9’ (X)’ 


where 9 (X%)==(X% — x,)(% — x9)... (x—~x,). 


Thus f(xs)= NT Rp (%) which was to be 
(x — Xp) 9" (XR) ’ 


proved. 


648 f()=14 5428-9 + .. pees Sen, 


649 f(xy 1p SA Cae) 


ae em ee Eee) 


2x (2x — 2)... (2e —4n+ 2) 
ae (On)! 
—1 —l —2 
691 f(x) =1—-5 aC Me re 
yn (4X — 1) (xX — 2)... (4-41) nl (1—«x) Q—*x)...(n—~x) 
‘ + ( 1) Se  — se os 


652 


653 


694 
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f(x)= ¢ (2) — 9 (x) 


g(a)(x—a)’ Where 9(x)=(x—4x))(x—-%))...(x—x,). 


We write f(x) in the form 


f (x)= Ay +A, — +4, E—MErma ae 


(x — m)(x—m—1)...(*—m—n-+1) 
eee a | 
where m, m+1,°°*,m + n are the integral values 


of x for which the polynomial f(x) takes on 
integral values. 
Replacing x by m, m+1,°***,m+n, we 


obtain the following set of equations for 


determining A,, A,,°°°,A,;: 
k R(R—I1 | 
Ay=f (m+ k)— A—4 A, — 259 a — 22. Ay 
k=. 2, en oe, ey n, 


From these equations it is clear that all 
coefficients AY have integral values. When x 
has any integral value, each term of f(x) is the 
product of a binomial coefficient by an integer 


A and therefore is itself an integer. Therefore, 


k Pd 
f(x) takes on integral values for integral x, 


as was to be proved. 


The polynomial F(x) = f(x") of degree 2n takes on 
integral values for the 2n + 1 values x = -n, 

-(n - 1),°+*-,-1, 0, 1,---,n, and by the preceding 
problem takes on integral values for all integral 


values of x. 
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1 4 eee 
655 VDE) sap» +Fe+y? 
, 1 


I 
D) = 6—) TIE—DH — 2(x—3 ce 
2 —2+i —2—i, 
2 ea T2E=) TIE 
1 
d) 4A(x—l1) NCEA _ eT i Ae eay 1H 


1 j g e? 
e) 3(e—4 ck X—e +=). e=—5+ 
ly iti 1—i 2g ier 
f) I ( gig pS | = I=1), 


x—1l—i 
1 
g—» ane: ey = cos" + J sin Sadia 


a 


x — 
n 
! u! =e ae 
by — FY y= cos CARD + j sin CHD, 


k= 
y chy — 
\ a mek OO) ae? 


1 x+2 
one a) 3(x—1) SP ery 
1 
b) are 2) ware tra 
x+2 x—2 : 

c) + x? 2x2 4 x?—2x+2’ 
d 1 2 ); 
) qe (parca t+ wea ys ' 

he ae 2k(m+1)n 2kmn 
+2) 2n+ 1 2n-+ 1 


Qkr 


I 
e) =! 
ioe) Mcaaaes — 2x cos > zy! 


a anise eee PR 
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2k(m+-1)« 2kmr 

yy "| 1 423 OP nal. Bae A 

2n-+-1] x«+1 . Qkhr : 

k=1 x? +.2x cos met 
—1 x cos —-—1 

l 1 1 vT 

sa pir~ ser +23 x2 — 2x cos == + I 
(2k —1) mx (Qk—1)(Qm+1)x 

t) 1 ss COO ee ee 

cis ea at —2x cos RTD 


1 (—1)*x 
D> pret? Uwe ae Fey 


1 1. 
oe ) 4-1" tet 
b) ae ee eee Kee ee Cee eee 
4(x +1) 4(x—1) 4(x— 1) A(x +1)?’ 
ic Oren ees Ne Te 
(x — 1)8 (x — 1)? x—l1 (x + 1)? x+1 x—2! 
n—1 9 n-1 
1 Ep ~ E 
| omine— Let 
s,= aS ne : 
# "nat n(n+1l)...(n+m—2) 
-2...(m—1 
ee ee ee 
m m(m-+ 1) 


1 l 1.2 
a ae a ae (ee 


m(m+-1)...(m-+n—2) 
2...(n—l) 
l—x 


ag 
n—} 
I \" n—k n( I)...(n+k—1 
f) lay (2a) rk n(n+1) au ) 


a bree mare a 
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n-1 
1 ue L) eas k—l 
g) aap 2 ey pater. re) 


Maar eres 


\" E& (Xz B (Xp) FS" (XR) — & (ee) S” (Xp) 
h) p) dad [f ey; Ce 7, +) [7* (xx) ]? (4 — xz) 
x—l x+l_, 
eae a) — TEED Tare Ter 
l 6x + 2 3x + 2 
» Saar GE Bel 


) EF - weap t+ wep tweet 
+ aepy + rer 
) ag [aaa + ee ee t+ ST] 
ial, sin? “= (12x cos ==) 


. RU 1° kr 
n-l ny — sin? = — n—-x) x¢0s = 
n 2 n 


SS 
k=l (*—2x cos = + 1) k=l x? 2x cos = 4 | 


p(x) , x’ (x) — ne (x) , [p’ (x) ]}? — 9 (x) 9” (4) 
oe, p (x) ’ b) 9 (x) io) [yp (x)}? 


660 a) 9 )-FO SO __M, g z, 


5 9 


661 O-51x + 2.04. 


662 y= 7 [0.55x? + 2.35x + 6.98]. 


“= a 


663 
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We have 


q"f£Cp/q) = app"+-a,p"""¢-+ ... +4,_,pq"-=!+a,q"=0 ; 


thus 
Qo p" n-1 a= ‘a 
AO (Gp oe gpg? + ,9"-), 
n 
ond” — — (agp! apg. + gg") 


The right member of each of the last two 
equations is an integer. The numbers p, q are 
relatively prime. Therefore, q divides a,, and 
p divides a,. 

Now expand f(x) in powers of x - m: 

F(X) = ay (*% — m)" +c, (x — mj"! oo. eg_y(x—m)+c,. 
The coefficients c,, Co,°°*,C, are integers, since 
m is an integer. Also, c, = f(m). Now 


substitute x = p/q in the above relationship: 


f£Cp/q) = a)(p—mg)" + ¢,(p—mg)""'q+ 
+++ Cq-1 (p— mg) q"-' + ¢,g" = 0. 


n 
Thus we can conclude that ene is an integer. 


In view of the fact that —— = ila m 


is irreducible, the numbers p = mq, q are 
relatively prime. Therefore c, = f(m) is 


divisible by p - mq, which was to be proved. 
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664 Detailed reasoning for part a) is as follows. 

Possible values of p are: 1, -1, 2, -2, 7, 
-7, 14, -14. The only possible value of q is l 
(we have already taken account of both positive 
and negative values). 

f(1) = -4. Therefore p - 1 must divide 4. 
This eliminates the values p=1, -2, 7, -7, 14, 
-14. Remaining values to be tested are -l, 2. 
But f£(-1) 4 0; £(2) = 0. The only rational root 


is x, = 2. 


b) x; =—3; c) x, =—2, x, = 3; d) x, =—3, w= 5) 
5 3 « t 2 3 
e) a» —F f) l, — 2, 3; g) 9° 3° 4°? 


h) No rational root; i) —1, —2, —3, +4; 

k) $3 9) x= =— 455 Mm) X%,=xX,=1, %3 = %, = — 3; 

Nn) x, = 3, %, = X43 Hy Xe = — 1; 0) 4 = XL X= 2. 
665 By problem 663, p and p-q are both odd. 


Therefore q is even and cannot be l. 


666 By problem 663, p=x,q=4+1, p- xoq = +1. 
Thus (x, - x,)q = +2, or O. The value O is 
impossible, since q >0, x, # x,. For 


Z2. 


definiteness, suppose x, >x,, (x5 - x,)q 
This would not be possible unless x, - x, = 2orl. 


In the first case, p and q must be related by 
2 
Xog—%, 
p/q = x, + 1/q = (x, + x,)/2. 


p=x,Qa+t1, q= Then 


667 Eisenstein's criterion gives the results: 
a) p= 2; b) p=3; c) p= 3, if one expands 


in powers of x - l. 


A a = Ya NE 


668 


669 
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X, (x)= (% — IPT F(x — 1h 


+ LED (¢— 19-8. tp. 


All the coefficients C,— 2@—)-.@—k+)) | 


k s p - 1, are divisible by p, since 
k!1C,=p(p—1)...(po—k+1) is divisible by p, but 
k! is prime to p. Thus Eisenstein's criterion 
applies if p is prime and we expand in powers of 


x - 1, as we did. 


We can use Eisenstein's criterion, if we 
substitute x = y + 1, and pay attention to 
divisibility by p: 

(yt 1" —1 


X (x)= o(y) = ‘ 
ee : Gy py] 


The highest coefficient of the polynomial @ 

is 1. Furthermore the constant term of gy) is 
9(0) = X,2(1)=p ; this is divisible by p and 
not by p”. It remains to show that the other 
coefficients are divisible by p. The proof will 
be complete if we show by induction on n_ that 
all the coefficients of the polynomial 

(y+ 1)?" —1 , except the leading one, are 
divisible by'p. This is obviously true forn=1. 
Suppose as induction hypothesis that this is true 


for when the exponent is p™*, i.e. 


(y+ 1)e** = yr? 4 1 pw,_1 (9), where w,_,(y) 
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is a polynomial with sighiactcse tugaracs = ue a Then 
(y 1)?" = (yy? 4-1 + pw,_.(y))? =" +1) +h) = 
where ¢(y) , w,(y) are polynomials with integral 


coefficients. Thus, 
yP® +. pwr (y) 
yPe-l 4. pws (y) 


— yPk— pk-l wpe (y) — yPR-PE Nog (Y) _ ph—pke-1 
ae yPF-) +. pwe_1(y) zs 7 PX). 


o(y= 


The coefficients of the polynomial yy) are 
integers since y(y) is the quotient of a division 
of two polynomials, and the highest coefficient 
of the divisor is 1. Therefore all the coefficients 
of the polynomial y(y) except for the leading 
coefficient are divisible by p, and Eisenstein's 


criterion applies. 


670 To prove the assertion, assume the contrary: 
f (x)= 9 (x) 4 (x), | 
If the factors are non-trivial, both factors 
are polynomials with integral coefficients and 
degree exceeding 1, since f(x) has no rational 
root, by hypothesis. Set 


(x) = byx® +b, xk-1 ... +3, 
}(%) = Cgx™ 4 C,x™ T+ 06. em, 


k22,m22, k+me=n. Since b,c, =a, is 


divisible by p and is not divisible by p”, we can 


assume that b, is divisible by p, and c, is not 


divisible by p. 


671 
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Let i be chosen, i 20, so that 0,,,, Disa os. 
are divisible by p, b, is not divisible by p. 
Such an i exists, since a, = bhc, is not 
divisible by p. Then 4@,.,—0)€, + 0i4:Cm-1+ +>: 
is not divisible by p, since the first term is not 
divisible by p and the remaining terms are divisible 
by p. This contradicts the assumption, since 


mt+i 22, 


Suppose that f(x) can be written as a product of 
non-trivial factors, each of which is an 
irreducible polynomial with integral coefficients. 
Let (x) be an irreducible factor having constant 
term divisible by p. There must be such a factor 
since a, is divisible by p. Let $(*) _ be the 
complementary factor: f(x) = Q(x) (x). The 
proof now proceeds along the lines of the argument 
for problem 670. Set 


9 (x)= box" Lbyx™ 14 1. +b. 
p(X) = cox? cyx*-I4 6. 4 cy 


and suppose that b b e+» are divisible by 


t+1? {+2? 


p, but b, is prime to p. Such an i exists, since 
Cc, cannot be divisible by p, otherwise a, = bicy 
would be divisible by p®. 

Thus  @,4;=0j€,+-9j4:,-1 + ++. is not 
divisible by p, from which the relation h+ isk 


follows. Thereforem 2m+h+i-kK=n+4t+i-k 


2no- k. 


372 
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a) £(0) = 1, £(1) = -1, f£(-1) = -1. 

If f(xy)=—¢(4)9(x) , where the degree of 
p(x) <2, then @0) = +1, M1) = +1, 
@C-1) = +1, that is g(x) takes one of the sets 


of tabular values shown below: 


x | ex) 


——a 


—l —l |} —l 
1 1 —1 
Il —l —] 


—|] 1 ] el 
0 l —| —1 
] —] —l ] 


—|] 


pmmd pe feed 
— 


We can consider some of these cases together 
Since the last four cases are the same as the 
respective negatives of the first four. Moreover 
the fourth and last cases can be omitted since the 
corresponding polynomial would be the constant l. 
Thus we arrive at the following three possibilities: 
p(x) = —(x*-+x—1); o(x)=x?—x—1; 9(x) = 2x? —1, 


The following factorization can be verified: 
f(x) = (x* + x - 1)(x* - x - 1). 


b) Irreducible; c) Irreducible; 


d) (x” - x - 1)(x® - 2). 


A reducible first degree polynomial must have a 
factor of the first degree that has rational 
coefficients. Thus the original polynomial must 


have a rational root. 


If the polynomial x4-+-ax3+ dx?-+-cx-++d has no 
rational root, then it must be either irreducible 


or expressible as the product of two quadratic 


6795 
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polynomials with integral coefficients: 
x4 + axe + bx® + ex +-d = (x? +)x + m) (x? + px -+ 2), 


Comparing coefficients we obtain the following 


relations: 
mn = d, 
At = a, 
n)\+my, = c. 
If m#n, then ,—£—9%"_cm—am® as the 


n—m d—m ’ 
assertion states. If m =n, then c = am, and 


c“ = a“d (see problem 614). This is the 


exceptional case mentioned in the problem. 


Suppose the polynomial is reducible. Then 


x° +-ax4 + bx3-+-cx?-+dx-+e 
= (x? + hx + m) (x3 +202 +x + 1) 


We'may assume all explicitly written coefficients 


to be integers. 


Comparing coefficients we obtain the relations: 


mn =e, 
n\tm)\ = d, 
m+AA'+ = b, 
n+A\ +mv' = c. 


Thus 
md\' - n\' =d - an, 
Cm" - nd!) + m@)' - nd" = cm —- bn. 
Therefore (d—an)\-+ mx’ — n\” = cm — bn. Solving 
this equation together with Aj-+2)’/=—a, n+m’=—d , 


we obtain 
| am’ — cm? — dn + be 
m3 — n? + ae—dm 


— 


’ 


which is what was to be proved. 
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676 a) (x® - 2x + 3)(x* - x - 3); b) not factorable; 
c) (x® - x - 4)(x? + 5x + 3); 
ad) (x? - 2x + 2)(x* + 3x + 3). 


677. If the polynomial x + px” + q with rational 


coefficients is reducible, then it is expressible 
as a product of a third degree by a first degree 
polynomial or as a product of two second degree 
polynomials. But we need not consider the first 
case, since if x, is a root, then -x, is also a 
root and the product (x - x,)(x + x,) is a second 


degree factor with rational coefficients. 


Set xt px? q = (x? +-Ax + 4) (2X? +Agx + pry). 


Then 
Ath =0, 
dite > Agth = 0, 
Py tA + Po = P, 
Pits = - 


If }\, = 0, then Ag = 0. In this case a 
necessary and sufficient condition that rational 


numbers U4, Ug exist is that the discriminant 


p= - 4q should be the square of a rational number. 
The remaining case is }, # 0. Then 
Ao = ~“Ay> We = Uy, and thus 


q=pi, 2p, —p=h. 
In summary, the polynomial x* + px? +q 
with rational coefficients will be reducible if 
and only if one of the following two conditions 


is satisfied. 
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a) p® - 4q is the square of a rational number. 
b) q is the square of a rational number y,, and 


2uU, ~ pis the square of a rational number },. 


678 Suppose x4 ax3+-bx*+tcxtd = (x*+-p,x-+4,) (x*+-p.x-+4o), 


Then, since p, + Pp, = a, we can write: 
2 re — 


where \ = 4, + 45. Thus the auxiliary cubic has 


the rational root } = q, + qo. 


679 Suppose f(x)—(x))(x) where (x), p(x) are 
polynomials with integral coefficients. Since 
f(a,) = -1, then either o(a)=—1,9(a)=—l, 
or (a)=——I1, $(4)=—1 . If neither (x) or (x) 
is constant, then the degree of 9(+)+ (x) 
is less than n; thus 9(x)+ (x) =@ -. This leads 
to the contradiction f(x) = -[¢@(x) ]*. This is 
indeed a contradiction since the coefficient of 


the highest power of x in f(x) is positive. 


680 If f(x)=9(x)9 (x) , then 9(a)=v(a)=+1 , 
as in the preceding problem. If neither (x) 
or (x) is constant, then o¢(x= (x) 
and thus 
Ff (x) =I (xi. 
This can be true only if the degree n is even. 
Thus the only possibility to consider is 
(* — a) (x — aq)... (x —a,) +1 = [9 (x). 
Assume without loss of generality the coefficient 


of the highest power of x in (x) is +1 (and not 


376 
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-l1). Thus 


9 (+) 1 = (x — a,) (x — ay)... (% — a,_)). 
p(x) — 1 = (x —a,)(x—a,)... (x —a,). 


(In these last equations the subscripts are a 


typographical simplification that can be obtained 


by renumbering the roots a,, ag,'++,a,.) finally 

we have 

(x — a,) (x —a 3) ... (% —a,_,) —(* — a.) (* — a)... (¥ —a,) = 2. 
Suppose 4,>4,>...>4,_, . In the equation 

last obtained we can set x = ag,, for k = 1,2,--+-,n/2 
And obtain: 


(G4 — 1) (424 — G3)... (Gog — G,_-1) = 2. 
Thus the number 2 is factored in n/2 different 
ways into a product of n/2 integral factors. 
Moreover the factors appear in increasing order. 
This can occur only if n/2 = 2, 2 = -2 (-1) =1-: 2, 
or also if n/2 = 1. These two possibilities 
correspond precisely to the two factorizations 


mentioned in the problem. 


If the n-th degree polynomial f(x) is reducible, 

n= om or n = 2m + 1, then f(x) must have one 

factor (x) of degree not exceeding m. If £(x) 
takes the value + 1 for more than 2m integral values 
of its argument, then ox) also takes the value 

+ 1 for the same values of the argument. Thus 

(x) must take at least one of the two values 

+1, -l1 more than m times. This shows that either 


(Cx) = +1 or (x) = -1. 


682 
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If f(x) could be expressed as the product 
f(x) = ox) (x) of non-trivial factors, then 
neither factor could have a real root since f(x) 
has no real root. Thus neither factor can change 
sign as x traverses the real line, and we may 
suppose (x) >0, v(x)>0 for all real x. 
Since f(a,) = 1, it follows that 
pCa.) = (a,) = 1, k=1,2,---,n. If the degree 
of either g(x) or v(x) were less than n, then the 
polynomial would have to be identically 1. Thus 
each of the factors (x), (*) has degree n. 
Thus 
o(x)= 1+ a(x—a,)... (x—a,), 0(4) = 1+ 8(* —a))..- (x —a,), 
where a, § are certain integers. Thus we have 
shown that f(x) can be represented in the form 
f(x) = (* —a,)*... (x—a,P+1=14+(+8)(x—a,)...(x—a,) 

+ aB (x —a,)?...(x—a,). 
Comparing the coefficients of x“", x", we obtain 
the relations: agp =1, a+ 6 = 0; but no integers 
satisfy these relations, and therefore f(x) is 


irreducible. 


Suppose that f(x) takes the value 1 for more than 
three values of its argument. Then f(x) - 1 must 
have at least four different integral roots, i.e. 

f (x) — 1 = (x — a,) (% — ay) (x — a5) (% — a4) h (2), 
where a,, a5, 43, a, and the coefficients of the 
polynomial h(x) are integers. For any particular 


integral value of x, the product 
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(* — @,)(* — ay) (x — @3)(x —a,) is a product of distinct 
integers. No more than two of these can be 1 or 
-1; the other two must always be different from 

+ 1. Therefore the product cannot be a prime 
number; in particular cannot be -2. Thus, 

f(x) - 1 #4 - 2, for any integral value of x. 


Therefore f(x) £ - l. 


684 Suppose that /f(x)=9(x)(x) » One of the 
polynomials (x) has degree <n/2, and takes one 
of the values + 1 for more than n/2 integral values 
of x. Since n/2 26, (x) or -¢(x) takes the 
value 1 more than three times, and according to 
problem 683, cannot take the value of -l at all. 
Thus, either (x) or -@(x) takes the value +1 more 
than n/2 times. It must therefore be identically 
1 and f(x) is irreducible. For n 2 8, the 
assertion can be established by a different 


argument. 


685 Suppose 
ap (x) P+ bo (x) +1 = p(x) w(x). 

One of the polynomials has degree <n; (x) 
takes the value + 1 for x = a,, ag,°*+,a,, and 
since n 27, all these values of v(x) must be 
of the same sign. Therefore, 

(x)= £1-+ a(x —a,)(x —a))... (x —a,) = £1 + a9 (x). 
If a#0, then w(x) must also have degree n, 


and w(x) = + 1+ Bx). But the equality 


a [9 (x)? bg (x) + 1 = EE 1 ap (x)] [1 + Be (I 
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cannot subsist, since by hypothesis the polynomial 


ax + bx + 1 is irreducible. 


ee er ee oe a we + 


so 9 Seman (Idi +88) 


Set Tk|___ 4 . Then for |x | Sl: 
Qo 
| f (x) | > | agx” ft — |= laxt GE ; this is 
" |x |—1 0 lx|—1 


positive for |x | >1l+A. 


» Arermas(SP (2) R(T A. 


By a) we find that all the roots satisfy the 


relations 
| x | ce 1 ap ap 
—~ <1-+max/—>|, thus |x«|<p+ max z |, 
? QoP ao 
meee 
c) Set p=maxY a | . Then 
Qo 
ap ap Lp 
iis <A |ta| <p, max| ta | <p. 


Therefore the moduli of all the roots are bounded 


by the number 


x a 
p+ p= 2p = 2 max Y a 
Q 
k-1/-7— 
d) Set pmax Vial Then 
1 


ap | a, 
kal) < 
Lop 


a . 
Therefore no root has modulus exceeding 


AT 


lanl< | a, |p*- : 


oe eR ml agg eee . 


a,|__|a 
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687 Set f(x)=a)x"-+-a,x*'+ ... +4,, 


p(x) = box" — b,x"-'— 1... —O,; 
0<b< la), eS lail ---: b,>\|a,| - Obviously, 
\f(x)|>eC*)). .. 4 ; 
— §.¢"¥( 1, ——- — —* — — a 
Thus, 9(x)= dx (1 be bee es tn) 


The factor in parentheses increases from 
-~* to l as x varies from O to ©, 
Thus (x) has a single positive root § 


and @(x) > 0 for x > &. Thus, for [> | > &, the 


relation |f(x)|>¢(|x|)>0 , holds, and therefore 


no root of f(x) exceeds § in modulus. 


688 a) Set A= max | . It is obvious that 
0 
A A A 
x Fa eg a ) 
lf ( yI>| 0 \( [xe |" Lert | x |” 


Thus, for | | > 1, we have 


n OA 
\f (x) | > | ax \(1 Preyesre, 


n—r n—r+1 
a Leo tel el—)— al > SE 1 # 1-0 — Al. 
For Ix] >1+VA , |£Gx) | > 0. 
b) J riya, (2) (zy an 
f= a(t) +H) to +H 


By a) all roots of f(x) satisfy the relation 


‘ff! ee r 
|= | <1 +f max | , so that |x| <p-+Y max| 
Gop 


QoP 


k-1/- 
c) Set p=max V (“| - Then = |la,|<]|a,|p*-" 
r 


ap 
k-r 


rg eg Re ate at pe 
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and no root of the polynomial exceeds 


a tf i k-r¢/ 7 
af =y | A 
V [Z| +e=V [2| +-max’ y/ | 


in modulus. 


The assertion is obvious for the negative roots 
of the polynomial. For definiteness suppose 


a, > O, and set 9(x)= ax" — b,x"-1— b,x"-2?— ... —),, 


where b, = 0 for a, >0O, b, = -a, for a, <0. 


kK kK kK 


Then if x is positive, we have 
f(x) 2 gx). 


Thus g(x) has a single non-negative root § 
(see problem 687) and (x) >0 for x > €. Thus, 
for x > &€, f(x) 2 ox) >0. | 


Follows directly from problems 688, 689, 686 c). 


Expand f(x) in powers of x - a. For x <a, we have: 


F(x) =F @) +O (x — 0) + FO (x ay ... 
(2) 
+£°© (x—a)">0. 


We use problems 690, 692 to obtain an upper bound 
for the roots. A lower bound can be obtained by 
considering f(-x): 
a) 0<%,<3; b)O<x¥,<1;'¢) —11<x¥,< 11; d) —6< x, < 2. 
a) f=x—3x—1, fpy=x?—1, fp=2x+1, fz; =+ 1. 
Three real roots in the intervals 
(-2, -1), (-1, 0), (1, 2). 
b) fax8+x2—2x—1, fy = 3x?+2x—2, fom 2e+1, fs= +1. 
Three real roots in the intervals 


(-2, -1), (-1, 0), (1, 2). 
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Cc) fa x8—7x+7, f,=3x°—7, fp=2x—3, fg=+'l. 
Three real roots in the intervals 
C24. 3) ¢ C14 ~372), (372% 2). 
d) f=x8—x+5, f,=—3x?—1, fp =2x— 15, fz =—l. 
One real root in the interval (-2, -1). 
e) f=x3+3x—5, eae 
One real root in the interval (1, 2). 
695 a) f= x«t+— 12x? 16x — 4, f, = x8— 6x — 4, 
f= 3x? 46x-+2, fpg=x—+l1, fy=. 
Four real roots in the intervals 
(-3, -2), (-2, -1), (-1, 0), (4, 5). 
b) f=x«!—x—1, f,=48—1, fp =3x+4, fz, —+1. 
Two real roots in the intervals 
(-1, 0), (1, 2). 
Cc) f = 2xt—8x3 + 8x2?—1, f, = x3—3x2 + 2x, fy = 2x2?—4e + 1, 
fz=x—1,f,=1. 
Four real roots in the intervals (-1, 0), 
CO, di) (Clg 2) 5: (25.3) 
apfHxtt+e—1, fp ax8+nx, fp=—x?4+2, f,=—x, 
ona ae roots in the intervals (-1, 0), 
(O, 1). 
e) f= x«t+4x3— 12x49, f, = x89+3x?-3, fo—x?-+ 3x—-4, 
f,;=—4x-+3, fy=l1. 


No real roots. 
696 a) f=x«*—2x8—4x?+ 5x +5, f, = 4x3 — 6x? — 8x-+5, 
fq == 22x? — 29x —45, fy—=2x—1, fy. 
Four real roots in the intervals (1, 2), 


(2, 3), (-1, 0), (-2, -1). 


eS ey" tn 
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b) f= x4—2x8 + x2?-2x 4-1, f, = 2x3-3x?-+ x—1, 
fo=x?+5x— 3, fg—=—9x +5, fy=—l. 
Two real roots in the intervals (0, 1), (1, 2). 
c) f= xt*— 2x8 — 3x? +-2xn+-1, f, = 2x3— 3x? —3x+1, 
fy = 9x? — 3x —5, fyg=9x+1, f,—=+1. 
Four real roots in the intervals (-2, -1), 
C2150): s, (Ox 2). C293). 
d) f=x«t— x8+ x?—x—1, f,—=—4x3— 3x24 2x — 1, 
f. =—5x?+ 10x-+17, fz, =—8x—5, fy=—l. 
Two real roots in the intervals (1, 2), (-1, 0). 
e) fo=x!—4x3— 42+ 4e +1, fp = x8—3x?—2x-+1, 
f, = 5x? — x — 2, f,=18x%+1, fyo+l. 
Four real roots in the intervals (-2, -1), 


(-1, 0), (0, 1), (4, 5). 


a) f—xt—2x3— 7x24 8x41, fy = 2e89—3x2?— 7x +4, 
fo == 17x? — 17x—8, fg—=2x—1, f=. 
Four real roots in the intervals (-3, -2), 
(-1, 0), (1, 2), (3, 4). 
b) f= xt—4x2?-+x+1, f,—403—8x4+-1, fo = 8x? —3x —4, 
fy 87x —28, fy=-Hl. 
Four real roots in the intervals (-3, -2), 
(-1, 0), (0, 1), (1, 2). 
c) f= xt— x8—x?9—x +1, fp = 4x3-3x2?-2x—-1, 
fom llx? +14x—15, fg=—8x+7, fy=—l. 
Two real roots in the intervals (0, 1), (1, 2). 
Gd) f = x4 — 4x3-+ 8x? — 12x +8, f, = x8—3x?+ 4x — 3, 
fy =—x?+5x—5, fg=—9x+13, f,=—l. 
Two real roots x, = 2, 1 <x, <2. 


e) f= x'—x8—2xn-+1, f, = 4x38—-3x2—-2, fy = 3x? 24x—14, 
fg—=—d6x-+31, fy=—l. 


Two real roots in the intervals (0,1), (1,2). 
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698 a) f= x4— 6x2? —4x4 2, fi = x—3x—1, 
fom 3x7 13x —2, fg 4xe+5, f=. 
Four real roots in the intervals (-2, -3/2), 
(-3/2, -1), (0, 1), (2, 3). 
b) f= 4x*— 12x24 8x—1, f, = 2x8—3x+-1, 
fo=6x?—6x +1, fg =2x—1, fy—l. 
Four real roots in the intervals (-3, -2), 
(O, 1/2), (1/2, 1), (1, 2). 
c) f= 3xI'+1234+9x?—1, f, = 2x3+ 6x? = 3x, 
fo =9x? +9x+2, fg = 138x+8, fy—1. 
Four real roots in the intervals (-4, -3), 
(-1, -2/3), (-2/3, -1/2), (0, 1). 
GQ) f= xt— x8 — 4x2 + 4x41, f, == 4x3 — 3x? — 8x-+-4, 
f, =7x?— 8x—4, fz=4x—5, fy=l. 
Four real roots in the intervals (1, 3/2), 
(3/2, 2), (-2, -1), (-1, 0). 
e) f= 9x4 — 126x? — 252x — 140, f,; = x8 —7x—7, 
Sp = 9x? 427x420, fg —=2x+3, fy—1. 
Four real roots in the intervals (4, 5), 
(-4/3, -1), (-5/3, -4/3), (-2, -5/3). 
699) a) f= 2x°—10x3 + 10x—3, fy = x4—3x?-+ 1, 
p= 4x? —8x +3, fg 4e?+3x—4, fy=x, fo—l. 
Five real roots in the intervals (-2, -3/2), 
(-3/2, -1), (0, 1/2), (1/2, 1), (1, 2). 
b) f= x6 — 3x5 — 3x4+ 11x83 — 3x2—3x-+1, fy = 2x°—5x4 


— 4x8 + 11x? —2x—1, fy = 3x4— 6x3 — x2 + 4% — 1, fy 4x3 
—6x?-+-1, f,—= 26x2—26x% +5, f,;=2x—1, fs=—1. 


Six real roots in the intervals (-2, -1), 


(-1, 0), (0, 1/2), (1/2, 1), (1, 2), (2, 3). 
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Cc) fm xet xt—4x3— 3x24 3x41, f, = 5xt+ 4x3 — 12x? 
— 6x-+-3, f= 4x9 + 3x2—-6x—2, fy— 3x?+2x—2, fy—=2x+1, 
: 
Five real roots in the intervals (-2, -3/2), 


(-3/2, -1), (-1, 0), (0, 1), (1, 2). 


Gd) f = x5 —5x3—10x2+ 2, fy x43 x24, fo x8 4-3x°—-1, 
fya—eP peti, fp=—3e—1, fe=—l. 


Three real roots in the intervals (-l, 0), 


COq. Ay C23. Be 


a) f=mxt+t4x2?—1, fi=x, fol. 
Two real roots in the imtervals (-1, 0), 
(O, 1). 
b) f= xt*— 2x3 +-3x?—-9x-+1, f, = 2x—3, fo=—1. 
Two real roots in the intervals (0, 1), (2, 3). 
c) f= xt— 2x3 +2x?-6x+1, f, = 2x—3, fy =. 
Two real roots in the intervals (0, 1), (2, 3). 
qd) f= «5+ 5xt+ 10x? —5x—3, fy =x?+4x—1, fp =5x—-1, fz =—1. 
Three real roots in the intervals (0, 1), 


(-1, 0), (-6, -5). 


The Sturm sequence consists of the polynomials 


x? + px + q, 3x2 + p, - 2px - 3q, -4p°® - 27q@. 


If - 4p° - 27q2 >0, then p <0. In each 
polynomial in the Sturm sequence the highest 
coefficient is positive and thus all the roots of 
x? + px + q are real. If -4p° - 27q% <0, then 


the sign of p does not matter; the Sturm 


sequence has two sign changes for x = -%; one 


change for x = +™. In this case x* + px + q has 


one real root. 
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The polynomials 

‘i —ng \* 
x" px-+q, nx*!4 p, —(n—1) px—ng, — p—n(—"F) 
form the Sturm sequence. 

If n is odd, the sign of the last polynomial 
is the same as the sign of A=>— (n—1)*-!p?—n"q"-!, 
If A >O, then we must have p <0. In this case 
the polynomial has three real roots. If A <0, 
then the sign of p does not matter, and the 
polynomial has one real root. 

If n is ewen, the sign of the last number in 
the Sturm sequence is the same as the sign of 
-pA, where A=(n— 1)*-!p*—n"q"-), 

The following table shows the succession of signs 
for the four possible combinations of values of 


p, A: 


f fi te fe 

1. p>0, A>O —oo[+]/— — 
+ o}-+|-+|—|— 

2.p<0, A>O0 —co[+/—|]—/4+ 
4-00 |+-|+-]+]-4 

3. p>0, A<O0 —oco/+)—]+]+ 
4-00] ++] —|+ 

4,.9<0, A<0O —co/+/]— |—|— 
+-oo]-+]-+]+]— 


Examination of this table shows that if A >O, 
the polynomial has two real roots; if A <0, the 


polynomial has no real root. 


ee ee 
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degrees are of different parity. If the highest 
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The Sturm sequence consists of the polynomials 
f = x°— 5ax8+5a?x 4-26,  f, = xt—3ax? +a’, 
fo axi—2ax—b, fy a(a?x? — bx — a), f,=a(a— Bb’) x, 


f,= 


If A= a> - b> O, then a >O, and every 
Sturm polynomial has positive leading coefficient. 
In this case all five roots of the polynomial f 
are real. If A <0, then the following table shows 


the possibilities depending on the sign of a. 


age 


a<0 =° 


Thus the polynomial f£ has one real root if 


A<oO. 


Let f,, fra, be two consecutive polynomials of 

a ''complete’ Sturm sequence. If the leading 
coefficient in every polynomial has the same sign, 
then there are no sign changes for x = +”, and 


there is a sign change for x = -™, since the 


coefficients have opposite sign, then for 


X= FO, fry fray exhibit a sign change but 
for x = -~™, they do not. Thus if v,, veg is the 
number of sign changes in the Sturm sequence for 
-©, +©, then vy, + Vg =n. On the other hand 


Vv; 7— Vo is the number N of real roots of the 
polynomial. Therefore vz = (n-N)/2, which was 


to be shown. 
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The proof runs like the proof of Sturm's theorem 
except that the number of sign changes when x 
goes through a root of the original polynomial 


is not necessarily a unit. 


The sequence of polynomials given in the problem 
is the Sturm series for the interval x, Sx <+© 
and satisfies the conditions of problem 705 on the 
interval -~ <x S x,. Therefore the number of 
roots of f in the interval (x,, ©) is 
VW(x,) - vC+e) ; the number of roots of f in the 
interval (-~, x5) is v(x9) - v(-~), where v 
is the number of changes of sign of the polynomial 
over the interval in question. 

In general the number of real roots is equal 
to | 

2V(x,) - v(+) - v(-@). 


We use Euler's theorem in the form 
xa 


ci : _* 
P,=(— 1)"e? Fate Ty act(-xe?) 


dx" 


to obtain 


— x? 
ae ae dn-%e 2 
P,(—1)" lp 2 , i, ee a = = 


Thus 
Pi == XP, = (— 1) P25 


On the other hand we can differentiate the 


equation that defines P,_,, 


and obtain 
x? x 


~ 2 rege 
en nn ar ea ee ee 


dxn-} dx® ? 


mene — — = —— 
a a OE YS ES RS — NRE — Rg em 
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so that 
Py-1= *XPy-1 —P. 
Comparing this result with the previous 


formula, we obtain Pr-1=(n—1) P,_» and therefore 


P= nPp-1- 
These formulas show that the sequence P,,P,_, 
, Py, Pyo=!l is a Sturm sequence for the 
polynomial P,, since P,_, is a positive constant 


multiplied by P!, and Py_,; is the negative of 


n? 
the remainder when P,,, is divided by P, 
(except for a positive factor). 

Every polynomial P, has +1 for highest leading 
coefficient. Therefore all the roots of P, are 


real. 


708 By differentiating the equation defining P,, we 


obtain 
/ d™ (x"e- d” (nx"—le-* — x"e-*) , 
PS ea oe Dp (1 tet Ce 
thus 


1 d™x"-le-* 
Pas ae 
From this we obtain 


yte* a” (x+ x"—le~*) 


Po == (—1 


dx” 
d'xf-le-* qdh-\ynt-le- x / 
= (—1)"e" | x p= EP Pat 


thus xP,—=nP,+ n’Pn—1. 
On the other hand, 


4 [(n — 1) x? -2e-* — x8 lent] 
dx"-\ 


P,=(— 1)"ner4 


thus P), — — Pyrite mPa-1. . Multiplying by x and 
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replacing xP,, xP,_, by their values in terms of 


Pp Pp , P , we obtain 
mn? “n=l n-2 
P, = (* — 2n-+ 1)P,_, —(1— 1)? ee 
This relation shows that the polynomials 


Pp. cannot be O simultaneously, and if 


Pi-i = QO, then Po P _2 have opposite signs. 
Thus from ; 

Paoli 1 xP, 

P, a BP, 


we see that Pi _i/P, changes sign from minus to 

plus when x goes through a root of P,. Therefore 
the sequence P_, Poni? *oPy, P, = 1 is a Sturm 
sequence for P, on the interval (0, ~). The 
highest coefficient of every polynomial P, is l. 
P.(0) = (-1)"n! Therefore v(0) - v(+~) =n, that 


is P. has n positive roots. 


= E._, - (-x"/n}), 


it follows that the polynomials E,, E,_, and -x"/n!? 


From the relations E, = E,_,, E 


n n 


form a Sturm series for ES on the interval -~©, -e, 
if e is a sufficiently small positive number. 
The sign changes on this interval are given by 
the following table: 

oof" Cit (17! 

ee =e (=1p-* 
Therefore if n is even the polynomial E. has 
no negative root; if n is odd the polynomial E | 


has one negative root. Finally it is obvious 


that E Cx) >0O for x 20. 


ee ee ee 


Ae ep «Re oe ae ee 
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710 The first step is to apply Euler's formula to the 
identity | | 


1 1 
qtt ee ant aie l)e Z| 


dx 


We obtain 
1 1 1 
qtt+ dnmleX 


ae eS a +21) x Se ae ey yy a 7 i 


1 1 


dte® dt-le® 
= (x — Da en aa 
Thus P,—=(2nx-+1)P,_,;—n(n— 1) P,_ox?. . On the 


other hand from the differential equation 
defining PG we obtain 

Pa = (2nx +1)Py-1— x°P yt. 
This result shows that P,_-1=n(n—1)P,_5 
and therefore Py=(n+1)nP,_, . Putting these 
facts together we see that the series 
Poe i pe ks bed =) is a Sturm series for 
P,- Every polynomial P, has positive leading 
coefficient. Therefore all the roots of P. 


are real. 


711 Two forms of the relation 


az xP l 
dx" ax? . 


give 
P,,—2xPy_y + (42+ 1) P,9=0. 
From the formula defining P,_,, we obtain by 
setterventiation “Peder oa: ot Pha 
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thus Py1=nPy-2 . Therefore P' = (n + 1)P,_4. 
From the computations just performed, we 
see that P,, P,_,,.-., Pyp=1 form a Sturm 
sequence for Pi. Every polynomial in this 
sequence has positive leading coefficient. Thus 
all roots of P, are real. 
The problem admits a direct solution. One 
nee 1 ] 1 1 
wet = @(s—7t+s5i)- 
From this one computes directly that 
P(x) = bebo! — (eh, 
It is easy to see that the roots of a are 


cot{k T/(n + 1)}, k = 1,2,-..,n. 


712 We apply Euler's formula to the identity 


qd" is oe qnh-!} a Ys 
Vxee+1 = VxtI+i 
Tae aT? 


and obtain 
P,— (2a — 1) xP,_,; + (1 — 1)? (x? + 1) P,_, =0. 


The equation defining Pi-1 gives, on differentiation, 
the relation 


P,—(2n— 1) xP,_, +(x? +1) Ph_-1=0. 
Thus 7 


f 


P,-31=(n— bP ? Poss n’P»-1. 
From the relations already obtained, it follows 
that Pi: Pi-i»’’’»Po = 1 form a Sturm sequence. 


Each polynomial Ps has positive leading 


coefficient. Hence all roots of Pe are positive. 


ee a EE ae i A ae RT 
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The function F(x), F'(x), [£"(x) 7 form a Sturm 
sequence for F. The leading coefficients of this 
sequence: 3a%, 12a2, 9a% are positive. Therefore 


the number of changes in sign for x = -~ differs 


from the number for x = +© by 2. 


If f£ has a double root, then F has one 
triple root and one simple one. If f has a 


triple root then F has a four-fold root. 


If some polynomial of a Sturm sequence has a 
multiple root x, or a complex root a, then this 
polynomial can be replaced by a polynomial of 
lower degree obtained by dividing out the positive 
value (x - x,)* or (x - a(x - @). The succeeding 
polynomials are obtained in the usual way by 
applying the Euclidean algorithm and reversing 

the sign of the remainder. When this is done 

the number of changes of sign for x = -© becomes 
Sn -.2, where n is the degree of the original 
polynomial. Therefore the number of real roots 


must be sn - 2, 


Let F(x) = (x? - 1)". F(x) has -1, +1 as n-fold 


roots. F'(x) has -1, +1 as n - 1-fold roots. 
Moreover by Rolle's fneoren there is an additional 
root in the interval -1, +1. F'(x) has -1, +1 

as n - 2-fold roots, and two additional roots in 


the open interval -1, +1; etc. B 6") (x) = P(x) 


has n_ roots in the open interval -l, l. 
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716 Let x,,°**,x, be the distinct roots of f(x), 
KX, <Xqg <Xg < +++ <x,; let their multiplicities 
be respectively a,, a The function 
e(x) = £'(x)/f£(x) is continuous in the open 
intervals (-~, x,), (x1, Xg),°++,€%,_3, 4), (xy, +9 
and changes from O to -© in each of the intervals 
(x,_1, X,) and from +” to 0 in the interval 
(x,, ©). This is clear because the roots are 
distinct and ¢(x) changes sign at x,. 

Therefore (x) + \.has a root in each of the 
intervals (x,_,, x,) and moreover for } >0 one 
root in the interval (-~, x,) and for } <0 one 
root in the interval (x, ; +0), 

Thus, (x) + \ and therefore | 
f(xle()tA=— (+(x) has k roots distinct from 


X1, Xg,°*+,X,, for A #0, or k - 1 roots distinct 
from X,, Xp,°°*,X, for } = 0. Moreover 

Af(x) + £'Cx) has x,, Xo,'**,X, as roots of 
multiplicities a%—l, &%—I,..., a,—1. 


respectively. This establishes the general 
proposition that the number of real roots of the 
polynomial )\f£(x) + £'(Cx), counted according to 
multiplicity, is a+a+t...+a, if \} # 0; and 
is atat... +%—l if } = 0. Thus the 
number of such roots is the same as the degree of 


the polynomial )\f(x) + £'(x). 
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Let | 

& (X) = ay (X +A) (¥+A,) «2. (¥+A,), 

Fo(x) = apf (x), 

F, (x) = Fy (x) +A Fo(*) = agf (x) + ah f! (2), 

Fy(*)= Fi(x)+ oF i (x)= af (x) + Qo OQ, + ey) Vis (X)+- Aghyry f" (x) 

etc. 
Then Fy(x)=Fa-1(x) +a F a) =ayf(x) bay f/ (a+... ba, f(x), 
where a,, Aay,,°*°,a, are the coefficients of g. 
By the result of problem 715, all the roots of all 


the polynomials F,, F,,°+--,F, are real. 


The polynomial a)x"-+-a,mx"-!-+-...+m(m—1)...(m—n-+-l)a, 
[ax +a, (x" +... fa, (x™)] x2-™, 


and all the roots of x" are real. 


The polynomial a,x"--na,_,x"-!--n (n—1)a,_9x"-?-+ ... + aon! 
has all its roots real. Therefore all the roots 

of agnix" + an(n—1)... 2x71... +na,_ x +a, 

are real. Using the result of problem 718 again 


we see that all the roots of the polynomial 
a yn !x" +-ayn-n(n— 1)... 2x?-!-+ ayn(n— 1): n(n—1)... 3x"-? 
+... +a,n! 


are real. It only. remains to divide by n. 


All the roots of the polynomial 


n(na— 


n 1 
(Lexy = 1B ep AO Pt 
are real. The problem is completed by referring 


to 719. 


The poly nomeal F (x) = nx" — et 1 yt 2@_ 1, 1] 
has 1 as a root. The trick is to consider 

F (x) =(« — 1) f (x)= ax"t!—(n +1) x74  . Then 
F’ (x) = n(n-+ 1) (x — 1) x"! . If n is odd the 
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polynomial F(x) has a single extremum, namely a 
minimum at x = 1. Therefore it has no other real 
roots except for the double root x = 1. If n is 
even, F(x) increases monotonically from -~ to l 
for -~ <x s Q, decreases from 1 to O for 

O sx S11 and increases from 0 to o for 

1<sx <o ., Therefore F(x) has an additional 


root in this case. 


722 The derivative of the polynomial in this problem 
is positive for all real values of x. Thus the 


polynomial has a single real root. 


723 Leta <b <c; f(-~) <0; f(a) = B@(b - a) 
+ C*(c - a) >0; f£(c) = - A@(c - a) - B2(c - b) <0; 
f£(+) >0O. Therefore f has real roots in the 
intervals (-~, a); (a, c); Qc, +™). 
724 Suppose 
ay < ao < eee <a,- 
ee ~~ ey AB (a bi) 
C+ = B+ Y grime 8+ Gay ee 


n 2 
Im (@(a-+01))=—b ¥) aha #0 
for b # O, and yee term in the summation sign is 
positive. Therefore Qa + bi) # 0 for b # 0. 
Another way to obtain this result is to note that 
¢(x) decreases from +™ to -© when x increases from 
a 


, to a,,,; &x) decreases from 0 to -© on 


(-~, a,); (x) decreases from + to 0 on (a,, %. 
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n 
f (x) l , where x, are the roots of f(x). 
SF (x) rem aaa 


Then 
/ 2 w — 2 1 : 
OPO) P/O=U OI Lap 0 
for every real x. 


Let %*,;<xX%,< 1... SX, be the roots of the 
polynomial f£(x), and VK Vg Kee KL IMm 
be roots of the polynomial (x). 

The hypothesis shows that either m =n, 
m=n-o4dl1l,ormz=ne+#+i4d1. A simple change of 
notation brings us to one of the following two 
cases: 

Hy <M SX Yn <M yi Xn 
or 
Hy LI SK Hp Ly Kees KMan S Fa < Yas 
Suppose r #0. We write the equation to be 
investigated 
— £(x)/9(x) = -p/A, 
and set (x) = £(x)/q@(x). 

If m=n, then (x) decreases: from 
a,/bo to -» for -~ <x <y,, taking the value 0 
at X = X; 

from +” to -~ for Ye, <*% <V,aa> taking the 
value Oat x = Xe aa) 

from + to ag/bo for y, <x < +0, 


Here we have to know that the leading coefficients 


of f(x), @(x) are ay, bo and assume them positive. 
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Now the function v(x) is continuous in each 
of the above intervals. Thus the equation 
v(x) = -u/\ has n real roots if -u/\ # ag/b,, and 
has n - 1 real roots in the contrary case. Thus 
the number of real roots of the equation 
Lh £(x) + uw (x) is equal to its degree. 


When m =n - 1, the argument is similar. 


727 Since the polynomial F(x) reduces respectively to 
f(x), @x) in the cases 1X =1, p=0; p=l, A=O0, 
all roots of f(x), (x) are real. 

Assume that the roots of £(x), (x) do not 
interlace. The only case to consider is that in 
which the polynomial f(x) has two successive roots 
X,, X_ and the polynomial g(x) has no roots in the 
interval (x,, xg). Since the quotient 
v(x) = £¢x)/@(x) is continuous on the interval 
(x,, X52) in this case and reduces to zero at the 
end points, Rolle'’s theorem shows that the 
derivative /(x,) is O at an intermediate point 
xX, Of this interval. Thus the polynomial 
(x) — ¥(%Xp) has X,) as a k-fold root, k 22. The 
fundamental result of problem 581 shows that 
there is a small circle \z = xe. = pon the 
circumference of which there are at least four 


points with Im((z))=Im()(x,))=0. 


Of these four points at least one, Z,, is 


not real. The number p—v(z,) is real. (Just 


established.) The polynomial F(x) = -f(x) + pox) 
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has a nonreal root, but this contradicts the 


hypothesis. 


Let &§£<&<...<§&_, be the roots of the 
polynomial f'(x). These numbers divide the real 
axis into n intervals: 

(== Cay Fy) (Bis: 85) ee tig: Epes Epo pags CO): 
By Rolle's theorem the polynomial f(x) has no 
more than one root in each of these intervals. 
Further for arbitrary \, the polynomial 
£'(x) + \f' (x) has no more than one root in each 
of the intervals in question. Therefore the 
polynomial f(x) + \f'(x) has no more than two 
roots in each of the intervals, multiplicity 
being counted. 

Divide the intervals into two categories. 
The first category consists of the intervals 
containing roots of f(x). The second category 
consists of the intervals containing no roots of 
f(x). Consider the function p(x) = £¢x)/£'(x). 
In every interval of the first category b (x) 
has a single root and therefore changes sign on 
the interval. In every interval of the second 
category (x) has an invariable sign. Thus in 
every interval of the first category, w(x)-+A 
has an odd number of roots, multiplicity being 
counted. The only odd number no greater than 
2is 1. Therefore w(«)-+A has a single root 


in each interval of the first category. Therefore 


400 POLYNOMIAL, RATIONAL FUNCTIONS (CHAP. V 


b’ (x) has no root in an interval of the first 
category. 

In an interval of the second category we 
reason as follows. Suppose the absolute value of 
p(x) assumes a minimum at the point §& 
interior to an interval of the second category: 
hy =%(&). Suppose for definiteness that (x) 
is positive in this interval. Then the function 
p(x)—A has no root in the interval if h < 4; 
and at least two roots if } > hh. 

The arguments in the first paragraph show 
that for } >), b(x)—A has exactly two roots 
in an interval of the second category and both 
are simple. Thus (x)—)h has §& as a multiple 
root of multiplicity two. 

Summarizing, we see that (x)—A has no 
multiple roots in an interval of the second 
category for just one value of \. Clearly every 
root of 7 £'*(x) - £(x) f(x) is a multiple root 
of $(x)—$(n), since 


»__ f°) —F (4) f" (%) 
oS aie 2 
Thus the number of real roots of [f'(x)]- f(x) £" (x) 


is the same as the number of intervals in the 
second category. This is clearly the number of 


imaginary roots of f(x). 
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Problem 727 shows that the roots of f(x), f£3(x) 
interlace if all the roots of ifj(x)+p/h(x) 

are real. This follows by applying Rolle's 
theorem to the combination )f,(x)-+p/f,.(«) since 

all the roots of the latter are real for arbitrary 


A, Ww. (See problem 726.) 


Let £(x) have no multiple roots, and suppose 


£<& <+-.-<§,_,are the roots of f'(x). Consider 


the function Wo=Ae +e . Obviously 

tim LOT +— >0 , tor + >0 , and for 
y<—n  . Thus $(x%)>-+co for x—+-+0o ; 
and (x)->— oo for x->—co . Moreover, 

v(x) >—co for x—>&+ 5; b(x)—-+00 for 

x >t, - . Thus v(x) increases from -© to + 

in each of the intervals (—oo, &), (& &), ---»(&,-1, ©), 


and is continuous in the interiors of these 
intervals. 


Thus (x), and therefore its numerator 


1f (x) +(% +) f’ (x) have no fewer than n_ distinct 


roots for y>0 , or for y¥<—n  . Now 

1F (*) + (4% +2) Ff! (x) is a polynomial of degree n; 
thus it has at most n roots. If f(x) has a 
multiple root and x,, X9,°°:+,xX, are the distinct 
roots of f(x), then f'(x) has k - 1 roots 


Ef, --+. Gey , Gistinct from x,, Xg,°°',x This 


K° 
is a general fact that follows from the study of 


the graph of the polynomial. Now we simply 
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factor off the necessary factors (x - x,)!,::>, 
from w(x) and use the arguments above for the 
complementary factors. To do this we have only — 
to know that §, Bot § iy are not roots of 
f(x) unless -\ is a root of f(x). If -\ is not 
a root of f(x), the number of real roots of 
(f(x) + (* +2) f’ (x) is n - k (to allow for the 
multiple roots) plus kK, to allow for the remaining 
roots. If -A is a root of f(x), the first summand 
becomes n - k + 1, the second summand k - l. 

Thus the polynomial yf(x*)+Q+ <x) f’ (x) 
has n roots in all cases, multiplicity being 


counted. 


Set = 9(*) =), (% + 11) (% + To) © - (CH + Te): 
Each of the numbers ;y, is either positive or less 
than -n: y, >Oor yy, <-n. 


Obviously the coefficients of the polynomial 


Pi(x)=f (x) +xf'(x) are a;(¥, +4 ) 


and the coefficients of the polynomial 


Fy(x)= F(x) +xFi(x) are a (4 +)(n+4) 
etc. The coefficients of the polynomial 
Fy (4) = (yP y-1 (*) + Fai (x) 
are 
2(t11 +) 2+) +++ etd), i= 1, 2,..., 2. 
The fundamental result of problem 730 shows 


that all roots of all the polynomials F,, Fo,---,F, 
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are real. But 

agp (0) + a9 (1) x «.. 4+ ay (0) x" = 5, F, (x), 
Set f(x) = f,(x) (x + )), where } is real and 
f,(x) is a polynomial of degree (n - 1), having 
real roots. As an induction hypothesis suppose 
the theorem established for polynomials of degree 
(n - 1). 


Set 


J, (%)=b+b«e+... +5, xPo!, 
I (x) =a) ayx+ ooo $ a,x", 


Then 
Qo = Bo, 
a; ae hd, + bo 
a, =N,+2,, 
Q,-) =, +8, _9, 
ay. Se | On~1 
and 


Ay + 4,4 X + ay (Y—1) x?+ ow. fany(y7—l)... QJ — a 1) x" 
= K [by + by 1% + bot (¥— I) 0? FOV 1)... 
oe (YA + 2) x") He xy (09 +8, (F—-1) ¥ +8, (7-1) (7-2) 2? +... 
es FO (1— DT — 2)... Qa 1) x") 
= he (x) + x [19 (x) — x9" (x)], 


where q(x) denotes the polynomial 
by bye bog (J — PH oe FO aT HD) oe (Pa 2) 0 


The induction hypothesis allows us to assume 
that all roots of the polynomial g(x) are real. 


To complete the argument we shall establish the 


following lemma. 
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Lemma. If ¢(x) is a polynomial of degree 
n - 1 having real roots, then all roots of the 
polynomial $(x)=d9+ yxp— x*9’ are real for 
Y>n—1, for arbitrary real }. 
Proof. If 0 is a root of » , we can factor 


it off as follows: 9=«x"9,, 9,(0)#0 : 


) (x) = x* py (7 — 2) x9, — ¥79;) = x", 2 


and 7;=1— exceeds the degree of 9. 
Now suppose that 0 is not a root of , and 
let x,, X2g,°°°,xX, be its distinct roots. The 


polynomial will have these same numbers as 


roots, with multiplicity sum n-1-m. Now 
consider x29! (x) 
POS TI oy 
It is obvious that 
lim w(*) $$ (~m—1)> 0. 
x>00  * 
Therefore w(x)—-—oo for x—-+— oo and 
w(x) > 00 for x—>-—+0o -. Moreover 
WwW (x)—>-++- co for x—>x, +, W (Xx) —>—0O 
for x—->x,;- . Thus w(x) has roots in each of 
the intervals 
(— 00, %1), (Xp, Xa) oe es (Km-1s Xm): (Xn» +00). 


It follows that the number of real roots of 
p(x) > multiplicity being counted is 
n-l-m+m*+ie=n. This is the degree of 


p(x) , as was to be shown. 
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733 If all roots of the polynomial a)+-a,x+ ... + a,x" 

are real, then all roots of the polynomial 

Ax" +a, x"~! + ... +a, are also real. Now all 

roots of the polynomials 

1-1 -.- a+ 1) xe" +47, (4,—-1).. 

Ct) — A 2) ett... +a,_iy,x+a, 

and 

1(%1—1)--- 4 tes ee 1— A+ 2) x4... 
» Ogi te* + a,x" =[4-+-—* > at i 


an-~\ 


i Alaa ie 
an 
+ aFGF |UD aay) 


are real for 7¥;>n—1. Set YJ—n+l=a>Qd, 


and note that all roots of the polynomial 


2 ay 
o+Fe+segy Ot + toepy epee? 


are real. The result of the exercise follows 


from a second application of problem 732. 


734 1. Suppose that all roots of f(x) are positive. 
Then the polynomial a,-+a,wx+... +a,w™x" 


has no negative roots. 


Suppose the theorem established for 
polynomials of degree n - 1. Suppose 
(x)= b) + b,wx + b,wtx? + 1... +8, ,we- WP xen-!, 
Set UX, xX... C¥X,_,; , Where Hy, Xq, sees Kay 


> wr? 


are the roots of (x) and suppose 
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Now set f(x)=Q—x)()+Ox+ ... +06,_,%"7)). 


The coefficients of the polynomial f(x) are 


4 =No, 

Qa, = hb, — bp, 

Qo = by —)b,, 
a, = o,-} — Fa_-os 
a, = — b,_}. 


Thus 


) (x) =a) + a,wx + awit? + ... +a,w? x" =) (bo +b,wx-+ .. 
. +0), ae 1)? n— Dy acadla( ie Stap g ete . +b, wx") 
= hp (x) — xwo (xw?). 


The roots of the polynomial (x), x@(xw*) 
interlace by the induction hypothesis. Therefore 
all the roots of the polynomial ix) + xwe(xw?) 
are real. It remains to check that they are 
distributed in the same way as the roots of the 
polynomial (x). 

Suppose the roots of (x) are Z,, Z5,°°',2Z,. 
It is easy to see that | 
O <2, << xX, <yW? <i << HW? < 2, 

© 2g SX guy Sy OW? < 2. 


fi. Xj-;w? 


Furthermore, —w *, and the 


Zi-| Xji-1 
assertion is established. 


2. Consider 


If m is sufficiently large, the roots of 


——————$_—— 


the polynomial @,(x) are + = ; these do 
lo — 
WwW 
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not lie in the interval (0, n). Thus, by 
problem 731, all the roots of the polynomial 
AoPm (0) + a9, (1)x+...+4,9,, (2) x" are real. But 


lim ¢,, (x)= wv . Thus all the roots of 
m—->» oo 

Ay taywx +... +a,w"x" are real, since the roots 
of a polynomial are continuous functions of the 


coefficients. 


735 Let the roots of the polynomial 


f(x)=a) tax+t... ta xn" be x1, Xg,°''5X,. 
Without loss of generality we may assume these . 


to be positive. Now set 


(x) = aycosp-+a,cos(p-+ 9)x+ ... +a, cos(e-+ nf) x", 
) (x) = ay sing +a, sin(g-+ 6) x-+ .,. 4-4, sin(g + 28) x", 


Then 


p(x) -+ ip (x) = (cos¢-+ising)a, Il (ax — x,), 


9 (x) — iv (x) = (cos o— ising)a, Il (a’x — x;), 
i=} 


where 
a—cos0-+-isin 0, a’ —cos 6 — isin 9, 


Thus 


ri __ g(x) tib(x)_ cose+ ising we ax — x; 
Ce Ora Ome res cire | bomeers 


— 


Let x = p§ be a root of the polynomial x); 
0 = |x |; 8 = cos A+ isin \. Then |@O(x)|=—1 , 
and therefore 


pa — x; 
pa"B — x; 


=e 


I 


t=1 
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But 
pap — xj f? __ (pab — x4) (po’B’ — x4) __ 
| pa’B — x; (pa’B — x;) (paB’ — xj) 
| 4 eeile— a") (BY —B)__ gy _4pez sin 8 sin 
Tp BP i |pa’B— x; [2 
The case sin 9 = 0 is not interesting. 
If sin \} # 0, then all the expressions 
pa — x; |? ee 
rec ars are Simultaneously greater than unity 
— ji 


or Simultaneously less than unity and their 
product cannot be 1. Therefore we must have 


sin } = O, that is, x real. 


736 Let X,, X5,°°',X, be roots of the polynomial 
F(X) = Gy + iby + (@,+-i0,) ¥ 4+ ... + (G, + ib,) x" = ¢ (x) + if (2X). 
Each of these roots has positive imaginary part. 
Consider the polynomial /f (x)= ¢(x)— ip(.). 
Clearly this polynomial has roots x1, Xg,°°:,X.. 


n 


Thus 
® (x) = TOTHO_TT X—Xi  Antiby 


_ a= ? re 
9 (x) — ip (x) a x—x;, a,—ib, 


For every root x, of the polynomial (x) 


the relation 


>= TT 
i=l 


to" i |}—1 holds. 
a a 
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But 
Xy— x; (x) —x;)(xo—*;) _ (x, —x;) (x9 — x9) 
a 7 7 7 aia 2 
Xy— X; ( xp — x;) (%) — *;) | x» —~, | 
a 41m (xo) Im (x) ; 
[xo — +; |’ 


' A simple geometric argument shows that if 
=, 


Xo 
Im(x,) >0O, then Eaeea <1; in the contrary 
Xo ~ Ky 


case this fraction is always greater than l. 
Therefore the equality |®(x,.)|=1 can be valid 
only if x, is real. That is, all roots of ox) 
are real. 
Now consider the polynomial 
(a — Bi) [ep (%) + dh (x)] = ay (©) + Bd (%) + é [ap (4) — Bo (x)]. 
| Its roots are the same as the roots of the 
polynomial under consideration. Therefore the 
real part, ap(x)+ 6)(*) has real roots for arbitrary 
real a, B (not both zero). By problem 727 the 


roots of g(x), p(x) interlace. 


737 Let (x) have roots x,, Xg,°°',X,; and let (x) 
have roots y,, Yo,°**,y,- %It can be assumed 


without loss of generality that the leading 


coefficients are positive, and that 
Hy > Vy > Hq > Vg ee DO Maaer > Xn > Vn 
where the last member may be absent. 


We expand v(x)/@(x) into partial fractions: 


(x) An 
fo Pt ee NA cay 


410 


7138 


739 
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It is easy to see that every numerator A, > 0. 


Take x = a + bi and compute the imaginary part of 


—ieM+4@)) _ 9) _ ;. 
@ (x) 9 (x) 


b (x) ees . Ap see, aa y A, 
Im (Fe )=—1+41m » atta]|= 0 du aaa tR 


k=1 


If b 2 QO, then im (2). — 1) <0 therefore 


y (x) +ib(x) #0, Thus all roots of the polynomial 
p(x) -+ ip (x) would lie in the lower half plane. 


Similar arguments take care of the remaining cases. 


n 


f@_y |. where x 


F (x) X— Xp 


are the roots of f(x). 


k 


Set x =a - bi, b >O. Then 
f!(a— bi) \ XV b+ Im(xy) 
in Fao) = »» Gay 7° 
Thus 


f'(a - bi) # O. 


Let the given half plane be defined by the 
inequality 


r cos(® - ~) >p, where x = r(cos + i sin @). 


Set x = (x + pi)(sin® - i cos 6). Then 


xX = - pi+ x (sin 0+ i cos 0 =r sin (0 - Wo) 


+ ilr cos (0 - @) - pl]. 


It is clear that if x lies in the given half 


plane, then x lies in the half plane Im(x) >O, 


740 


741 


742 
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and conversely. The roots of the polynomials 
f[(x + pi)(sin 9 - i cos 9) |, must therefore lie 
in the upper half plane. Problem 738 shows that 
the roots of its derivative, namely the roots of 
[sin @ - i cos 6] f'[(X + pi)(sin © - i cos 9) ], 
must also lie in the upper half plane. 

Therefore the roots of the polynomial f' (x) 


lie in the given half plane. 
Follows directly from problem 739. 


The roots of the given polynomial satisfy one of 


the equations: 


f'(x) , 1 f(s) 1 
a 0 Fy w= 


If we separate these into partial fractions we 
Rn 


1 | 
fees 
X—Ap ~~ ki =9, 


obtain the two equations > 
R=1 


where x, are the roots of f(x), which are real 


k 
by hypothesis. Set x = a+ bi. Then 


im (Ss) 


k=1 


: l n 
= (01 Ueaagreor < Tar 


Thus every root of the given polynomial must 


satisfy 1/k <n/|b|. Thus |b | < kn. 
Denote the roots of f'(x) by §&, §,°°*,§ 43 
these are obviously real. Let the roots of 


f (x) am b, f(x) - a be : Yi» Yor,’ *°*9Vqs 


Ky,» Kg,° te KX, respectively. Then 


412 


743 


744 
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V1 KI <M ee Ve Spe 
Hy <b Hy Sy <n Hy Spe Xn 


It follows from these equations that the 
intervals bounded by the points x,, a do not 
overlap. Thus they are all included in one or 
another of the non-overlapping intervals 

(— oo, &); (Ep Ss ---3 (,-1, +00). 

In each interval x,, y, the polynomial f(x) 
starts at the value a and changes continuously 
to the value b. Therefore the polynomial f(x) - } 
is 0 for n distinct real values. The assertion 
is established if all roots are distinct. A very 
simple modification of the argument covers the 


case of multiple roots. 


If the real parts of the roots of the polynomial 

f(x)=x" +a,x"-!4 ... +a, have the same sign, the 

imaginary parts of the roots of the polynomial 
i"f (— ix) = x" + ia,x"-!— a,x2-? — fa,x*—-3 4 |, 

also have the same sign. The converse is true. 

By problems 736, 737 necessary and sufficient 
conditions for this are that the roots of the 
polynomials x” — ay x"-?-++- a,x"-4— .., ; 

a,x") — a,x"-3_+a.x"-5_ ., .be real and interlace. 


It must be true that a>O and that the roots 


3 2 


of the polynomials x" = bx, ax“ - c be real and 
interlace. Necessary and sufficient conditions 


for this are O< c/a <b, orc >O0, ab-c >O. 


745 


746 


747 
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Thus the conditions a >0, c >0O, ab -c>0O 
are necessary and sufficient conditions that the 
real parts of the roots of the given equation be 


negative. 
a>0O, c>0,d>O0, abc - c® - a“d > O.~. 


Set x = (1 + y)/(1 - y). It is easy to see that 
if |x | <1, then the real part of y is negative 
and conversely. 

Thus all three roots, X,, Xg, x3 of the 
equation f(x) = 0 will have absolute value less 
than 1, if and only if all roots of the equation 
f( {1 + y}/{1 - y}) = O have negative real part. 
This equation has the form 


y(1—a-+b—c)-+ y? (8 —a—b + 3c)+ y(3 + a —b — 3¢) 
+d +4--b+-¢)=0. 


It is easy to see moreover that the condition 
1—a+b—c=(1+%,)(1+%,)(14+%,) > 0 

is necessary. Using the result of problem 744 

we obtain the following necessary and sufficient 

conditions 


1—a+6b—c>Q; 1I+a-+d+c¢>0; 3—a—d+3¢> 0; 
1—b+ac—c*>0. 


f (x)(1 — x) =a, +(@,_,— 4,) ¥ + 


+. (Ap—9 — Aq) H? + ... + (Ay — a) x” — Ayxrth 


Set |x| =p >1. Then 
| f (©) (1 — x) | > age?! — Jag + Gn — A) Xe 


| (ay — @,) x" | > agp"t*— p" (a, +-4,-7— Ag+ ++ 
- dy — Q,) = a9 (p"t!— p") > 0. 
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Thus, f(x) #4 O for |x | ae 


748 - 0.6618. 

749 2.094551. 

750 a) 3.3876, -0.5136, -2.8741; 
b) 2.8931; 
c) 3.9489, 0.2172, -1.1660; 
d) 3.1149, 0.7459, -0.8608. 


791 The problem comes down to calculating the root 


3 —~ 3x + 1 = O lying the 


of the equation x 
interval (0, 1). 


Answer: x = 0.347, to within 0.001. 


752 2.4908. 

753 a) 1.7320; b) -0.7321; c) 0.6180; d) 0.2679; 
e) -3.1623; f£) 1.2361; ¢g) -2.3028; h) 3.6457; 
i) 1.6180. 


754 a) 1.0953, -0.2624, -1.4773, -2.3556; 
b) 0.8270, 0.3383, -1.2090, -2.9563; 
c) 1.4689, 0.1168; 
d) 8.0060, 1.2855, 0.1960, -1.4875; 
e) 1.5357, -0.1537; 
f) 3.3322, 1.0947, -0.6002, -1.8268: 
g) 0.4910, -1.4910; 
h) 2.1462, -0.6821, -1.3178, -4.1463. 
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CHAPTER VI - SOLUTIONS 
SYMMETRIC FUNCTIONS 


We write out the solution of problem f) in detail: 
F (*), soe x) — (x3 + x5) (x4 |. x3) (x5 +. x?). 
The highest term in the polynomial F is x, ° me. 


The homogeneous sixth degree polynomial F 
can be expressed as the sum of homogeneous sixth 
degree polynomials made up from 

f, = KX, + X5 + Xe, 


fo 


KyXo + XpXqg + XeX} 

f, = X,X_X3 %&in the following combinations: 

fyists, P26, fife, Psy 18. Thus F car be written: 

F = f£2f£3 + AfSf, + BLS + Cf,f2f, + DfZ, where A, B, 
C, D are numerical coefficients. To determine the 
numerical coefficients we give particular values 


tO X41, Xo, Xa: 


] 1 0 2 l 0 2 
2 —1 |; —1 0}; —3 2 50 
1 —2 | —2 | —3 0 4 200 
1 —l |} —l | —1 { —1 1 8 


Thus A, B, C, D must satisfy the system: 


2=4-4 B, 
50 = — 27B-.4D, 
200 = — 108A + 16D, 
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and so B = -2, D= -1,A = -2, C = 4. 

The result is 
(x2 + x3) (x3 + 23) (9+ 3) = FA — ft h, — 2+ A ahs — fi 
For the remaining problems we give only the answers: 


a) —3h,f.5 >») fifa—3fsi 9) Ft A + Bhs 
d) f3f2—ofthy— fiat Si helst 3fihs— Sls 


e) I f.— Fs g) 2f*—9f f+ 27f;3; 


756 a) f fof,—PL,—Ff >) fif,4+- 4S 
Cc) f—4f f+ 8f;. 


197 a) f?—2f,; b) fi—3f,f,+3f,3 
©) Sif5- 418 4) Jy 2h fe 2s 
©) Ah» — Syfa— FAA ASG) EARS FAT AD Sy 
g) fofs—3h fy t Shes) PS,—2hafy— SS, + 5S 53 
i) f f?—2F2f,— fofg+5Ff,—5f¢3 
) BL, — 38h, RP yt Bhofst Sif, — Shs 
k) f§— 5S, + 5S, B+ OSS; — SSF; — OFS, +5 S53 
1) fof,—4F f3+-9f6 m) f3—2h,f,4-2F,f5 — 2f¢3 
n) f7f,—2f.f,—fif5+ 6S¢ 
0) fFofs— 3S2f,— BR +ALL, +S Sg — 12h 
p) f3—3F Sofy t+ 3PL,+ 3F2 — 3h,f,— 3 fg + 3f 5 
a) f2f3— 3h fofy— PFA 3P + Soft Sify — Si 
1) PA 2S f,—2AAAS fy + 20S, — 3h 
+ 2fof,— 6h,f5 + 6f¢: 
s) f4f,—4fifR— RL, +26 4+ TS SS 
+ fit,— 3f3—6f,f,—f,f,+6f,: 
t) f§—6fif, + 9f{ fo + 6A, — 2f3— 12F, ff, —6 if, 
+ 3f3+- 6f,f,+6f,f,—6f,. 
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758 a) nf? — 8f,; 
b) — fifi fe—8ft Sst ... +(—2)"f,. 


759 a) (A—1) f{-2nf,, b) (29-1) f—-3 (n—2) fF, fy + 3 (4) fs; 
c) n— 1) ft—4nf?f,+2(n+6) fR+4(n—3)f,f,— Ans; 
d) S@~ NO) 72 (3n—1)(n—2) fy 


760 fe — Fg Ffrzit Sol ege— 2S pat nag ee 


761 (n— Ind ofi—2n—91| nBar—( ¥ a, I, 
- = i=1 
== (1 — 1)! Sosy --+- 4 (a — 2)! Fofy, 


n Nn 
aS} 72. is 5, = ‘ = 
a as a4 ya > ae Wa pe I= als 


fifo—3fg_.. 2(F i fe 8ffs—2F2) =. PEAS Sg ofa F9F2 


762 a ; b) ——— 
fs Si fa—fs 2 i 
763 2) F9— Aifg+ hy. b) FUSS AS Ss — 6 Fofs + OF + 2S if, 
ff, | fi Sofs—S if; —F3 
2 
_9 = 
764 a) Sn-1 b) Fa-1 ah eke c) St tipod “ey 
iP ti a 
d FEF — Boh e_1— Wifn—obn + Afofn—ofn — ha , 
) ee ; ne ’ 
fiha—1— ofa —fifn ‘ Sofn-y— (29 — DSS 
a Tn + Tr 
765 -4, 


766 -39. 


418 


767 


768 


769 


770 
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16. 
a) —3; b) — 2p? 39% ©) — p® (x}—xpx,=— p); 


d _ ~_—_—!; f) ———__*+* 7 


Let x2 = x§ + x8. Then 2x? = x? + x2 + x§ = a® - 2b. 


Thus either ciel or ay 2 isa 


root of the given equation. Necessary and 
sufficient conditions that this occur are: 


a*(a2 - 2b) = 2(a°% - 2ab + 2c)?. 


ab — ¢ = — (xX, + Xp) (4 + %3) (X_ + 3), 
CS — Xp XoXy. 


If all the roots are real and negative then 


a>oO, b>0O, c >O. 


If one root x, is real, and xj, x, are complex 

conjugates with negative real part, then 

Xo + Xg < O, X4xX, > O, (x, + Xn) Cx, + XQ) > 0. 

Thus the conditions a >Q, b >0, c >O again hold. 
Now suppose that a >0, b >O, c >0O. If 

xX, is real and xz, X, are complex conjugates, 

then x5x, >0, (x, + x,)(x, + x3) >0O. Thus, 

since c >0, b >0O, it follows that x, <0, 


2 Re(x.) = X5 + X, <0. 
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On the other hand if all of x,, Xg, X3 are 
real, then it follows, since c >0QO, that one of 
the roots x, is negative, and the other two have 
the same sign. If x, >0, x, >0O, then 


-X1 “Xg > Xn >0, ~-K, -Xg > Xp > Oz. 


Thus we would have -(x, + xp) (x, + x3) (x5 + x.) <0. 
But this contradicts the hypothesis. Therefore 
Ky <0, x, < O. 

Problem 744 gave another method of solution. 


Cc 


a aaah ao Be fe ee ae, 
771 s= = V a(4ab a®— 8c), R VaGab aa boy 


772 = a (4ab — a — 8c) = 4c”. 


25 35 1679 
73 8) 7} MD ag 8) Gos 
774 a) a®a2 — 4a3a, — 4a3a,-+ 18a,a,0,a, — 27a a5; 


a,;a 6 

b) a3a,— a3a,; ¢) mare —9; d) a°az— aia, — aiay. 

775 It is sufficient to give a proof for the 
elementary symmetric functions. Let Cp, be an 


elementary symmetric functions of degree k in 


Xo, X¥3,°°*,X,; £, an elementary symmetric function 
in X,, X9,°°*,X,. Clearly, A= fe - K¥,Q_,- Thus: 
Pp = Fy % Fg + Xi fg-1~— +. C= xjelT, + (—1)* xt, 


(—1)"9,=4,+ 4, 4, + ... fa xt-I4 xt, 
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777 


778 
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Xf X= fy — Xs; 
Gy 2), = 4) pe) HEH RS Ss he 
2X) — X_ — X3 = 3x, — fi; 
(3x, -— F,) (8%. — 44) (3%; — Fy) = 27F, — 9F, fy + Ff 
xi Xx, + x5 = Si— fy — fxs; 


xi — X43, = Sx, — Sy 
n af 
Ro __ (py __ 
dion = bY Sa 
i= 


Let F(x,, %), ..., %,)=O(f,, f,,..., f,) + Then 


oe = TODA HE the a 


Let g(@)=F(x,+4, x)+4,..., x,+4) + Then 
9’ (a) = SEO Es in Fa) 


i=l 


Since (a) is independent of a, then p'Ca) = 0, 


from which Le bt —(0 . Conversely, if 
y OF (x1, XOy wey Xn) = O then 
i=l a 


o! (a) = OF a »>Xn-a) — (0 
i=l 


Therefore 


(a) is independent of a; g(a) = o(0), i.e 


F(x; +a, X94, ..., X,+@a)=F(x,, Xo, ..., X,) 
The result of the preceding problem shows that 
the relation of 0 is equivalent to the 
i 


bats i=] 
condition 


ne ODA set oe than Ge =O 


780 


781 


782 


783 


784 
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Let F(x,, Xg,°++,X,) be a homogeneous symmetric 
function of degree 2. It must be expressible in 
terms of the elementary symmetric functions in the 
form F = Af? + Bf,. By problem 779, we must have 
n2Af, + (n - 1)Bf, = 0, so that 

A = (n - l)a, B = -2na, and 

P(X, Xo, - 00 x,)=a[— I) fi— nf] =e d (x, — *,) 


A symmetric function of the third degree is the 
following combination of the elementary symmetric 
functions: Af} + Bf,f2 + Cf,. By problem 779, | 

the relation 3Anf? + nBfj+(n - 1)Bf¢ + (n - 2)Cfz = 0 
must hold. Thus 

P(X), Xo, 200s x,)=a[(4— 1)@— 2) fj—3n(n— 2) ff, +307 f,]. 


(an — 2) f? f2—2(n—1)/}f,—4(a—2fy 
+ (102 — 12) f,f.f,—4(a — 1) Fi f, —9af5t 84S,f;,. 


We may take 
f 
m=hi(a—4, goo aaa Ng 


Each of the functions p, certainly has the 


required properties. Moreover if 


F(x,, X9,°°',X,) = Fx, + a, Xg + a,--+-,x,+ a), and 
F(x. , %9,°°',%,) = Of, for sees Fa) , then 
P(X yp Ng 505 Hy) HO Oy. Opi Cayo sey @,)> | 


a) — 493— 2793; b) 1893. 
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786 


7187 


788 
789 
790 
791 
792 


793 


794 


795 


796 
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a) 843; 
b) — 49393-+ 16959, — 2793+ 1449,93¢4 a 128¢2¢4 + 256 74 


s, == ff? — 2f,; 

fi—3f f+ 3h, 

Fi— AP fa + AFA 4S Sg 

fi— 5/i f+ 5F, + 5S f, — Bhat, — 5f f,+5f5; 

= f>— 6f*f, + 9/27 -+ 6f3f, — 2f3—12f ff, — 6/7, 
+ 3f3-+ 6f,f,+6f,f;— 6F¢ 


2 
3 


| ll I 


S 
S 
§ 


4 
. 


2f, = s? — So; 
6f, = s}— 3s,s,-+ 2s,; 
24f, = si— 6s%s, + 85,8, 4- 3s} — 6s,; 
120f, = s° — 10s?s, + 20s{s, +- 5s 183 — 20s,8,—30s,5, + 24s, ; 
720f, = s§ — 15s4s, ++ 40s%s, 4 486283 — 120s. 18983 — 1583 
— 90s6,-+ 40s? 4+.90s,s, + 1445,5.— 120s, 


Ss 859 

Sg = 13 

Sig = 621. 

S, = -1, Sp =S, =‘*' =S, = O. 


Easily established by induction, using the 


relation 
AS, + DSy_1 + CSp_» = 0, 


where s,==x?- xf, 
s,—S§=5 (F3— fa) (fa—Sife)s 83 — t= 3 (Sa — Sita) 
S3—= — 5fofss 83 = 3f33 So — 2fy. 


Ege) ee 
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797 a +(-1)" 4 =0. 
798 xr + E10) n- -1 4 Fat) xn-2 |, 4 2) —0 ; where 
P,, Po,°**,P, are the Hermite polynomials 
ka 
x? ater, 
— qko 2 
P —(—1)’e ? —~_., 


and a@ is a root of the Hermite polynomial 


Pi .iCx). 


Solution. Suppose the required equation has 


the form 


x" +-axt-l+a,xm-?-+ ... +a,=0. 
By Newton's formulas, 


Qa, = Qa, 
2a, = aa, — |, 


Ray = Ady_, — Ay_», 
Na, = 80,1 — @n_o, 
O= C0, —On_}s 


These relations show that a, is a polynomial 


of degree k in gw. Set kta, = P,(qa). Then, 
setting P, = 1, we obtain 

The first two relations show that P, is the Hermite 
polynomial in w (see problem 707). The last 


relation gives P_,,(qa) = 0. 
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ae | 
Ue 5 (82 — Son): 


k 
aa De + x) = BCs, _ 9 ®s 


n n k 
a D(x +x)*= DCs, s : 
| m=0 


Qk 
1 2k 
801 Mex — x => MCA" 84895 
i<j : m=0 
802 Add to the first line -s, times the second plus 
S, times the third,---,plus (—1)*-!s,_, times the 


k-th. By Newton's formula we obtain: 


hi 1 0... 0 0 1 OO ...0 
2f, fy 1... 0 0 f, 1 ...0 

det -— e© es 8 8© © © e@ © © @ @ — e 8 e8© e© #@# @ «@ >. ee #® 6 ®@ = Sp- 
(kR—1)f,_, Fens eee Si 1 0 Fpuo Fics een 1 


khe fra o-- Al |[Cv%'s, fp eee 


803 Add to the first column -f, times the second, f, 
times the third,---, (—1)*-!f,_, times the k-th. 


Use Newton's formula to establish the result. 


804 n(x" —f x81 fox"? + ... +(—1)"F,)- 


805 2 u(5) , where d = (m,n). 


ara} 
oe, 
- la 
~—u” 
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806 By problems 117, 119 it is sufficient to consider 
the case n = p,Po «>: P, where p,, Po,**+,P, are 
distinct odd prime numbers. In this case 
S, = S) = s, = (-1)"; s, = 2(-1)*7", if 
3|n; s, = (-1)* if 3 fn. Calculation with 


Newton's formula gives: 


1— (—1)* 
f= 


—jye-i— ; 
A= + Pe a 3 |n; 


pa) 5 dt Sin: 


—}])F-! — . 
j= + o2 3 |n; 


—yr-'41 
j= , it 3)n. 


807 SS, = Sp = S3 = +++ = S, =a. Thus for k sn 
. kf,=af,_;—af,pot soe +(—1)"-'f,, 
(kR—1)f,_,= afyoot cee =(— 1)" 47, | 


from which 
kf,=(a—k+1)fp-3, fy oir, 


It is obvious that f, =a. Therefore 


_. a(a—l) _. a(a—1)...(a—k+1) 
Iy= Lag Ie 1-2... : 


And thus x,, X2,°°+,x, are the roots of the 
equation 
x= xn! +- a(a—1l) x2 aud +.(—1)" sea). wnt l) _ 9. 


» a(1—a)Q—a)...(n—a) 
_ nl : 


426 


808 


809 


810 


811 


812 


813 


814 
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(x —a)(x — b)[x® + (a+b) xt 4+... +(e" +a" b+... 
we. +O") = (4 — a) [x81 + ax” + ax "-1-4 1... +a"x | 
—b(a" +a" b-+- 6... +b") = 9 t? (a7 t1+ ab +... + bt) x 

+ab(a®+a"™ti+t .,, +06”). 


In the new polynomials, the degrees of the sums 


Oy» Og,°**,0, are obviously zero. But 

% = s, + aX + b*. Therefore s, = -(a* + b*) for 
1sk <n. 

s, = -a* - b*, if k is odd; 


R 


k 2 
Tp?) , if k is even. 


gels 


a) (x +a) (x?+-ax+b)—c=0, 

b) «(x — a®+- 3b)? — (a°b? — 4a%e — 46° 4- 18abc —27c?) = 0; 
c) x°-+- (3b — a?) x?-+- 6 (3b — a’) x + 63 — akc — 0; 

d) x2(* — a? + 30) -+ (a2b? — 4a%e — 463 + 18abc —27c?) = 0; 
e) x3 — (a2 — 2b) x? +. (b? — 2ac) x —c? =0; 

f) x3-+ (a3 — 3ab + 3c) x? + (6° — 3abe + 3c”) x + c3 = 0. 


y+ (203 — 9ab +- 27c) y-+- (a? — 36)? = 0. 


63 +. a8c — Gabe 4- 9c? 


ab — 3c : 
Cc yt c? me 


ye 
ab — 3c — 5abe +- 6c? 
y® — ye + tae y4 = 
__ ab? — 2b3 — 2485 + ne —ic? 5 | B—S5abe+6c? 4» ab— oa 


7) ae = Vr y+1=0. 


a) y® - by? + (ac - 4d) y - (a2d + c? - 4bd) = 
(Ferrari resolvent) ; 


2 


ed 


a 


815 


816 


817 
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b) y® - (3a2 - 8b)y2 + (3a* - 16a2b + 16b2 
+ l6éac - 64d)y - (a° - 4ab + 8c)" = 0 
(Ferrari resolvent); 
c) ye — by5 + (ac — d) y* — (a*d 4+ c? — 26d) y? 
+ d(ac — da) y*— ba’y +d? = 0, 


d) y+ 3ay5 + (3a? + 26) yt (a? + 406) y” 
+ (2a%b + 6? + ac — 4d) y? + (ab* +- a*c — 4ad) y 
+ (abe —.a*d — c*) = 0, 


ee Det VO = $4 t VO —H Hy, t VP — BH, 
ape eee ei ee ee ee a 


The ambiguous signs must be chosen so that the 
product of the square roots is -a°? + 4ab - 8c. 


=e V 4a + VB — 64a3 + V 4a -. ey & — §4a3 + V 4a +. ¢2 VB — 64a3 
— ze 9 ae 


gee eS . Choose the ambiguous signs so 


that the product of the roots is -b. 
(y + a) (y?-+ 6ay + 25a?)-+- 3125d4y = 0. 


Method. The roots of the equation we are seeking 


must be: 


Vy (Hy Xq HQ Xg HX qf XyX5 + X5X)) 

MK (41% 3 Hg Hg - X5XqQ + HyX q+ HX); 
Yq == (% 1X3 Hg X_  HyXg - XgXq X4X)) 

K (HX qf H_% 4-H 4X3 FX 4.X%5 + ¥5%4); 
V3 == (% 5 XQ HQ X 4g Hy Xq + X3X, + ©) Xs) 

K (4H 5% qf Hg Xy FX XQ + K_.X3 + KX); 
Vg (HQ Hy FH Hg 3X5 HG Hy + XX) 

K (%_% 34> HgX 4 X 4X1 HK Xs + x. Xy); 
V5 = (5X3 HgXq TH _QX% qt HX X 1X5) 

K (%5Xq XQ % 1 HX 3 fH 4Xq + H4%5); 


Vg (HQ Fo Hy Hg XK 4X3 HZ X5 + HX 5XQ) 


MK (gH 4 He X 4X3 X5X 1 HX 3+ X39). 
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The the equation we are looking for must have the *° 


form 


y® + ¢c,ay® + c,a?y4t +- c,a3y3 + c,a4y? + (c,a° + egb*) y 
+ (c,a® +-c,ab*) = 0, 


where c,, Cy,°°+,Cg are absolute constants. To 
determine them we set a = -1, b=0; a=0, b= -l. 


We obtain the following table. 


x Xo | x x X5 


3 
i Ja] i] o : a—a 1 7 s4a l 
22 


4 
i 
3 e4 0 | —5 se —he3 | —5e? | —DBe 


In the first case the equation we seek must have 


the form: 
(y— 1)*(y? — 6y-+ 25) =0 ; 


in the second case y61-3195y—0 . In this way 
we have determined all the coefficients except 
Cg. To show that cg = 0, we can take for example 
a=-5, b=4. In this case x, = xX, = 1, and the 
remaining roots satisfy the equation 

3 


x? + 2x" + 3x + 4 = 0, and all the required 


calculations can be completed without difficulty. 


818 Set f(x) = (x - x) - x)+++(x - x,), where 


X1, X5,°'*,X, are independent variables. Now 


set 


x®-lp (x) == F(X) q—(*) +p (x) » 
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Py (X%) = Cy, + CyoX +... fC g X72. 


It is obvious that the coefficients CL og 
3 


are certain polynomials in x,, Ko,'t', XK. 


Therefore, 


Ci &y9 Cin I 1 1 
det a : . , * © bd ° e e e ° e ° ° a 
n—-1 n—-l n-] 
Cnl C2 eee Can xX] X29 eee Xn 


Py (41) 7, (%) «2. 7, (X,) 
= det | 2 12 (42) ++ ry (x) 


P(X) Ly (Hq) «06 _(X,) 


 (%1) P(X)... — (4) 
= det} mip Ay *29 (a) see HAD (Xp) 


xT" p(%1) X27" (2) 0. XT CQ) 
| ns 
x eee 
= $9 (41) 9 (%_) «++. G(X) ‘ ie: x, 


n-!l py | 
| X2 ea ae, 


so that 
Cyy Cag woe Cy, 
Coy CoQ «+e Con | __- = 
det ce ew [=F PX) «+. OOD=RGS, 9). 
Cn Cn2 ‘ Can 


This last equation is an identity among 
polynomials in the independent variables 


X,, Xg,°°*,X, and therefore is valid for every 


numerical value of these variables. 
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819 First note that every polynomial 4,(*) has 


degree n - 1. Use the following abbreviation: 


Fg (4) = AgxFh wee $Qp_33 

f ,(%) =a, xP-F +... + 4,; 

Pk (x)= bx?! + eve CE 

Dp (x) = 0, x8-* 4 eee + 6, 
Then 


F (x) = xt-h+1 f, (x) + Ff, (x); 
p(x) = x"-F+1 9, (x) + o, (x); 
Ye (X) = Fg (4) [28 Fl py (x) + 0 (4) — 
— oy (x) [e2-*+1 f(x) + fe (*)) = Sn (4) 04 — OF (x) = 


= (Ab, — Dya,) x"-'-+ ... 


VI 


Set (x)= Cy, + Cy xt... + C,,0"7! and let 


X,, Xg,°'*,X, be the roots of f(x). Then 


Cy Cyg oes Cy I 1 l 
Cy fog +++ Con | | M1 My ete My Te 
det >. ef ee # «@ “oe -— > ee oe «# «© «# oe oe «# « er 
n—-} n-l n—-| 
Cnl Cn? eee Can xX} x2 eooe Xn 


di (X) Py (%Q) Py (HQ) 
et Po (X1) Po (Hq) «++ Ye (¥p) = 


=e 8  @e@  @  @  @ @ @  @  @ 


vb, (x) Py (2) narans Vn (Xp) 


Fi (epee) Sy (%2) 9 (%_) «0. Fy (% pq) 9 (%,) 


Fy (1) 9%) Fo (% 2) 9 (HQ) «Sa (Hn) PCH) | __ 
= det = 


— @ @ @ @ € @ @ © @ @  @8@ @  @  @  @  @  @  @ «# 


fa(XpP(%y) Fy (Xe) Pe (%2) 00+ Sg (Xn) Po (%q) 


fi (%) Ff, (%) --- Fy (%,) 


So (%) Sg (Xe) «+ fa (%n) = 


= (4) PCH.) +» PRM ee 
L fn (*) F(X) eee Fn (¥n) 
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= 9(X,)9(X_) .-- PCX,) 


Ay 0 a6 5 "ul) 1 1 : 1 
o. ace Qy 0 xy Xo 7 
An-1 Qn-2 . ay aot Xoo) xno! 
| 1 | 
x x 
= 9(*1) 9 (¥2) eee (Xn) a » ' : ; : 9 
Qe ea ge eS 


Thus we obtain 


Cy Cy eee Cin 
Cm nn sos On 


® e +] e e 


det = 0 9(X1) P(%q) «+» O(K,)=RLS, 4). 


Crl CA2 eee Can 


820 The polynomials 9 have degree n - 1 or less. 
This is clear for 1 sk Sn - Mm, and for 
k >n -m, it follows from the fact that x, 
is the Bezout polynomial ¢,_n4m of £0«), x"-™Q(x). 


Set y,(%) = Cy, Tl goX vee Tl gn X? 5 


A = det 
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Then 
CH C12 e@eo¢ Cin 


A ah det Co, Co eee Con 


® 8 ® e e e 


Cal Cro eos Can 


= 9(X,)P(Xq) ... O(X,) 
l 
xy 
det ce 
xt fo (x1) 


A asi (<1) 


= det 


[CHAP. VI 


X1(%) YX (%q) --- X(%y) 


Xn(%1)  Xql%o) - 06 Xa (Xa) 


1 

Xo 

gece 

x2" fo (2) 

x2 Sai (42) aes 
] 


= (X1) P(Xq) 6. P(X,)A > 


ee maa (Xn) 


aan pe | (Xn) 


ao 

a, QB 

an—1 Im-2 a 
== agp (*1)... e(xn)A, 


from which the required result follows. 


821 


822 


823 


824 


825 


826 


a) —7; b) 243; c) 0; d) —59; e) 4854; f) (O94q — ba)’ — 
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— (09a, — 8,49) (6,42 — 590). 


a) For } = 3 and \ = -1; 


b) A=1, eet EA 


a 2 VI iV 4AVI+2 | 
= Ee Ave y?, 


c)A=tV—2,1=+)V—12. 


a) yS— 4y*+ 3y?— l2y-+ 12=0; 
b) 5y8 — 7y* + 6y3 — 2y? — y— 1=—0; 
c) y+4y?— y—4=0. 


a) 1, 
y= 2; 
b) x, =0, 
y= 
c) x¥,= 1, 
y= 
d) x, = 0, 
y=; 
e) x, = 0, 
WN = 2; 
x,= 4, 
y, = 6; 
aran—' 
Set 


K5== 2; Xx, = 0, x4 — 2, 
yo=3; Yy=—1l, w=. 
Xy==3, X%,== 2, 2X,=2, 
yo=9; Yug=2; Yye=—l. 
x,=l, X¥,==—1, X= 2, 
Yo=—1; y=); Yq = 2. 
Xo=0, X3,== 1, X4= 1, Xs, 6= 2, 7 
Vo = 3; V4 == 2; y, = 3; ys gL tiV2. 
Xx, = 0, Xg=22, xX,==X%,==2, *X,=— 4, 
Yo=— 2; y3=0; We Ye 2; Ye= 2; 
xXg=—6, %=—*/s, 
Ye = 4; Yq = 4/5. 


S (x) = Ay) (x — %,) (* — Xo)... (4X — X,,); 


1 (%) = Dyx? + «6 Oy: 


Po (X) = CoX™ + 06. Hy. 
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Then 


R(f. 91° %) = as** We, (*;) P2(%) = 


=| or I a) qi txca) =R(F, 4) RFs %)- 


827 Only the case n >2 is of interest. Set 
d = (m,n); let §&, &.:°°:* be the primitive n-th 
roots of unity; TL, Te,**: be the primitive n/d-th 


roots of unity; n, = n/d. Then 


R(X, x*— I= Te? — 1) = —#) = 


?(n) 
=[Ha — hr 1x, DF. 


m 


If m is divisible by n, then R(X,, x - 1) = 0. 
If m is not divisible by n, then n, #1, and by 
problem 123, X,,(1) = 1 for X,(1I)=1; m#pP% 
X,,) = p for n,=—p*, that is for n, a prime 


power. Thus 


fi 
_ 


R(X,, x™—1)=0 for n, = n/d 


9 (tt) 
R(X,, x™@—1)=—pt™ for n, = n/d = pr; 


ROA, Ke =A otherwise. 


828 It is clear that R(X, X,) is a positive integer 
dividing R(X,, x" - 1) and R(X,, x™ - 1). 
Set d = (m,n). First suppose myn , nfm. Then 


m/d, n/d are different from 1 and are relatively 
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prime. By the preceding problem R(X,, x" - 1), 
R(X,, x" - 1) are relatively prime and therefore 


R(X,, X,) = 1. 


n? 
Now suppose that m|n. If m =n, then 

R(X, X.) = 0. If m/n is not a prime power, then 

R(X, x" - 1) = 1, and therefore R(X,, X_) = 1. 


Finally suppose that m = vp . Then 
» (5) 
R(X» x)= WRXn, x'— 1) 8, 

o/n 


All the factors in this formula are 1 except for 
those for which m/6 is a power of the prime p. 
If n is not divisible by p, then a single 


factor (the one for § = n) is different from 1, and 


eel ae 
R(Xn, X,) = R(X, x" — 1) = pera) — pe, 


If n is divisible by p, then there are two factors 
different from 1: the factor for § =n, and the 


factor for § = n/p. Then 


p (mm) ? (mm) 
R(X, : xXx ) x A XPD) po lmniny ~ Fp) — 
a R(X, «7? —1) 
! 1 ¢ (772) 
1 eee 
=e ecyren Peles, ps = pr), 
Thus 
R(X, X,) = 0 for m =n; 
R(X, , Xx) = prin) for m = ap; 
R(X > ee mae — aL otherwise. 
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829 


830 


831 


832 


833 


834 
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a) 49; b) -107; c) -843; d) 725; e) 2777. 


a) 3125(62? — 4a5)2; b) 44(44 — 27) 
c) (62—3ab+-9a2); d) 4002 — 8+ 328, 


a)}\== 2; b) A =3, b,s=3(—5 + +) 
Cc) =0, Q=—3, = 125; 

3 7 9 aS 
djA=—l, ,=—->5y aay tzlV3. 


In general if the discriminant is positive, the 
number of pairs of conjugate complex roots is 


even; if the discriminant is negative, the number 


of such pairs is odd. 


In particular for a third degree polynomial 
all roots are real if D >0O; there are two 
complex conjugate roots if D <Q. 

If D >O for a fourth degree polynomial, then 
either all roots are real or all roots are complex. 
For D < 0 in this case, there are two real roots 
and a single pair of conjugate complex roots. 


fa=x"+a, fi =nxe}, 


n(n—1) 


a 


RF, fy ntar-*, Dfy=C1) 7? ntar-l, 


f= x" + px-+-4q; ee ee 
Lae n~1 -———_ 
RUF", n= TT (42S py —Le), 


2 


‘4 . 2m 
where € == COS A +- i sin as 
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; — ])2@—1 pf-1 
Rf, fysn"| grt “ a a ater ‘(—£)(—1)?] = 
= ntgt! 4 (—1y l(a — 1 p" 
n(n-1) (n—1) (n+2) 


D(fy=(—-1) 7? nig t+(—l) * (an — 1) t pp" 


835 Set d= (m,n). Set m,= m/d, n, = n/d, and let 
é be a primitive n-th root of 1, 7) a primitive 
n,-th root of 1, f(x) = agx™t" + a,x"+a, . 


Then f£'(x) =(m--n) ayx™t"-1 + ma,xm-1, 


The roots of this derivative are: § ==... =§,-,;=0 
ma 
ime =V —aen WEna ek — 2", k=0, 1,...,2—1, 
Thus 
n—-l 
RF N= mp nyt? af**af— TT fa, + a eet | — 
k=0 


d 
m+n m+n m—| na 
= (m+ ny ayo" ay | TT (ov+ 3287) = 
kR=V * 
nhim™ ay +n a 
(m + nym tn ag" — 


== apay*[(m + ny" agtay' (1) a m™ ag)" 


=(m+n)"*" af m+n 7 Eze yymtmr! 


and therefore 


(m+n) (m+n—1) ; : oe 
D(fy=(—1) 2 ajay" [(m + ny™™ agtag' + 
= d 
+ (—1)"*" 1 n'm™ eae 2 


836 The discriminants are equal. 
837 XX 4-H 3X4 — Hy Hy — XQ Hq == (HK, — X4) (Hq — X93 


H Hx Ky Hq — Hy Hy — XqX yg = (NX, — Xq) (H3 — X4); 
Hy Xq te Ny Hy — Hy X_ — NXg Xq == (HK, — X35) (X4 — Xp). 
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To obtain the desired conclusion, we square each 


of these formulas and multiply the results. 


838 Set f(x)=a)(x —x,)(x—-x,)...(*«—x,) « Then 


D(f (x) («% —a)) = a2" (a — x1) (a — x9)? ... (a— xq) LT, —x,) 
| = D(f (x) ){f @). 
839 Set p(x) xr-l_p xa-27 4. +t . Then 
(x—1)9(x)=x"—1,so that 
(n—1) (n—2) 


Di le(QrP=D(xe*—1)=C1 7? a 


Therefore 


(n—1) (n—2) 


D(g)=(—1) 7 an, 


840 Set o(x)=x"+ax"-'+ax"-*4...F@ . Then 


o(x)(x—1)== x"+414(a—1)x"—a -. Thus 


n(n—1) 


SS 


(na +1YD(q)=(—1) ®t [(n-F Iya antl — at}, 
Finally 
n(n—1) 
Ea 1+! @ n(] —ayit! 
D(o)=(—1) 2 at OS 


841 Set f (x) = ay (4% — %1) (4 — Xp) oan (¥—X,); 
p(X) = Do (% — Wy) (% — Yo) 00s (KH — Yn) 


Then 
D(fy)= (asboym+2n-? HY X,—X Io, —y,) Ul I (x,— y,?= 


2n-2 2.2m —2 
= a) LiKe: — X,) bo" X 
i< 


x Io. — yy" | otos HT Te — | =R(f)D@IRG, OF. 
8420 X m(xP™! — 1) xP™_1  . ‘Thus 


D(X m)D (x?™-! — 1)[R(xP™"! — 1, X m)P = D(x?" — 1). 


Ee rm 


© lee 


Pm 


oe a Eb le nee || ie = 


a ee ee ee 


oe 7" - —_— eI arm i AT i mo a 


843 
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Using known values in this relationship, we obtain 


1 
ze: = —-1 
D(X m) == prem ne) (_yyrP 0 


x, Mo — 1 @) =" J — 9), 
Me ng 


Let e¢ be a root of Xi: Then 
(5) 
X" (e) = net—! FP 8 — 1) P7, 
on 
The calculation will be simplified if we take only 


the absolute value of the discriminant of x: 
nh 
|D(X,) | =|] x,©| = no iy a oer ay ae 
€ é/n € 
é=fn 


oe» (+) 
=n) JP X, ayy? Ge) 
in & 


b=én 


Now, X,(1) #1 only if n/$ is a power of 
8 


some prime. On the other hand u(n/) # O only 
if n/§ is not the square of a prime number. 
Therefore the only factors to be retained are 


those corresponding to n/5 = p,, Pg,°*+,P,, where 


Pi, Po,°**,P, are the distinct prime divisors of n. 


Thus 
n? (2) 


2? 


p/n 


Since all the roots of XxX. are complex, the 
p(n) 
sign of its discriminant will be (—l1) ? 


Thus 
(nt) ne (2) 


D(X,)=(—1) ? Veo" 
pin 


ee 


EEE 
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E,aal(t+t+... +=). 
E,=a\(1-+-F+ wae +77): 


Thus 


E, = En maa x 
R(En, En) = Ih x)" =(—1I)((— I? all" = (2); 
n(na—1) 


——— 


DE)J=(—1) = (ay. 


It is easy to see that 
a(a—1)...(a—n) —( 


(ax tn —a)Fa— x (e+ 1) Fat “ 


Let x1, Xg,°°*,X, be the roots of F_. Then 


a(a—l)...(a—n) 


n (ej) = —— h = 
EA) ee ay 9 where C= = 
Thus 
F, Be eee ee ee 
7 Hx, (x;-- 1) a(a—1)...(@—n+1) @—1)...@—=n) — 
n n! 
n(n~1) (nij"-2 ’ 
DFJ=(-1) F Seven ea en 


P’, =nP,-,; . Thus, 
R(Pp, Pr)= 0"R (Pa, Pn-1)- 
and 


P,—<xP,- + (n— 1) P,-» = 9. 


847. 
848. 
849. 
850. 
851. 


852 


ee 
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Therefore P,()=—(n— 1)P,,_, () , if § isa 


root of P,_,, and therefore 


R(Pyy Pay) = (1871 (a — Ty RP a2 Pad = 
=(—1)"-!(n — 1)"-'R (P,-p Pa-2): 


Now it is easy to see that | 
n(n~1l) 


R(P,, P,-y=(—1) 2 (a — 1)" (n — 2-2 PD | 
Finally 
D(P,)= 1-22-33... (a— 11a", 


D(P,)= 1-23.35... n*-!, ; 
D(P,,) = 2"-1n". 
D(P,)=(n+ 1-1. Qn (n—1), 

D(P,) == 1+ 23-35... mri. 12-0. 3? (x2)... (20 — 3). 
D(P,,) = 2? + 34... n’-? (n+ 1)e-h. | | 


Set f(x)=x"tax!-+ .., -a,= 


= (x — x) (* — Xp) wane (x — X,), 


D(f)=U(x,—x,2- We obtain the maximum of D(f) by 
solving the following system of equations 
3 
xP xP. fx? = n(n — 1)R’, 
0 
Ga, (PAI sah + x7))=0. 


It is easy to see that ) 
0D _ Df" (xi 
| Ox; sf’ (X21) 
Thus we have 


--f"(x)D—2Ax,f' (4) =0 for i = 1,2,-+--,n. 


Therefore the polynomial f(x) that has 


maximum discriminant must satisfy the differential 
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equation 

ef (x) — hx f’ (x) + Df” (x) =0, 
where c is some constant. Dividing this by c/n 
and comparing coefficients of x", we see that the 
differential equation must have the form 

nf (x)— xf! (x) cf" (x) =0, 
where c' is some new constant. 

Using the method of undetermined coefficients 
for the next highest and next next highest powers 
of x, we find a, = 0, az = -n(n - 1) c'/2. Now 
we can determine c'. Indeed 
n(a—1)R?= x24 x24 2. + x? = ai — 2a, = n(n— Ihe’. 
Thus c! = R*, 

Computing the remaining coefficients we find 
that f(x) has the form 


IO= x erie serail v= 1) R2x—n-2 es ge A eal cee A sa Go ieee) R4xn-4 
It is easy to see that 
f (x)= R'P, (%) 
where Pf is the Hermite polynomial. The 
discriminant is given by 
D(f) = Re 21. 22. 33 nn”. 


This is the required maximum discriminant. 
22" (—1)" aya, [D(S)I°. 


m(m—1)n 


m™(—1) Fagan "(DS)". 


te aan _ ligpnmeng: ~tity 


TR Ts Te wie Wien Mae © 


ee ee 
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F(x) = @@—xp. 


Thus 
D(F)=][D@ (x) — x) TT R(e(x)— Xp, ¢ (#)— #4) : 
i=] i<k 


It is clear therefore, that 
R(p(x)— Xj, (XH) — Xg) = (Kj — Xp) 
Therefore 
D(F)= I D (9 (x) — x;) Hc — x,)* = [D(f)]" Il D (9 (x) — x), 


which established the assertion. 
(y + 1)(y = 5) Cy - 19) = O. 


a) Solution. x°® = 3x +4. Set y=1+x + x*, 


where x is a root of the given equation. Then 


yea pepe xp Pp Bef ddd det xt 
yx? = 4x + 4x24 x8 = 4x4 4x? + 3x 4+4—=44+7% +427, 


Eliminating x, we obtain 


l—y l 1 
4 7 4—y 


y>— 9y?-+ 9y —9 =); 
b) yy —7y?-+ 3y—1=—0; 


c) y+ 5y?+ 9y?-++ 7y —6 =0; 
d) yt— 12y3-+ 43y? — 49y-+4 20 =0. 


a) y3— 2y?- 6y—4=0, x= — SOT, 
b) yt— 9y3 + 31y?— 45y-+ 13=0, xa Tot? 
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c) yt+t 2y3— y?—2y+1=—0 ; no inverse 
transformation. 


859 y? - y2 - 2y +1=0. 

The transformed equation is the same as the 
original. This means that the original equation 
happens to have roots x,, Xz, connected by the 
relation x, = 2 - x%. | 

860 x, is expressible rationally in terms of x,. 
Since x and higher powers of x, can be expressed 
rationally in terms of lower powers, we may write 
Xp = axf + bx, + c. The numbers 
ax? + bx, + c, ax$ + bx, + c, ax? + bx, + c are 
roots of some cubic equation with rational 
coefficients. One of these is a root of the 
given equation. All are rational, and the given 
equation is irreducible. Thus all three are 
roots of the given equation. In other words either 
ax§ + bxy + C = Xx, ax§ + bx, + C = X,, OF else 
axZ + bxp + c = X,, ax§ + bx, + C = X,. The latter 
is eliminated by the remark that X, cannot satisfy 
a second degree equation with rational coefficients. 


Thus we have the following: 


X= ax? + bx, +e; 
X= axi-+ bx,-+ ¢; 
x, == axi-+ bx +c. 


ren 


a ee ee oe ee 
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Therefore 
VD = (4q— 1) (%3 — Xp) (1 — ¥3) = 


= [axi+(o— 1) x,+-¢] [ax5+ (6 — 1) x,+¢] [ex3-+6— 1) x3 -+- ¢] 


is a rational number since it is a symmetric 
function of the roots x,, X5, X, with rational 
coefficients. This shows the necessity of the 
given condition. 

Now suppose that the discriminant D is the 


square of a rational number d. Then 


d d 
XL — £3 = ——_____—_—_ = 


(41 — %))(%1— 4%) Bp + 20x, | 
On the other hand, | 


This shows that x,, x3, are rational functions 
of x,. The condition has been proved necessary. 
24+V24V6, ,.. —34+7V2-V4, 
Beg 0) eg 
4 23 
a or Fee 
ch) 14+3V2+2V2-Vs8. 


anes 
a) a att, 


b) 17a2?—3a-+55; c) 3—10a-+ 8a? — 3a’; 


d) the denominator is 0 for fa equal to one of 


the roots in the equation. 


2 __ (pm — bm! + amn — nt) x, + (amp — np — em?) 
jet ae do mx, -- ma—n ; 


Tf xo Met B then «x eas OO IEE 


2 yx, $3 ; 3 {Xo + 8 


and 


ye, — eee CO +BY eet F)B 
1 yxg 8 (a+ 8) yx_ + (BY + 8) 


——e 


| 
t 
i 
L 
| 
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On the other hand xy ee » which 
97a 


shows the necessity of the relation 
ad — By —(a-+-8)2. 
865 Suppose 
OX" + ayx"-' 4+... a, = a9(K — x1) (¥ — Xq)... (4 — x,). 
Then 
ax" — a,x"! + eee +.(—1)” a, — Qo (x -+- X;) (x ++ Xo) es (x -+ %,). 
Multiplying these equations we obtain 
af (x? — xt) (x? — x3)... (4? — x2) 


== (Ayx" 4- ax"? +...) —(ayx*-! + ayn 2-3 +...) 


Thus we see that, to carry out the transformation 


2 2 


y = x*, we must replace x“ by y in the equation 
(Ayx" - ayx"-27-++ .. .)?—(a,x8-! + axe + ., P= 0, 
866 Replace x° by y in the equation 
(ayx” + a,x"-3 4 .. B+ (ayx"-1 4 Gt ta ee)" 
+ (axr-2 + agxn-5 +. . .B— 3 (Ayx” +a,x"->-+- ...) | 
XX (a,xP- bb agx®—4 eo.) (x? 4 gx" +...) = 0. 


867 If a polynomial x”-+-a,x"-!+4-...has integral — 
coefficients, and if the moduli of all its roots 
are bounded by 1, then the coefficients must be 
bounded: 


la,)< atone mer 


Therefore there is no more than a finite number 
of polynomials of degree n with this property. 


Let fox" +Laxt 4 -+. +4,, 2, #0 


be one such polynomial; let x,, Ko ttt Ky be its 


“ee 


ee ee ed a Se ee — ae = a 


A ee ng 
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roots. Set f_==(* —x*T)(x—xf)..-(~¥— +7). 

All the polynomials f, so constructed will have 
integral coefficients and roots not exceeding 1 
in modulus. Therefore the various polynomials 
f,» m=1,2,++- must comprise only a finite 
number of different ones. Thus we can choose an 


infinite sequence m<m,<m,<..., such that 


Fin, = Fn, = Sm, 1+ =») That is, 

spi= te 

xpi as 

mM. om 

x, * 
where (a,, O2,°'',@,) is a rearrangement of the 
integers 1, 2,°::,n. As we have an infinite 


number of such relations, and as there is only a 
finite number of permutations on n_ symbols, we 
can find two (in fact an infinite number) of 
positive exponents mi, , m;, , that corresponds 
to the same permutation. Thus we can make the 
following assertion: 


mj om 
Mey 


te 
m; m 
Xx» 1 —— i, eye 


Mi, 4 Mj 
5 ie SL 


Since a. Z 0, the numbers X1, Xg,°*',X, are nonzero 
and are therefore all roots of unity; in fact 


correspond to the same exponent Mi, - mi, 


ee 


i 
} 
t 
t 
i 
| 
i 
| 
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868 Let F(x,, Xo,°°t,X_) be an alternating polynomial, 
that is, one that changes to its negative under an 
odd permutation of the variables. Since 

F (Xp, Xo, Xgs 0-01 Mal — F(Xq, Xqy «00, Ky) = O> 

F(x,, X2,'°+,X,) must be divisible by x, - x, 

and in general must be divisible by the product 

s= |] (x, —x,). Since A is also an alternating 
Seve ncnial. the polynomial F/A must be a symmetric 


polynomial. 


869 Let the given polynomial be ©. We know that 
(is invariant under an even permutation; the group 
of all permutations can change © at most into 
two forms: even permutations leave it invariant; 
odd permutations change it to %. Moreover, every 
odd permutation must change @ to ~. Now we note 
that » + © is invariant under the entire 
permutation group; © - © is changed to its 


negative by an every odd permutation. Therefore 
a _ 
ga ttt Start rl. 
See problem 868. 


870 (fF - f2)A4, where f,, fy are elementary symmetric 


functions in X,, X2,'°°°,X, 


871 =a? + a(a-+ B+ 74) w+ 
(a? + B?- 7+) b+ (a@B 4 ay + By) x (a? — by) w+ c (a3 + B3-+4 3) 4+ 


8 (ath af + oy +? 


+B + Br) + af (a? — 306+ 6c)-+ SDE VAY vj _ 9, 


872 
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where A is the discriminant of the given equation. 


, where A, A' are the 


w— 3pp'u— Za TV Ma’ __ 


discriminants of the given equations. 


Let y = ax” + bx + c be the Tschirnhaus 
transformation connecting the given equations. 
Then their roots can be numbered so that 
XY Xoo 1 X3¥3 

=a (xf xh 18) +-0 (x2 + + 22) + 6 (x, +4,+%,) 
is a rational number. Therefore one of the 
equations 


"+V AA’ 
wo — 3pp'u— 2AT EY" _o 


must have rational roots (see problem 872). 
Therefore YA’ must be a rational number. The 
condition is seen to be necessary. 

Conversely, suppose that the equation 

w— Spplu— Zag’ 2V Aw _g *) 

has a rational root u. 

We compute the discriminant of the equation 
(*) and find AE gV WN —Viag'y . Since the ratio 
A'/A is the square of a rational number by 
hypothesis, the discriminant is A times the 
square of a rational number. Now consider the 
other two roots, u', u'. The product u'u’ is a 
rational number; so that the difference u' - u' 
can be expressed rationally in terms of the 


discriminant and u. 


| 
| 
| 
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Thus u' - u' is a rational number times ./A . 


The following system of equations is satisfied by 


Yi.» Yo: Ya: 


¥ + Ye +33=9, 
XV + XaVo + % 33 = U, 7 
(Xq — X3) Vy + (%3 — X%) Yo t+ (41 — XQ) Wg a! — a" =r VA. 


From these equations we can obtain by elimination: 
_ — Sux, + (x2 — x3) r Va 
y= 6p ° 
But (x, - Ka) A can be expressed rationally in 


terms of x,. The condition is seen to be 


sufficient. 
The variables x,, X5,°°-,X, can be written as 
linear combinations in f,, hy Ng +++, Nyy 


Therefore, any polynomial in x,, Xo,'°*,X, can be 


written as a polynomial in f,, My To +++) Na-1" 
F(X, Hyp ove ¥,)= DAS ining? ... nna), 
A circular permutation of the variables 
X,, Xg,'°*,X, adds the factor g~(st%™t-. +471 %q~1) 
to a typical term Af?Pyi7s ... 7,24! . Therefore 
a necessary condition that F(x,, xg,°++,x,) be 


invariant under all circular permutations is that 


Q, + 24+ ... +(n—l1)a,_, be divisible by n. 


A possible choice is 
Ji nF, Ney *s eee ee 


ee ee i ne 


gage ee ee 


OP ge ew a ag ae ee 
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1 V3 1 4 

e=— ti: Then atl 34; , where 
(,, % are certain rational functions in 
X,, Xp, X, With rational coefficients, invariant 
under a circular permutation of x,, Xg, Xq- 
It remains to show that every rational function 
of xX,, X2, Xz, invariant under circular permutations 
can be expressed in terms of f, = x, + Xp + Xz, 


(,, @. Indeed it is enough to show this for 


Non? ; " But 
oer a eT 
oe oy gitigeV 3° 
" " 5 5 
n=(=] = =a tn 3) (ain V3). 


Ny = Xf 1X_ — X_g— 1X4, 
Ng =X, — XQ +43 — X4, 
Ng == X — iXy — Xp iXy. 


13%2_ 
uF 
Now 9,, 95, 93 are rational functions of 


Set 6,—= 7,73 0),-+/0,= 7 6, — iO, = 


X,;, X5, Kg, X4 With rational coefficients; they 
are invariant under circular permutations. As in 
problem 876 one sees that the function 

+ X5 + X,g + X, together with 9,, 05, 9, 
form a basis for the functions needed. Indeed, 


6, — if, : 6, — i0, 67 (8, + £8.) 
nnn? = ——_————_ Ve = ao 7! = ——_—. 
NN =e, ah 6,(0@,-+ i6,) ’ 4 0. — i0, 
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878 Set 


Ty = xe + X48? ¥,89 + x 484+ xX, 
Ty = X87 4-284 x48 ++ X48° + Xs, 
Ng == x68 + xe + x,e4-+- x,82-+ x,, 
Ng = X84 x63 + x,2°-++ xe + x;. 


Consider the rational function y= 
3 


If we replace 1 by —e—e*— s?—et , we expand 
A, in powers of e: 

dy = 891 + 27h. + epg + ey. 
The coefficients ,, &, @, qm are rational 
numbers. We multiply the preceding equation by 


4 


e, e@, e?, e*, and obtain 


= ai = 0p, +f egy + 895+ chy, 
hy ey th egn t eles + oy 


= ae = e4p, + e*p, en, + 94. 


The functions f, > Yor Oar form a basis 
for the functions invariant under circular 
permutations. This is shown by the following set 


of four equations: 


1, SA 

-3 a ee 
13%, =A AA, 

= —? a aa 
NN : = hy “AAG ny i“ 


fo sah hal 


ie ee ee 


ee ie ee 


ee ee 


879 


880 


881 


882 


883 


884 


i, 2">" [d, + » 


CHAPTER VII - SOLUTIONS 


LINEAR ALGEBRA 


a) Dimension r 


ll HI 
dD bd 


b) Dimension r 


c) Dimension r 


II 
iW) 


a) The intersection 


vector 


possible basis vectors X,, Xo; 
possible basis vectors X,, X,; 


possible basis vectors X,, Xo. 


has dimension 1 with basis 


Z=(5, -2, -3, -4) =X, - 4X, = 3Y, - Yo. 


The sum has dimension 3 with possible basis Z, X,, Y,. 


b) The sum is the same as the first space; the 


intersection is the 


same as the second. 


c) The sum is the entire 4-dimensional space: the 


intersection is the null vector only. 


5) l 1 E\: 
a) (F 4’ "4? — 47? 
a) x = a tata 

x= da Baal 
b) x)= +*,—+*,+~,, 


b) (1, 0, —1, 0). 


/ X1 — Xo + X3— Xy 

Ne ee me 

pit eat Xe Ky , 
a 2 


; | 
ae ted 


Let a)+a,cosx-+a,cos?x-+ ... +a, cos’ x = | 
by +6, cos x-+ b,cos2x-+ ... +b, cosnx. | 


Then 


—k 
l< p <=> 


ay = b) — 6, +b, — cee, 


1 GH P— DRA P—D. EEN g 
‘p* 


p! 
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b=ym+ YD 2 Cao», 


n 
l<p<y 


= a +2 


-k 
l<p<*> 


For the first line the intersection point has 
coordinates (14/3, 1/9, 7/9, 11/9). For the second 


line the intersection point is (42, 1, 7, 11). 


The lines Xp + tX,;, Y, + tY, lie in the manifold 


Xo + tt, - Xo) + t1X, + teY,. 


In n-dimensional space the problem is solvable 

if and only if the lines X, + tX,, Y, + tY, are 
such that the vectors X,, Yo, X,, Y, are linearly 
dependent. This occurs if and only if the lines 
lie in a three-dimensional subspace through the 


origin. 


The planes X, + t,X, + toX5, Y>o + ty 1Y, + toYo 
are subsets of the manifold 


There are 6 possible cases: 

1) The planes have no common point and lie in no 
single 4-dimensional linear manifold (the planes 
are fully skewed). 

2) The planes have no common point but do lie in 


a 4-dimensional manifold but in no 3-dimensional 


manifold. (Skew-parallel planes.) 


0 ee ow 
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3) The planes have no common point but do lie in 
a 3-dimensional manifold (parallel planes). 
4) The planes have a single common point. In this 
case they lie in a 4-dimensional manifold but in 
no 3-dimensional manifold. | 
5) The planes intersect in a line (have a common 
line). 
6) The planes coincide. 

If n = 3 (in 3-dimensional space) only cases 


3, 5, 6 can occur. 


Let Q = X, + P be the linear manifold, where P is 
the linear space. If X, ¢€Q, Xz, ¢ Q, then 

X, = X5 + Y¥,, Xp = Xo + Xp, where Y,, Y, contain 
P,. Then for arbitrary a, the linear combination 
aX, + (1 —a)X,= X%+aY,+(1—a)¥,€Q.- Conversely, 
let Q be a collection of vectors containing 
every linear combination OK, + (1 - @)X»5 of 

every two factors X,, X, that it contains. Let 
X, be some fixed vector in Q, let P denote the set 
of all vectors Y =X -X,. If Y e¢ P, then cY¥Y e P 
for every c, since cY = cX + (1 - c)X, - Xo. 
Moreover if Y, = X, - Xo, ¢ P, Yz = Xg - Ky e€ P, 
then «Y,+(1—a)¥,=aX,+(i1—a)X,—X,€P for 
every @ . Now choose some fixed number 

a,(a 40, w #1) and arbitrary c,, cy. Then 
(c,/a)Y, ¢€ P, co/(1 - aw) + Yo ¢ P for arbitrary 


Y,, Y5 ¢€ P. Therefore also 


oY, + ¥,=a +¥,+(1—a)~2— YEP. 
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Therefore P is a linear space, Q isa 
linear manifold. 
Remark. The result is not valid for vector 


spaces over a field of characteristic 2. 


891 a) 9; b) O. 


3 
a) 90°; b) 45°; c) cose = ——. 
892 ) ) ) cos¢ V7 
893 cos as 
i) 8 V2 
894 sA=——, coosB=——, cosC=— —. 
i Caen 27: 3 
895 Vu. 


896 If n is odd there are no orthogonal diagonals. 
If n = 2m, the number of orthogonal diagonals is 


om-1 
o—-l 


897 The points have coordinates given by the rows of 


the matrix: 


1 0) O: 2h2 0 0 

1 3 

> yo Oe ate 0 0 
cil Vos 0 0 

2 12 6 

1 1 1 1 yo 
2 yvVi2 V2%4 °° V2n(n—1) 2n 


aan ag 


einen eel 


Detainees steerage Sg egg a ee oe 
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os 
R=V ap 


Coordinates of the center: 


1 
(5° Vi2’ °° VY2na— earns) 


Possible choice of the two vectors is 


1 1 

= (0. = 4.3, 1s SSS 
V6 ) 3V 06 | 
(1, 2, 1, 3), (10, -1, 1, -3), (19, -87, -61, 72). 


For example es ie ex re “5 
ecie 39, —37, 51, —29 5/° 


13, 5, 6, 2). 


The coefficients of the various equations determine 
m vectors. The system can be solved by finding 

a vector (or all the vectors) that are orthogonal 
to each of the given vectors. The given vectors 
span a subspace, the solutions fill out a space 
orthogonal to this subspace (its orthogonal 
complement). A basis for the solution set is a 


basis for this orthogonal complement. 


For example, i = = 
p Vs (1, 0, 2, 1), Vi ad, 
a) X’ = (3, 1, —1, —2)EP, b) X =(1, 7, 3, YEP, 
X"=(2, 1, —1, 4 LP; X" = (—4, —2, 6, 0) | P. 


12, 8, 17). 
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Let A,, Ag,*+:,A, be linearly independent; let 
P be the space they span. Further set 
MY ee XO CP ye OZ: 


Set Y = c,A, + CoAn + +--+ + CLA, . To obtain 


a system of equations for cC,, Co,°**:,c form the 


m ? 
scalar product of this last equation with 


A,, 1 =1,2,-+-+,m, denoting the scalar product 


by YA, = XA,. We obtain 


CA; + ¢2A;A2 +. eed + ¢mAwAm = XA), 
AA, od, +... femAAm=XAz2, 


Agar edge ict taAn HS Xan 


Since A,, Az,:--,A, are linearly independent, the 


determinant A of this system is not 0. 
Solving for c,, Cy,°++,C,, we obtain the 


following formula for Y: 


0) SS A, arm Ay eee peace An 
‘ XA, A, AjAy... AiAm 
Y = 7 det | XA, AoA Aa AsAm 
XAm AmA: AmA2 A’, 

and 
xX A, A, An 
A\X Al A\Ad AiAm 

a 


ct [bh 
oF 
o 
ct 
> 
< 
ie: 
"> 
> 
> 
> 
3 


Se neg Wet ae 


o~ eee 


Ze = 
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These equations are to be interpreted as follows. 
Each vector is given as a linear combination of 


the vectors in the first row of the determinant, 


the coefficients in this linear combination being 
the respective algebraic co-factors. 
The following relations conclude the exercise: 
0) — XA, — XA, eoe — XA,, 
A\X Ai AjAn ow. Al Am 
1 
¥(X - Z) = YX == det) AX — AA Ay...  AvAm 
Amx AmAl AmAd2 ees AS 
and 
XxX? XA, XA, ... XA), 
AX Aji AjAg... AiXm 
1 
Z(X -¥) = 2K =F det} A,X ApAi Ap... ArAm |" 
AmxX AmA AmA2 eee A’, 
Let Y be some vector in the space P, and let X' 


be the orthogonal projection of X onto P. Then 


XY Xx’Y | X’|-|Y|-cos (X’, Y) 


COS ee 
1 cos(X’, Y), 


where [x | means the length of the vector x, This 


= ee 
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formula shows that cos(X, Y) is a maximum when 


ecos(x', Y) ©] ly. ave.-Y =o xX'; @ > 0. 


a) 45° b) 90°. 
/= 
n’ 
| X— VY |? = |(X—X’) + (X’—Y) |? = |X—X’ P+ |X” —Y |? 


> |X¥—X’|?, so that the equality can occur only for 


n! 


(n+ 1) (n+2)...2nV2n+1 


The shortest distance from X, + P to Y¥, +Q is 
equal to the shortest distance from the point 


X, - Y, to the space P+Q. 


Place the axis so that one of the vertices lies at 


the origin and suppose X,, Xo 009k, are vectors 

from the origin to the remaining vertices. It is 
1 

easy to see that Xf = 1, XX, = 5° The manifold 


spanned by the first m + 1 vertices is the space 
t,X, t+ cee + t,X,. The manifold spanned by the 
remaining n - m vertices is 

Xt bins (Xmer— Xa) + ote (Ma-1 — X,) + The 
shortest distance required is the distance from X, 
to the space P, spanned by the vectors 


5 Oe, ne, Oe, mee, Ee, a OP 


ee ee 


ee ————~ 2 


R$ ne te — 


1 1 ] 1 | _ 
Patgeate st basa atest glmsetee t+ baz 


cos? o = 


LINEAR ALGEBRA 461 


Set X= 


bX) +. bmXm tm (x, —Xmivt o.. by (X,— Xa_D+Y, 


where Y | P, We can obtain simultaneous equations 
to solve for t,,+++,t,_, by forming the inner 


product of X with Xo) > Oar. < X -X : 


2““m ? n mt+i1?° an) 


] 1 
1 1 1 
o+ tote tala =a 9 omit Emig eet aby = 


No) eo) a 
e 


1 

Thus thy oe ln = oT? fmt = late = = 4 

Therefore ya. Am+titXmert ... $Xn Xi tXet ... +Xm 
n—im m -+- 


Thus the vector that is the common perpendicular 
to the spaces in question runs between the centroids 
of their boundary points. The shortest distance 


itself is given by the length of this vector: 
v=o (1 + 1) 
2(n— m)(m+ 1)’ 
a) The projection of the vector 


(t;-+ 2, t;—2t,, #;+5¢,, ft, 2f,)0n the first plane is 
(t, + 2t,, t, - 2t,, 0, 0). Thus 


2 2 2 t 
eee =a a , where \a=—., 


a? + 14t,t, +372 N24 140-+.37 ty 


The value of this fraction is a maximum, namely 


8/9,for } = -4. 
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b) The angle between an arbitrary vector of the 
second space and its orthogonal projection on the 


first space is constant and equal to T/4. 


A cube is the set of points the coordinates of which 
satisfy the inequalities —5<4,<5. i=1, 2, 3, 4. 
Here a is the length of an edge. Introduce new 


axes with basis 
l l 


=(5 seen, ee —>) =(5 oF nl z) 

3 2’ 2. 2. 2 ome eee aes ae es 
These vectors are orthogonal; they .all have the 
same length; and their directions coincide with the 
directions of the diagonals of the cube. In terms 
of the new axes, the points interior to the cube 


satisfy the inequalities 


—acgxitejtejtrxj<a, —acx«it+xj)—xj— x, 
/ 
4 


/ 
—agx;— xj t4,—%*,< a, —agx«}—x«,— x, 


We can obtain the intersection asked for by 
setting x} = 0. It is the solid that lies in the 
space spanned by e4, e,, e4; the coordinates of 
the points in this solid satisfy the inequalities 
+t Xe Ke 2 ey Sa. 

This is a regular octohedron bounded by planes 


that have intercept a on the coordinate axes. 


5 i ei ee 
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Bi BiB)... BiBn 


918 V2 [B,, By, ee ey B.4) —=det BoB, B3 Pe we B2Bn = ee [B i 
° . . e ° ° ° . . _ det B z 
BnBi Bin Bo “oe Bin 


It is easy to establish this formula by 
induction, using the result of problem 907. The 
nature of the formula shows that the volume has a 
value independent of the way the vertices are 
numbered. It is also clear that 
V[cB,, Bg,++-,B,] = |c| v([B,, Bo,---,B,]. 

Now let B, = B] + B |; let the orthogonal 
projections of B,, B}, By on the orthogonal 
complement of the space (B,,-+--,B,) be C,, Cj, Cy. 


It is clear that C, =Cj + Cy. By definition, 


VIB, By, ++, Bal=[C\|-V 1B, «++, Br, V[B;, By, ..., B,| 
=|C}|-V[B, ..., B,|,V[Bi, B, ..., B,|=[Ci|-V[B,, ..., Bl 
Since |C,|<|Ci|4+/Ci| , it follows that 

V[B,, By, .. +, Bal <V[Bi, By»... Byl+tV (Bi, Bo... Ble 


Indeed equality is only possible if Cj, C} are 


collinear and point in the same direction. But 


this can happen if and only if B}, B, lie in the 


space spanned by B,, Bz,°°:,B,, and even then only 


if in the formulas for expressing Bj}, B, in terms 
of B,, Bo,:+*,B 


n the two coefficients of B, have 


the same sign. This last requirement is paraphrased 
geometrically by asserting that B], B,; lie on the 
same side of the space (B,,°::,B,) in the space 


(B54 Bs ganesh): 


1? 
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Bi BiB, ... BiBn 
919 V2[B, B,..., B,])—=det|S:B By ... BBr 


det[B'B | 
{det B}*, 


BB, BBs ice. Be: 


where B is the matrix, the rows of which are the 


coordinates of the vectors B,, Bos,°:-,B,. 


920 The following two properties of "volume' follow 
directly from the definition: 
d) V[B, +X, B, ..., B,]=VIB,, By .+-, Bal 


where X is an arbitrary vector lying in the space 


(B2,°°°,B,), and the points B,, B, + X are at the 
same distance from (B,,---,B,). 
e) V (By Bo sees BS Bil eV [Bo eats, Beal: 


This follows from the fact that the "altitude,’ 
that is, the length of the component of the vector 
B, that is orthogonal to (B,,-:-,B,) is no greater 
than the length of the vector B, itself. 

Now let Ci, Core ,0 be the orthogonal 


m 
projections of the vector B,, Bz,°°:,B, onto a 
space P. Suppose as an induction hypothesis that 
the relation V([C,,..., C,J<VI[B, ..., B,] has already 
been proved. Let B; denote the component of the 
vector B, that is orthogonal to (B,,:---,B,). 

Let C, be the projection of B, on P. Since 

B\—B,€ (By, ---» Bm) , we conclude that 


C= CCG; 220 Cy = Therefore 
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V[C,, Corts? Cy TS VICL Co veer Cl <lCil V [Cy ooo Cul 
Since the relation ci |< |B; is true, the 
induction hypothesis V[C,, ...,C,]<VI[B), ....,Byl 
gives the result 

VIC. Cy ++ Cal <| Bil VIB, ..., BI=VIB, By, ..., B 


To complete the proof one need merely remark the 


mi- 


truth of the result in one dimension. 


921 If every vector A, is orthogonal to every vector 
By, the formula 
VIA, ..0, Ap, By ---, BVA, ..-, Ap_l VIB, ..., Bel 
follows from the formula for the square of a 
general volume. To establish the theorem in 


general we define C,,°°°,C as the projections of 


k 
B,,:::,B, on the orthogonal complement of 

(A, ,°°:,A,). The preceding problem gives the 
result V[C,,..., C,])<V[B,, ..., B8,], and the 

following chain of relations establishes the 


general result. 
V [A,, ae) Ais B,, ees B,|J=V[A,, oo %,» Boni Ci, ea C,) = 
= V [A,, ms es Anl: VIC, a C,)<V [A ees Aml: V{B, aL B,). 
See problem 518, which is essentially 


equivalent to this one. 


922 As shown in 920, V[A,,..., A,I<|A,|-V[A), ..., A, 
The result follows directly from this formula. 
See problem 519, which is essentially 


identical with this one. 
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Similar solids in n-dimensional space have volumes 
proportional to the n-th power of the coefficient 
of similarity. This is clear for parallelepipeds, 
and the volume of a general solid can be thought 
of as the limit of the sum of volumes of 
parallelepipeds. Therefore the volume V,(R) of 
an n-dimensional sphere of radius R is V,(1)R" 

The volume of V,(1) can be computed by the 
method of Archimedes. We cut the sphere by 
(n - 1)-dimensional hyperplanes and use Cavalieri's 
principle. 

Let x be the distance of a typical hyperplane 
from the center. The trace of this hyperplane 
is a (m - 1)-dimensional sphere of radius V1—x?. 


Therefore 


1 1 
n—-1 
V,(1)=2 | V,-.(V1— x) dx =2V,_,(1) | I — x2)? dx 
: : of 


“+ 3) 


n—-1 


10, £2? (1—f) 3 dt—v os —_ 


2 
aol (1): n * 
ana 
nn 
From this, it follows that V,(I)=—— 
r(F+!) 
The polynomials 1, x,-++,x" form a basis. The 


square of the volume of the corresponding 


parallelepipeds is 


925 
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a ; 
2 7°" n+l 
1 1 1 
det Q ee 


n+2 |= [i!2!... mys 
ee ee |) FDI FAT. Car 
I 1 1 

n+l n+2 "°° Qn 


a), = 1, X,=cd, —1); 4, =3, XH=—cd, 1); 
b) A, =7, X,=c(l, 1); §=—2, X,=c(4, —5); 
C) \, = ai, X,=cl, D; = — ai, X, =e (1, — d); 
d) A, = 2, X,=c, (1, 1, 0, O+e,C1, 0, 1, 0)-+c,(1, 0, 0, 1); 
A, ==—-2, X,=c(l, —1, —1, —1); 
e) A=2, X=—c,(—2, 1, 0)+¢,(1, 0, 1); 
f) A=—1, X=c(l, 1, 1, —1); 
g) Ay = 1, X, =, (1, 0, 1) +e,(0, 1, 0,); hby=—1, X, =e (1, 0, —1); 
h) 4, = 0, X,=c(3, —1, 2); 3 —= tV—14, 
Xy,3—=¢e(3t2V —14, 13, 243 Y—14); 
i) A =1, X,=—c, —6, 20); , =—2, X,=c(0, 0, 1); 
Pp A=1, XA,—cd, 1, 1); A =e, X,— (38+ ee, 2-+ de, 3+ 3e). 
hg==e*, X,—= (3+ 2e?, 2+ 3e?, 3+ 3e7), 


iV 3 
) e 


where ex — 5 


The proper values of the matrix A~? are the 
reciprocals of the proper values of the matrix A. 
For if det [A~*> - )\E]= 0, then 

det [E - A] = 0, det [A - , 1E]= 0. 


eer: 


| 
| 
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The proper values of the matrix A~ are the squares 
of the proper values of the matrix A. Indeed 
suppose det[A - dE] = (4, —A)(Q—A)...(,—D). 

Then det[A + XE] = Q+NQ.+4.-- Qa, A). 

If these two equations are multiplied, and if © 


is replaced by uy, we obtain 
det[A® - pE] = CA? - OAS - wove OCA? - y). 


If the proper values of a matrix are defined 
in the intrinsic way: AX = XA, then it follows 
that A®X =AX\ = X\*. This argument must be 
slightly modified if the matrix A is deficient, 
that is if it has fewer than n proper vectors. 
This modification can consist either of a 
continuity argument, or a full use of the Jordan 


normal form. 


The proper values of the matrix A" are the m-th 
powers of the proper values of the matrix A. 
The proof is similar to that of problem 927; 


the relation 
det[A - JE] = (,—NAQQ—A))..-A,—Y 


is changed ton - l other ‘relations by replacing 
X by Ae, he? +++, net |," where e¢ is a primitive 
n-th root of unity. As in the preceding problem 
the n equations are then multiplied. Finally 
” is replaced by uw. The alternative argument 


of problem 927 can also be used. 


929 


930 
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From the relation /f(A)=6,(A—&E)...(A—&, 6), 
it follows that det[F(A)]= bo - det[A - §,E]--- 
det[A - §E] = boF(§,) --+ F(E,). 

Let F(A)=|A—AE|=0Q,—VNAQ—A... AN 


and =f (x) == b) (x — §&) (x —§&)...(*—&,,) . Then 


? 


BBQ, — 8) = FADS 0d) cee F(,)- 
Set (x) = f(x) - \ and apply the result of the 


preceding problem to obtain: 
det[£(A) - ME] = (FA)—A)(FAQ)—))..- FA) —). 


This shows that the proper values of the matrix 
f(A) are f(A), QQ) +++. F(,) - The second proof 
in 927 can be applied if f£ is any function 
expansible in a convergent infinite series. 

The proper values of a triangular iaeegite are 
the diagonal elements. The proper values of any 
matrix are the same as those of a similar matrix. 
But by Schur's theorem every matrix is similar to 
a triangular matrix. A very short argument shows 
that the diagonal elements of a power of a triagonal 
matrix are the corresponding powers of the diagonal 
elements of the original matrix. Thus we have 
another proof of the results of problems 927, 928, 
929, 930, and 931. 

Schur's theorem is easily established by 
induction; ne induction hypothesis is that the 
theorem is valid for every matrix of dimension 


n- 1. To complete the proof it is only necessary 
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to know that every n-th order matrix has at least 
one proper value. Let } be a proper value of the 
matrix A; let e, be the corresponding proper 
vector. Construct the matrix U, a unitary matrix 
having e, for first row (the possibility of 
constructing such a matrix is known as the 
Gram-Schmidt orthogonalization process). Then U 


transforms A into block triangular form: 


a 


0 Ay 


U*AU = 


By the induction hypothesis, there is a unitary 
matrix 

diag{1, V} 
that transforms U*AU into triagonal form. Therefore | 
U - diag{1, V} transforms A into triangular 


form, as was to be proved. 


Let xX be a proper vector of the matrix A, and 


let the corresponding proper value be }. Then 


EX = X, 
AX = Xi, 

A"X = Xf 

A™x = X)" 


If the vector equations in this array are multiplied 
by arbitrary scalars, and added, we obtain the 
following relation for an arbitrary polynomial f: 


f(A) X =X fQ)). 
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Thus X is a proper vector of f(A) and the corres- 


ponding proper value is f(}). 


"ene 
- 


If A is not deficient, that is if A has 


_— 


n linearly independent proper vectors, then, taking 


-~ey- 


f as the characteristic polynomial of A, we see 
that £(A) X = O for every proper vector. But this 
relation must then be true for every vector in the 
space, since the proper vectors are linearly 
independent, and therefore span the space. In this 
case therefore, the polynomial f(A) must be the 
null matrix, since this is the only matrix that 


transforms the entire space into the null space. 


a ec er a ae Et einen: Spams — aia ea 


Thus in this case it has been proved that the 


matrix A satisfies its characteristic equation. 


933. The proper values of A*” aren, -n, with multi- 
plicity (n + 1)/2, (n - 1)/2. Thus the proper 
values of A_ are +/n, -/n, +i/n, -i/ n. 


If the multiplicities of these roots are a, b, c, d, 


~ a ce ee re re i 


we have a + b = (n + 1)/2, c+ d= (n - 1)/2. 
The sum of the proper values of a matrix is the 
sum of the elements in the principal diagonal. 
Thus | 

| la—b+(c—d)i]Vn=1tetett ... fela-, 

| By problem 126, the absolute value of the right 


member of this equation is eM. Therefore 
| (a - b)? + (ec - d)? = 1. 


Note that c - d, c + d are both even or both odd; 
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thus 
a-b=0, c-d=£1, if (n-1)/2 is odd 
and 
a-b=+t1,c-de=o0O, if (n-1)/2 is even. 
Finally we obtain for n = 1 + 4k: 
c=d=k;>az=k+i1, b=k ora=k, b=kK #1; 
for n = 3 + 4k 


a= b 


k+1; c=ke+#i1,dz=k orc=k,d=k + i 
At the moment, proper values are determined 
to within sign. To obtain the sign we use the 
fact that the product of the proper values is the 
determinant of the matrix. Problem 299 enables us 
to show that for n = 1 + 4k, we have 
a=k+#+41,b= kk; 
for n = 3 + 4k, we have 
c=k+i1,dae= kK. 
This determines the characteristic numbers 


completely. 


934 1+e+tett... + ?-¥ 141 Vn for n = 4k + l, 
Itetett ... te0-¥—+iVYn forn = 4k + 3. 


935 Set *~ =,"  . Then } ee , where 
y k 1 — ae, 
2kr . 2kr _ 
e,==cos——- i sin -, k=0, 1,...,2—1, 


b) hp = 0, + a8, + nee + eee +a,en 


kr 
a+l* | ime ae eae (2 


936 


937 
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a,,B =. En a B eee a,,B 
AX Bigg =] ORE a, 
anB A,B ... a,,B—iE,, 


so that by problem 537, we see that 
det[A x B - dE, ] = det[g(B) ], 
where “ 
9 (x) =| Ax —2E,|= [f a,x —d. : 
i=] | 
By problem 930, 
m f m | 
det[(B) ] = Hee.) = IT @t.—. 
Thus the proper values of A XB are the 
numbers a8, , where q@, are the proper values of 


A, B, are the proper values of B. 

If A is a nonsingular matrix, then | 
det[BA - \E] = det[A7~7(AB - }E) A] | 
det[A~? ] + det[AB - }E]- det[A] = det[AB - DE]. | 


To improve this result to the case of 

Singular matrices, we can think of it as an 
identity in the n= elements of A, since it has been 
proved in all but a minority of the cases. Indeed 
A is singular only when its coefficients satisfy 
a polynomial equation. A more direct proof 
consists in noting the relations 

det[B(A - WI) - AI] = det[A - pI)DB - AL], 
which is obviously true for all but a finite 


number of values of yw. Since this is a polynomial 


474 


identity, 
uw, including uw = O. 


938 


A', B! 


zeros to A, and n - m columns of zeros to B. 


BA = B'A"', and A'B' 


adding a border of zeros. 
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it must be true for all the values of 


Complete the matrices A, B to square matrices 


of order n by appending n - m rows of 


Then 
can be obtained from AB by 


The result to be proved 


can be obtained by applying the preceding problem. 


Problems 939, 940, 941 do not have unique answers. 


We 


give below the answers that are as close to triangular 


in appearance as possible. 


12 12 12 72 12 2 
939 a) x; + 4%, +45, by) — x xi xy? 
f f 
xX, =X,+%,, x, =), 
ne / 
x= Xx, + 2x,, X= X%,— 2x, 
(ca : a ,_ . 
a X33 X3= x, + x3; 
2 12 12 12 72 72 
C) x; Xy — X35 d) x, +x, — x,, 
1 l 
tA 
w= 7X t_Z tot %3, X= *%,— xX, 4+ 4,—-x,, 
Vas ga hy : 
29 %1— 7 %a: a Hy + X3-+ Xj, 
x= . sores 
3 X33 ae X2— #3 x 2X4, 
f 
. Moms X43 
12 72 r2 72 
e) x — xX, +x, — x), 
] 
X= XZ Xp 
a 1 
’ 1 1 
oo a 3g X35 Xp 
’ 1 
x, y %3— 5 % 
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940 KP yy A ys ile, 2 2 AEE ye 12 


Here we give just the matrix of coefficients for 


expressing Xj, X3,--+,x, in terms of x,, Xo ,°° ty Xi 
1/1 1 
1 2 "Is vee My 
0 1 4 eee 1/, 


001%... % 


00 0 0... 1 


941 (78 ey ty + _ +x,) —(252 
—(s+g%t ... +h) 


219 1 es n—1 
t(t1+3 Xs +. +34%,) —... —sG=5* 


942 The matrix of a positive definite quadratic form | 
has the form A'A, where A is the real nonsingular 
matrix of coefficients needed to transform the 
form into the sum of squares of new variables. 
To show that the minors are positive, use the 


result of problem 510. 


943 Let f = 44%} ee baat oy 


ig 6 Pe oe gos - 


be a quadratic form. Set 


k 

f' == ay xi-+ .. —— 
ante, ii hash 
Qy eee Qip 


hea eu.) see ; Let r be the rank of 
the form f. 
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Set ; ‘ 
fmax tax? t ... tax’? 
where 
X= %X, +4), x,+ ... +08,,%,, 
45 = Xo ... +5,,%,, 
, =o 
4, = Xx: 


Since the determinant of the triagonal trans- 
formation above is 1, it follows that 
D,=A,=aa,...0¢, + Take x,,,=... = *,=0 | 
to obtain 
FO) ray, xf" ay. a, x(t", 
where 
HP) = XOX +++ Op Xp, 
a) = Xa avs £04, 
x) = | Xp. 
Thus it follows that A,=a,o,...a, and that a 
necessary condition that the form be transformable 
into a sum of squares by a triagonal transformation 
is that the inequalities 
A, #0, 4, #0, ..., A, #0 
should hold. It is easy to see that this condition. 
is also sufficient. 
Moreover, @ = A/A,_, if k Ss x; 
om =Oifk>r, 
The discriminant of the form 
Fa(egpoore x,) =f —a,x1" — sos OE 


_ ) 72 
Op Mey ++ 4X, 


i ee an 


— ae a 


944 


945 


946 
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is given by 1 ,%49-.--a, = A,/A,. 


In problem 942 Sylvester's condition was shown to 
be necessary. In problem 943 it was shown to be 


sufficient. 


Let £ be some linear form in the variables 
X,, Xp,°°*,X,. We transform the form f by a 
sequence of transformations all of which have 
unit determinant, and take the form 2 as the last 
of the new variables. Finally we transform f 
into canonical form by performing a triagonal 
transformation. The form f takes the form 
fax? taxy +... ba”, 
where x, = &. 
The discriminant of the form f is 
a 
The discriminant of the form f + £? is 
WjOly sss Op—1 (A, + 1). Hb eres Phe discriminant 
of the form f, since all the coefficients 


Oi; Oy e244 @ a, are positive. 


a-l: 


F(4y, Xq, +++) Xp) 
= 4, x2 + 2a,,%,x, +... 4:24,)%)%, +9 


a Ani 2 | 
= ay (4) + Bt xy + ae ei x) + fi (2, Hye ES Xq)s 


ayy 


2 
ao : ani 


The form f, is positive and its discriminant is 


D,/8,,, where D, is the discriminant of f. By 
D : : 

problem 945, D,>— , and the assertion is 
ll 


proved. 
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The proof is similar to that of Sylvester's law 


of inertia. 


We construct the linear form 


[= 4,+a.x,+ ... +4,x*8-', k=1, 2, ..., 4, 
where X,, X9,°'°,X, are roots of the given 
equation. 


In this construction equal roots will corres- 
pond to equal forms, different roots to linearly 
independent ones, real roots to real forms, 
conjugate complex roots to conjugate complex forms. 

The real and imaginary parts of a complex form 
LL=h,+yp,i are linearly independent of each other 
and of any forms that correspond to roots distinct 
from X,> X,- 


k 
If we construct the quadratic form 


n 
Fy oo, Y= (ty huge, boo bays) 
we have a form the rank of which is the number of 
distinct roots of the given equation. Its matrix 


of coefficients is 


So 8; eee Sy-1 
S} So eee S, . 
Sa-1 Sn ¢%9 Sono 


The sum of the squares of the complex conjugate 
linear forms [,==)dy+ipe,  ; Tp =a — ie 
is 2\;—2u2 . Therefore by the law of inertia, 
the number of negative terms in any canonical 


decomposition of f is equal to the number of 


A eae rm as =i 


949 


950 
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distinct pairs of conjugate complex roots of the 


given equation. 


Follows from 948, 944. 


The definition (f, 9) is obviously distributive. 


Thus it is sufficient to prove the assertion for 


squares of linear forms. 
Let 


f= (mx, +a,x%.+ ... eek, 
9 = (8,4, +Pox.+ ... +8,%,)%. 


It is easy to see that 


(£, 9) = (08x + a.8ox.+ ... +4,8,%,)? > 0. 


72 


1 1%, —2%3, 


b) 2x — x" + 5x, 


c) 7x0 + Ax! a ee 


d) 10x77 + x? 4 x2”, 


2 2 l 
x) =X — 3%) +3 Xs, 
2 1 2 


Dy ats — 
Ky = ZX yxy. — 3 Xa 


pee 1 2 
X= FX) — ay — FX, 
x= Sey tS yt ; X33 
xi ty — Sy + : X33 
x= ee tee — : X39 
x =) fetg + oy 
xi — Se +o x, 5x3 
xi = ax, +S x, — S25, | 
XL, = VS ag, 
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e) — 7x 4-200 2x0, 


f) 2x? 4540 + 8x", 


/2 2 72 
g) 7x, —2x, +7x;, 


h) xy’ + 5x3 — 


1) — xe Bx 4 Bx! 


P 72 72 2 
p *, ++, —x, —-* 


= 2B Bs, 
; = 28 ee ty + V2 x 
xix, tom toes 
. , x +5, — 3 Xs, 
xi =x, = ky —y Xs 
x Vy, Ve x 
xox, Hoey bey 
x, = V2 t= ee my +2 x, 
ik 
x= 5 t,x + xy 
’ 2 


=s"uty 9 xo D xs 7 Xa 
; I 1 1 ] 
“= yet yz 7M 
' | 1 1 | 
,= 741-5 Xy+ > X3— 5 X4s 
,_ 1 1 
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2 2 2 
k) xO + xs + 3%, —X4> 
r2 


2 2 2 
i) xi +x, ++; —3x, 


72 2 /2 72 
m) *; —*, +7x, —3x,, 


n) 5xt — 5x)" 4340 — 3x17, 


a) leas. 04 E (xP pe? — 


/2 1 72 ya 
x — a (*; +x, +... 


where 
1 


5 
ar 


(x; %_-7 - 


HHO X, AX --- +a, X,, §=2,... 
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ee l 
X= 7X ye Zs gy XH 
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x3= 5% — na oe 
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,__ I I 
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where (a ) is an arbitrary orthonormal 


il» Qin, eee, Qin 
basis for the solutions of the equation 


Xj; Xf ... +4, = 0. 
953 


/2 ~ /2 2n 72 nr 
> a ers oo ese Xx cos e 
x cosa + 5 cos + + x, COS Sz 


954 If every proper value of the matrix A _ lies in 
the segment [a, b], then every proper value of the 
matrix A - \E is negative for } >b and positive 
for \ <a. Therefore the quadratic form of 
matrix A - \E is negative definite for \ >b, 
and positive definite for \ <a. Conversely if 
the quadratic form (A - )E) X - X is negative 
definite for \ >b, and positive definite for 
A <a, then every proper value for the matrix 
A - XE is positive for \ <a and negative for 
Xh >b. Therefore for every proper value of the 


matrix A lies in the segment [a, b]. 


955 If xX is an arbitrary vector, the following 
inequalities are satisfied: | 
aX + XK AX KX <KcX+X, OX X<BX-X<dX-X. 
Thus (@+-0)X-X<(A+B)X-X<(c+ayx.X. 
Therefore every proper value of the matrix A +B 
lies in the segment [a+tc, b+d }. 

956 a) Follows from the result of problem 937. 
b) |Ax|? = Ax - AX =X - A'AX s |x|? - |lall®. 

Equality can occur only if xX is a proper 

vector of the matrix A'A corresponding to the 


proper value a |) 


tn | et le ay 
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c) Let X be an arbitrary vector; then 
[(A+ B)X|<| AX] + | BX| <All + BID X - 
But for arbitrary X,, 


(A+ B) Xo|= (A+ BI) - | Xol- 


Therefore 


JA+B\l< 


d) Let X be an arbitrary vector; then 
| ABX| < |All -| BX] <All - [4] - 1X1. 


Now let X be the vector Xo for which the relation 


| X,|=|ABX,| holds, then ||ABl|< |All - 


e) Let } = p + qi be a proper value of the matrix 


A; X = Y + iZ be a proper vector that corresponds, 
then 
AY = pY - qZ, AZ = qY + pZ; 

thus 

|pY—qZP<|JAlPIV I lg¥+pZ2 <|[Alj?(Z/. 
Having these inequalities, we obtain 
PCY P+IZP=~+a) (1 ¥P+IZ2 <|AlPUrYP+IZP 
and therefore LAlS || Al]. 


Let A be a real nonsingular matrix. Then 

A‘AX « X = |Ax |? is a positive quadratic form 

that can be transformed into canonical form B 

by a succession of triagonal transformations with 
positive diagonal elements. Therefore A'A = B'B, 
Thus (AB-+)' - AB7+ = E; AB7? = P is orthogonal. 
Thus A = PB. Uniqueness follows from the uniqueness 
of the triagonal transformation that carries a 


quadratic form into its canonical form. 
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958 A'A is a symmetric matrix with positive proper 


values h,,°*',A,. Therefore 


A'A = P~'diag{hy, Ao»-°*,A, WP. 


n 


Consider the matrix 


B= P'diag{uy, bast + sb, JP, 


where wu, is the principal square root of },. 
Clearly B is symmetric and has positive proper 
values; B® = A'A. Therefore AB~! = Q is orthogonal; 


A = QB. 


959 A translation of the origin of a central surface 
to its center is such that if X is an arbitrary 
point, then after the translation either the 
surface contains both X, -X, or neither. In this 
way the first degree terms are eliminated from the 
equation of the surface. 

The details are as follows. The transformation 
needed has the form X = X, + X', where X, is the 
fixed translation vector. The equation of the 
surface becomes 

AX!» X’ +2(AX, + B) X’ + AX, X)+2BX,+C = 0. 
A necessary and sufficient condition that a 
center exist is that the equation AX, + B = 0 have 
a solution X,; and a necessary and sufficient 
condition for this is that the rank of the matrix 


A be equal to the rank of the matrix (A, B). 


960 A preliminary translation of the origin to the 


center of the surface transforms the equation into 


Se 
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the form AX-.-X-+7=0. 

If r is the rank of A and q,,°+°,q, are the 
non-zero proper values of A, then a further 
orthogonal transformation will transform the 


equation of the surface into the canonical form 


a xi... fax?+7=0. 


The surface will not have a center if the rank 
of (A, B) exceeds the rank of A. This can only 
occur if R= rankA <n. Let R _ be the entire 
space; let P be the space AR, let Q be the 
orthogonal complement of P. Then if Y is an 
arbitrary vector in Q, the relation AY = O must 
hold. Thus |AY|? = AY - AY =Y + AAY = 0, since 
AAY e¢€ P. Let B_ have the decomposition 
B=B, + Bs, B, ¢ P, Bz ¢€Q. Then B, # 0; otherwise 
B would lie in P, and rank (A, B) would be r. 
Set B, = AX,. In other words let X, be the 
inverse image of B,. The translation X = X, + X' 
transforms the equation of the surface into 
AX" + X' + 2B,X' + c' = 0. 

We now make the further translation X' = aB, + X’. 
Then AX' + X' = a“AB, * By + 2aAB, + X" + AX" = X" 
AX" + X". But AB, = 0; thus the equation is 
finally transformed into 

AX" + X" + 2BoX" + 2a |Bz|® + c' = 0. 
If we choose a= - > ¢/|Ba|?, the equation 
becomes 


AX" - X" + 2B,X" = 0. 
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Now we make an orthogonal coordinate trans- 
formation to a basis of orthogonal unit proper 
vectors of the matrix A, taking one of these 
vectors to be the unit vector collinear with B, 
but oppositely directed. This is possible since 
B, is a proper vector of A. In terms of the new 
basis, the equation has the form 


xP oo. fA w2?— 28" = 0, 


where Bo = IB. |. Finally we divide by §.. 


962 The matrix A induces a linear transformation of the 
space into the subspace spanned by the vectors 


A Ag,++:,A the latter being the column vectors 


1? wAn 


of A. The assertion follows directly from this. 


963 Let @), @), -++, @ be a basis of Q; then Q'‘' is 


q 
the space spanned by ej, é, ..., en where 
i ere e are the images of @, @,..., 


under a certain linear transformation. Therefore 
q' <q. Moreover it is clear that q' s r since 
Q' is contained in R'. Now let P_ be the space 
complementary to Q; the dimension of P is 
p=n-q. Let P' be the image of P under the 
linear transformation above. The dimension of 
the latter, p', will not exceed n - q. But 

P' + Q' = R'; therefore p' + q' 2r. Therefore 


q' 2r-p' 2r+qq-n. 


964 Let A have rank r,; B have rank rg; BR =Q. 


The dimension of Q is rg. Then the rank op of 


ee ee ep rh ney 


i - 
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AB is equal to the dimension of ABR = AQ. The 

preceding problem shows that r, + rp -n < p< min(r,, ro). 
965 Any projection operator is idempotent; i.e. A? =A. 

To see this, suppose that A projects the entire 

space R on the subspace P; then a repetition of 

this transformation does not decrease P. Therefore 

A’ =A. Conversely suppose AZ =A. Let P be 

the space of all vectors of the form Z = AX; let 

Q be the space of all vectors Y such that AY = QO. 

It is clear that P, Q are linear spaces. Their 


intersection is null since the two relations 


AX = Y, AY = 0 lead to AX = A®X = AY = 0. Thus 

if X is any vector, X = AX + (E - A)X. On the 

one hand, (E - A) X €Q, so that ACE - A) X = (A - A”)X = 0.| 
On the other hand X can be written as the sum of 

an element in Q and an element in P (see above). 

Thus P + Q is the entire space; P, Q are complementary 
subspaces. The operator P carries the arbitrary 
vector X into its P-component. Thus A isa 


projection onto P parallel to Q. 


966 Let P, Q be orthogonal. We combine orthonormal 
bases of P, Q to form an orthonormal basis of the 
entire space. In terms of this basis the matrix | 
of A has the diagonal form | 
A = diag{l, 1,--+,1, 0, 0,---,0}, | 
where all the ones or all the zeros may be missing. | 
If any other orthonormal basis is chosen, the 


projection will have the matrix A = B7lAB, where 
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B is some orthogonal matrix. It is clear that 

A is symmetric. | 
Conversely, let A be an arbitrary symmetric 

matrix, with A* =A. The spaces P = AR, Q = (E - A)R 

are clearly orthogonal; and the relations 

AX + (E -A) Y =X. A'(CE -A)Y =X: (A - A*)Y = 0 

hold. 


Let A be a skew-symmetric matrix. We first notice 
that if xX is an arbitrary vector, the relation 


AX - X = O holds. Indeed we have 
AX »- X¥ =X - A'X =X + (- AX) = - AX - X. 


Let } = a+ @i be a proper value of the 
matrix A; let U = X + Yi be the corresponding 
proper vector. Then 

AX = Xa - YB, AY = XB - Ya. 
From this we conclude that a(|X|*+]/Y )?)= 
AX + X + AY »- Y = 0; w= 0. Further, 
BX-Y+al/Y|?=AY-Y=—0 ; thus X - Y = 0 if 
8 # 0. Finally we see that Ix | = ly | from the 
relations g( |x |? = ly |?) = AY -X+AXK°:Y 
= AY -X -X * AY = 0. | 


Let the skew-symmetric matrix A have the form 


0 Q19 QU, 
A —419 0 Qon 
4, —Ay,.-- O 
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We first remark that if every proper value of A 
is 0, then A = 0. To see this note that the sum 
of the products of the proper values two by two 


is the sum of the second order principal minors 


>) a . This can be O only if every element 


Now let i, = a,i be an arbitrary non-zero 
proper value of A. Let X, Y be the real and 
imaginary parts of the corresponding proper vector. 
By problem 967 these have the same length. Thus 
we can norm them simultaneously by dividing the 
vector X + Yi by an appropriate scalar factor. 
We then have the relations 

AX = - Ya,; AY = Xa,. 
Using the Gram-Schmidt orthogonalization process 
we can construct an orthogonal matrix B having 
X, Y for its first two columns. Then the matrix 


P~'AP has the form 


0 a, 

—a, 0 

P“lAP = 0 0 
0 0... 


But this matrix must be skew-symmetric so 


that the elements in the first two rows not 


expressly written must all be zero. An inductive 


argument similar to that used to prove Schur's 
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theorem (see the remarks after problem 931) shows 
that every skew-symmetric matrix can be transformed 


into the form 


| ) ay 0 Ao 
diag { ae) 


by an orthogonal transformation. 


969 Suppose 
B = (E - A)(E + A)7+ 
Then 
B' = {(E - A)71}' (BE - A)' = (E - A) -*(E + A) =B"?, 
Thus 
B +E = (E - A)(E + A) 71+ (E + A)(E + A)? = 2(E + A)7?, 
and therefore 
det(B + E] #4 O. 
Conversely, suppose 
B' = B7?, det[B + E] # O. 
Then we can take the matrix (E + B) ?(E - B) as a 
possible matrix A. It is easy to see that A is 


skew-symmetric. 


970 Let A be an arbitrary orthogonal matrix. Then 
if X, Y are arbitrary vectors, we have 
AX + AY =X ° A'AY =X: Y 
Let . 
= @+ Bi 
be a proper value of the matrix A; let 


U =X + Yi 


ge a eS ee 
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be the corresponding proper vector. Then 
AX = Xq@ - YB, AY = Yo + XB. 

Thus 
|X]2?=X- X= AX - AX = 0?|X|?-+ 62|V 2 — (X28) 
\Yj2—= Y- Y= AY- AY =o? |Y[? + B2/X|? + (X2a8) 


We obtain the relation aq?+ 8?-—1] 


by adding the last two equations. 


If 6 # 0, we can subtract the two equations above 


and obtain the relation 


B(|X|2—|¥ |) + (X2qa) -Y=0. 


On the other hand 
X- Y= AX. AY = (a? — 8?) X- ¥-+-a8 (|X|? — [VY |?) 
Thus 
a({X|?— |Y|?)— 28x. Y=0. 
And finally, 
| X.¥=([X|?—|y[?—=0. 
1, Let } = @+ Bi = cos + isin © be a non-real 
proper value of the matrix. We construct an 
orthogonal matrix Q having for its first two 
columns the real and imaginary parts of the proper 
vector that corresponds to }. Then 
cosg sing... 
—sing cosg... 


Q71A4Q a 0 0 
| 0 O ... 
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Since the matrix Q-taQ is orthogonal, the sum 
of the squares of the elements of each row is l. 
Therefore all the elements in the first two rows 


not explicitly written down must be QO. 


2. Let A} =+1 bea real characteristic number 
of A; let X be the normalized proper vector corres- 
ponding to }. 

We construct an orthogonal matrix Q, the first 
column of which is the vector X. Then 


ae 


QAQ= e e 


Es aad 
OP sas 
0 


Using the same argument as before we see that 
all the elements in the first row, except the 
first, are 0. The proof is completed by induction 


(see the argument following problem 931). 


973 a) fl O QO 2 0 0 1 1 0O 
0 2 OF; ff |O0 —1 Of; k) |0 1 14; 
0 0—1 0 OQ Q 0 0 | 
—2 0 0 2 0 0 1 0 0 
b) ( 0 1 ) >; g) (0 2 Of; 1) ( i 0]; 
0 0 1 0 0 QO 00 —i 
—3 0 Q —! 1 QO 3 0 0 
c) ( 0 1 } h) ( O0O-—!1 Of; m) (: —2 O07; 
0 0 1 0 oO Q 0 O-—l1 
—1 0 0 —1 0 0 2 0 0 
d) ( O—1 1]; i) ( 0 0 i} n) (0 0 OF; 
0 O—!1 0 0 0 0 0 0 


974 
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2 1 0 0 1 0 7o 1 0 
e) |0 2 14; p> (0 0 14; 0) {90 O O}. 
00 2 00 0 00 0 
1 1 11 
0 1 » [O23 
a) ia » 01 1’ 
0 1 01 


Zu . ot 
where é==cos—--- isin —. 


of dimension >1 cannot have finite order. 
Remark. The result of this problem is not 

valid over a field of nonzero characteristic. 

For example, if the characteristic of the field 


2 
is 2, the relation (( , —F holds. 


Let A be the given matrix and B = C77AC be its 


Jordan canonical form. The canonical matrix B 
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is triagonal and its diagonal elements are the 
proper values of the matrix A; each one appears 

on the diagonal as many times as its multiplicity 
in the characteristic polynomial. Thus 

BL = (Gry AiC, (see problem 531). Therefore the 


matrices A! 


1» B, have the same characteristic 


polynomials. If the rows and columns of B, are 
properly numbered it has triagonal form and there- 
fore its proper values are its diagonal elements; 
these are obviously the products of the proper 


values of A taken m at a time. 


977 It is obvious that the matrices A - )E, A’ - }E 
have the same elementary divisors. Therefore 
A, A' can be transformed into the same canonical 
form and therefore one can be transformed into 


the other. 


978 Set A = CD, where C, D are symmetric matrices and 
C is nonsingular. Then A‘ = DC; therefore 
A' =C 'AC. Therefore the matrix C is a matrix 
that transforms A into A'., 


Set A = SBS, where B is a canonical matrix: 


B= : , where B.—= 


979 
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Then A' = S'7~1B'S'. Let H, be the matrix 


It is clear that B} = H,*B,H,. Therefore 
B' = H "BH, where H = diag {H,, Hz,---,H, }. 


Thus A' = S'~1!H-!BHS' = S'~!H7's7?ASHS' = C7lAC, 
where C = SHS'. The matrix C is obviously 
symmetric. Set D =C71A, then D' = A'c7~! = c7tacc7 =D. 


Thus the matrix D is also symmetric; A = CD. 


Let det[A - ME] = (—1)*Q"*—e,\-!— ec)? — ...—ce,). 
First note that p, = SpA =c,. As an induction 
hypothesis suppose that p,=—€¢,, Pg=Cg, +++, Pp-y = p-p 
and let us establish the relation P, = C,- By 
construction A,= A* — p,A®-!— p,Ak-? —...— py_yA 
— A* —¢,A®-1—c,AR-2—...—c,_;A + Therefore 

SpA, = kp, = SpA* — c,SpA*-!— ... —c,_,SpA 

= Sp— C;Sp_y — +o» — Cp_ 1S), 

where §S,, So,tee Dy are power sums of the proper 


values of the matrix A. But by Newton's formula 


Sp— CySp_-y — +» — Cpe ySy = RC. Therefore p, = c,. 
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Now by the Hamilton-Cayley theorem, 
B,= A"—¢,A1—.,,—¢,_,A—c,E=0 ° Finally 
AB,_,;==4,—=¢,E » so that B j=c,A™\. 


980 If C has the form 


0 Cio ee 8 Cin 
Ca] en 9 +--+ Cn] , with zero diagonal, 


C365. aan Y 


the assertion is clear. Indeed we can take 
X = diag{a,, %,°:+,a, }, 
with arbitrary distinct diagonal elements. Then 


we can set 


by, Dio Din 
4 Do Oo» Don ,» and note that 
bay Bre Ban 
0 Byy (Gg —-%) «06 Dy, (Gq —O%) 
XY —VX= by, (A, — a) 0 = es Don (Aq — %) 


Bny (Oy —%,) Dio (Ay— Ay) «oe 0 


ee a 
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The problem is solved by taking 
by, = Cy,/Ca, - a); 1 Ak. 

To finish, it is sufficient to show that 
every matrix C with zero trace is similar to a 
matrix with zero diagonal. This we prove by 
induction as follows. If Sp C= 0, then C 
cannot have the form C = wE unless y = 0. 
Therefore there must be a vector U_ such that U, 
CU are independent. Let W_ be a nonsingular 
matrix having U, CU for its first two columns. 


Then 


0 Ti2 Vis *** Tin 
L Yon Tag e+ Yon Oo FP 


w-tcw =CcC' = 


0 7a: eae ty ie 


Therefore, SpM = SpC = OQ. | 
By an appropriate induction hypothesis we 
have M = S ?M'S, where M' is a matrix with zero 


diagonal. Thus the matrix 
> E 0 es 1 O\.c 0 PS 
~\0 S 0S s-lq s7ims 


has zero diagonal. 
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981 The series H = I + CC* + C2 C*2+ ... converges, 
since I|c||< 1 (see problem 956). Direct 
substitution shows that H satisfies the relation 
given. 

See P. Stein, ie Research Nat. Bur. Stds. 
48 (1952) 82-83. 


982 Similar to 981; ||c* Bc**|| < ||B||. Thea aoe 


983 Set K =I1-A,L=I1 +A; note that K+ exists. 
Define C by C = LK7? = K™*L = (1 + A)(I - A)™?2 
= (I - A)~1(1 + A). By problem 931, all proper 
values of C lie in the unit circle, since the 
quantity (1+ p)(1 - p)7? = (1 +x + iy)(1 - x - iy) 
has modulus less than 1 if x is a negative 
number. 

We are to assume that there is a positive- 


definite hermitian matrix G such that 


(2) G -cGac’ = K-1(2R)(K72)”, 


the right member of the latter equation being 
positive-definite hermitian, since R is. 
We write (2) in the form 

G - K-!LGL* x*-1 = K7!(2R) K*-!, or 

KGK* - LGL* = 2R. 
Direct substitution yields 
KGK* = (I - A)G(I - A*) = G - GA* - AG + AGA*, 
-(I + A)G(I + A*) = -G - GA* - AG - AGA*, 


-LGL* 


which establishes the assertion. 
See O. Taussky, SIAM Journal 9 (1961), 640- 


643, and many later papers. 
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